
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at |http : //books . google . com/ 





Digitized by VjOOQIC 



Q/9 



Digitized by VjOOQIC 



Digitized by VjOOQIC 



Digitized by VjOOQIC 



Digitized by VjOOQIC 



TREATISE 

ON 

ALGEBRA, 

IN PRACTICE ANP THEORY, 
IN TWO VOLUMES, 

WITII 

NOTES AND ILLUSTEATIONSi 

COKTAIMlVa 

A VARIETT OP PARTICDIAKS RBLAT1N6 TO THE DISCOVERIES AMI|. 

IMPROVEMENTS THAT HAVE BEEN MADS IN THIS 

BRANCH OP ANALYSIS. 

BY JOHN ^ONNYCASTLE, 

VKQTtZ^OlL Of MATHBXJTJCS IN THE ROYAL MlLiTAtiVl 

I 

ACADEMY, WOOLWICH^ , 

VOL.!. 



-LONDON: 

PRINTED POa J.JOHNSON AND CO.; 

y. nunn; claw; longman^ uvrst« rees, orme, and brown; 

CADELL AND DAVIEs; B. AND R. CROSBY AND CO. y J. RICHARD- 
SON; SHERWOOD, NEELY, AND JONES ; CRADOCK AND JOY^ AND 
C AND S. ROBINSON. 

MDCCCXIII. 



Digitized by VjOOQIC 



V- 



Printed by C. WOOD, 
^ PoppinU Court, Flett Strttt, 



Digitized byVjOOQlC 



TO 

/ 
HIS ROYAL HIGHNESS 

THE PRINCE OF WALES, 

PRINCE REGENT, 
«?rc. «5t. §c 

THIS WORK 

IS, BY HIS GRACIOUS PERMISSION, 

MOST RESPECTFULLY DEDICATED, 

BY HIS ROYAL HIGHNESSES 

MOST DOTIFUt AND DEVOTED HUMBLE SERVANT, 

JOHN BONNYCASTLE. 



Digitized by VjOOQIC 



••■ C V . 



. -'• r . ' \ 



/• < 









Digitized by VjOOQIC 



^^' INTRODUCTION, 

The earliest treatise oo Algebra> which has coiii« 
down to the present times, is that of Diopbantns 
of Alexandria^ in Egypt, who flourished about the 
middle of the fourth century after Christ, and wrote 
ai work on this subject, in the Greek language, 
which, according to the testimony given by him* 
aelf, in his introductory address to Dionysius, con* 
aisfeed, originally, of thirteen books, though, un- 
fortunately for the interests of science, only the 
first six, and an imperfect tract on triangular and 
polygon^ numbers, are now extant; which were 
first printed, in a Latia translation, by Xylauder, 
io 1575, and afterwards, in Greek and Latin, with 
m comment, in 162I and 1670^ by Bachet and 
Vermat (a). 

Other works on this subject, however, of a more 
imsy and elementary kind, must, evidently, have 
exilted long befiMre the time of Dic^hantus ; since 
ke no where trebts, in the abovementioned per- 

<i— »— <i«*«iiil iwn » III ■*! ' III wi 1 m 

(a) Tlik writer hsdl a n«iidl>er of ialerpreteis tmoug tha 
anei^te^ iH^ote works art now loH : of which we hars oiare 
partictotaK^ to regret tha commantary of thelearnad Hypatia, 
the dalfhter of Thaoa the philosopher (anno Domini 410}; 
whoss taleaUr vlrtaas ai^. mbrortiines^ will evw entitle her 
lb the he^iage ef potterily.^See^ for a more particolai* ac- 
count of dris iH^utiiens victim of ftnaticbia* Bofsa^'a History 
^f J^atheaMtic^ BaciHb editiao, Sro. ISOf 
VOL. I. o 



Digitized by VjOOQIC 



VI INTRODUCTION. 

formance, of the first principles and leading rules 
of the sciencQ, as a writer in the infancy of the art 
would have' do'iie,* hut proceeds, ^at once, to the 
resolution of a particular clas§ of indeterminate 
problems, r^latii:!^ chiefly to the finding of ^cjnare 
'and cibetluHibet's, which, even at present, are g6- 
nerally cofi^iftcl-ed as fdtming one of the most dif*- 
'ficuTt Wanches <Jf ^jpirre aniilysis- i 

But whetlier ^e ai-e indebted for tbis-admirable 
i^feritioii to the gienTtis 6f the Greeks, afii feat, 
liftherto, befett c*6imndnly thdOglit> of to that itf 
libmeatfc'erfe.nt?lMt nlition, oaiitiot, at this distance 
bf time> be easMy tisicertaiDed J thoagh, from the 
information ^hichy for incfte than: ta ^c^tury |)a«t, 
^as' been 'gradually ob^imd through our intei*- 

course ipritb the 'East, th^i*e are strong reasons-fofl: 
'believfeg tbat algebra^ as WeU as our coramdn 
System of Britlimitic-, originated among tb'e Hiflh 

doos, or natives of India; who are known^topoi^seis 
isbtefe very valcialrle works on this ^subject, which 

cfontain riiSles'iind' principles that do not ^appellrfo 
'have been derived from any foreigti source. * 
The chief of these, and indeed the only piftf- , 

formances of the kuid, -that have come -to our 
-ktiowiedge,' are the two oelehrated works oaUed 
'the Beja Gcmita^ and the Liltwctfi; the first «f 

which treats wliolly on algebra and its applications, 

and the latter on arithmetic, algebra and niensu- 
•rati6n, or .pra^tieal geometry; and were both of 

them written in Sanscrit, about the end of tlie 

twelfth, or beginning of the .thirteenth century of 
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I^TRODUC T I O K, \\L 

the Christian era^ by Bhascara Ach^arya^ a famons 
^indl9o a^ronom^r and ii^thj^qia;ticiaii of the city 
of Bifld^r, in the wnntry of the Decern* 

It is chiefly, Jiowev^r^ from the Persian tracislar 
tipn of the B^ G^ijta^ wbiph ^f^ made in iGSA^ 
by Ata Ali«!|fc^ JRiJsfe^p^ee, at Agi^ or Dc^hi^ 4ijd 
th^t.^f the Li],ay aj;^ by t^j^ ce}^a|b^.Fy^e^ ip 
1 58^, th^t we ha^e pht^i^ed any cf»rtain knowl^gp 
of thp ^onte^its of t}iese ^simops p^foHnai:M^es ; fof 
which we $a*e priniipally indebibed^ to Mr« S^vpar^ 
^txachey, of the East Indifi Ccmipany'^ B^n^ dy)l 
establishment^ . wjiQ has Jately f^ypqf^d the.pub^ 
Mrit^ .^ vejfy in<;effistii)g .^i^nnt of ^he forw^ of 
these wof^9 and ^fijWI9 .parts 9$ t^i^ latter,, tak^ji 
fi<xm thfi3pn|'jpeabf>y/9jpf^eijti^ , » 

Ff^jsnthis pyhHi^^^Ou it app^afs,,-th|it besides fi 
Jf^lWiivr^gi^ Qff9^^ ofthp comn^o^ rnji^ of ^gebr^, 
atprc^<»t».usej ;f«9lasjy^^ cnbic,,4iu^ biqna- 
dr^iitic fqpatioi^s,. the Hijpd/^ps were ^cquaiijt:tefl 
wil^ so^^J|)raiM^I|^s,.pf the .science tji^^t ^^ere nqt 
Ifil^wii in j^oropfi {):ijyi abont the ipiddle of th,e 
eighteenth century ; it being here shown, by a va- 



(b) The late Mr. Reuben Buiiow, who resided several yeais 
in India^ collected, m that cpuqtry, a Amnber ^f Oiieiit^l 
inaoiiisariplaon ms^thematical subjects ; some of whiqh he left to 
hi9 fciend Mr. Dalby, Professor of Mathematics m the Royal 
Military College, Wycombe ; particularly fair copies, ia Persiap, 
of the Beja Ganita and Lilavati, with the English of each word, 
written above the Persian, which Mr.Strathey aientions as 
haying been of some service to him in composing his pcese^t 
performance,. 

«2 
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Till INTRODUCTION. 

riety of examples, extracted from the Persian 
trdnslatioti of the Bejel Ganiita, that they were able 
to resolve all the possible forms of indeterminate 
equations, both of the first and second degree, 
by methods that were successively invented by 
Bachet de Mezeriac, Perm at, Enler and Lagrange, 
at a much later period ; and as the questions here 
given, as well as the manner of treating them, are 
different from those of Diophantus, it is scarcely to 
be doubted that these people had among them a 
number of propositions relating to this science, 
which were of their own inveritiori. 

The Beja Ganita, it is true, as well as the Lila- 
vMi, are works of eomparatiVeljr modern date ; but 
from Bhascara's own account, v^ho assumes no 
other character- than that of a compiler, it appears 
tTirtt they were extracted frcrtn other performanees 
of the same *^ldnd,^ Which exisfted in his time; so 
thtit it is highly probablie thfere> air^imitiidi older 
Indian treatises on algdbra, in'thcMf oouu^ry, than 
are yet ktiown to ttJ^(c); and it>is« to be hoped. 



(c) IVIr. Davis, the well known author of two papers on 
Indian astronomy, in the third volume of the Asiatic Re- 
searches^ who has* furnished IVlr^ Stracliey with 'a number of 
*«3ttracts "and trinfelations^ from tfcr^ ori^al-' Sanscrit Beja 
Oanita, which are given by hmatthe end' of/ ,hb .^present 
.work> <ibs^rves, ** that almost any trouble .and expense 
would be compensated by the possession of the three copious 
treatises on algebra from which Bhascara declare^ he extracted 
bis Beja Gariiia; 'and which, ia tliis part orindia« are sfipposwl 
to be entirely lost." 
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INTROpUeXION.. m 

as the importance of thb inquiry is ii)ore gegnerally 
felt, tbat we shall, ere long, . obtain . entire transr 
lotions of the originals, or such ^(^counts of them 
as may enable us to determine, with more pertainty, 
to whom we are indebted for a sqience;^ which^ in 
its present stfitei may beju&tly cpnsidjeted as, doing 
the highest honour ta the it|a;»9joing and inventive 
powers of mai\. c - s n :• 

This information is the more desirable, ;as it is 
adcQQwfedged. by iMr. Str^diey, that the Persian 
translieitions of these w^M^j though, highly valuahl/e 
in many respect^^do B#t cawrey so fprrect ^n jidea 
of the oi^nal p^rf(^rjEnaf|ces ^9^,<9oidd be wished; 
a» th^y chieliy fK>^ifrt 1^ an^di^^^^ mix- 

turerof tent s|fid epng^sptary^v/^nd,, in spmeplacen, 
mm refer taEueli^ i thongh Mr^ Davis, who made 
the c^traiita im^ tjite-firigiia^ j^j^Gaiyi^ men- 
tioned in the Jast^iKft^i \d 44<?id^y of opinion that 
the mdiii f9^ of ik^ Pi^i:3t0n;traii8latidn }s tsikm 
from t)ie :j^jii^rit vitox)^ And has no doubt that t|i^ 
'soiesitfice it eoAti&i9: h of Hindoo -origin ; the Re- 
ferences above jppken of,^ and other discrepancies, 
being considered by him as ipterpolations of the 
translator. 

But, not to dwell uppn this p^rt of ^he subject, 
which, it must be confessed, is still atte^ided with 
some obscurity, it is well known;^ Aat, in whatever 
age or country algebra tvas Invented, both the natn^ 
and the science weye first made knojvn to \is, about 
the endpf the eleventh century, by th^ Arabians, 
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X INtidDlTClTlON. 

6r Mooris^ who were tben settled in Spain; to 
which country a number of eminent meti, of that 
fime^ rej)aired, in order to obtain, from these peo- 
ple, a knowledge of the several branches of litera- 
ture and science which they had brought with them 
from the East; and among the rest of algebra, 
which soon afterwards began to be cultivated ^ini 
most parts of Europe with great ardour and suc- 
cess (d). 

Italy, however, appears to have taken the lead 
in this respect ; the art^ according to the tcfstimony 
of Signor Cossali (History of Algebra, 2 vols. 4to., 
1797) having be^ri fii-st introduced int6 that coun- 
try, as early asiii the beginning of the thirteenth 
centuty, by Leonard Bonacci, commonly called 
Leonard of Pisa, ati Italian mei'chafit, who, by 
visiting the -sea-*ports of Africa and the Levant, 
acquired a knowledge of such bf anches of the ina- 
thematical scieiices'as were then kAowil!; Which he 
afterwards disseminated among his coi^nfrymen, by 

(d) The,e^t.y(9oid^'of the riluiie ^igebfa has been variously 
gwen by diflferent lyi^tljQr^ ; but it /appeafs evident^ from Mr. 
Strachey*a account, that the word is purely Arabic, being 
compounded of the article al, and jeb7\ restoration; which 
denotes one of tHe' modes of reducing equations, by transposing 
orWdingtbe Aegatire term^, s» ftstomnfeethein all afFirftiatiw. 
The sarte w|^ite«> i^ also oi-opini<>n, that, although wp received 
this science: frqm. the Arabs,, neither that j^eojjle nor the 
Persians can be considered as thq inventors, as their know- 
ledge of the subject appears to have been of a very limited 
kind, compared with that of the Hindoos. 
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ami in 1228 another c^^ s^itl^m/^iif^^n^.fj^jfT^^^ 

sidSDS^, as y^Xy rfjgtt^ar ^ml or4Qjiy: treatises, foj^^.tbft 
t««e in wWch tb^yf^verewptt ':>;:!v/ 

-;Mtoy cittber .tewiii^cript writiHg%| pf a sin^l^ 
ttdtere, >9Jsp ftl^l^5?d in Tiiscany and 9ilA\§i;'H?P^ti^ 
o£ Itajj^:«4)9j:^ftej: the \\m^ a^pv^^ nj^ntioj^ed'.i 
bat tbci I^K^t fiflinted works qg th|3 s^V^^/^ 
ttoaw-iiiJ^.Ljgiqf^.S'^jpioltiSj, or^^-ucfp^j^^o^c^f^ 

Ael 9&r8«idi wn^^j^lc^^j ': whflb|MiWifthf 4? W^ 
tfeatiy8.0Hi'ftrMhipfet^,*§J^br%^..^^ g^i»^rj#i» 
lbqr7yeanl47ft,/447i?A:and l4aii,bj^^ 

fcdiov^at. Venire^ :l4ft4» . ;i ^ ^ .i : iu.T 

ceiiinry^ it app9W«.th#itthe.e^rli§^t E^fopfu;^;^^ 
lystJj, as weH a^ tbQ Aribs, frgm whof^ ^ej derijej 
tbsf jgreater patt^itif. thw ,k^owl^4ge^ , R^fi^fno 
syisbols^or s%itsr;foridth^r ^^iiiftilHi^s^ of ^bfiiPItfe 
rations that it.wasjiecfissary to perfQr; n o n thenij 
.excepting a ^W Cpntjractipx^s fpr the. >v-9ird^>or 
uame^^ themselves^; a^nd 1;hat the aut^ at 4U8t\t*in^ 
extended no farther than to the ^esdluticm ^mm- 
meral equations of the first attd sercohd degree; iii 
thelatterof whichi, they used the double values of^tThe 
unknown quantity, in the case whej^ t^ey are bpth 
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pofkire; Imt take no notioe 0C sdch of th ^ ) w ifP t » ^ »r 
am iieg«tim:or iinagimir^X^)>'' -r o'*:.*;! -- »: - 

Tlif pasiage^ iadke^, to, tli^highear Ordecs of 
equatium/ WM a Jtnatterr ^ iKlibsjdfirabli^ ^Uffioojlf 9- 
wfaich; laaU.probaMlky/bM^im^fihbitbertobQeii 
made; Imt 4bii waa iup^rt eflkcjbe4» wfip ^ftfittli^ 
pnbUcatioQ q£^ the >^Qrk Imt iDefitiop^j^jr Sdp» 
Ferreus^ proiesfior: of-mathematiea a|^;Qplj|0ii4/ ki^ 
Itii]y, wlu) first disQavQied> . abfool) tli« year I^KQS^ ^ 
xviki fix- resolving ddi^.of th^ i^fisesvioCva eomfMN^id 
cubic eqtiali<Hi; aad abo«t tbii^ .y<mt8:aft4r«ir!M4v 
cnm.'of bia diatiplesj of.thje i^mi^ <41fkt^^^J^ 
irhooi he had shown his method, hMisfp^wgwA^ 
to Nicholas Tartalefii acelebratiod m{|tbeNfi|r^«il of 
Bj^ck, by way of ^alleagcy is^Viff«l . qnei^iipnar 
Aesoltrticms of which d€ipea<iked.iip<}iv^tl|ii fpfjimhit 
Tartalea not only diisc^yer^d'tbei^^r re$p)vipg 
them^ bnt idsp thotd Ibr ik^otk^c^m^^AJi^ 
bledihim,.ifi h&s tnroi «o>^0i^f<m^rbi8il9pfiApeH^ bf 
|>ro;p^idg tohira 3ft«ierqaes^ii«8fc( f^^ a.<^j^fesf9(t 
kaadj wbitfa^he.ldttj^ cQuld^ot vmv^fgph > j . v 

Bnt-tfaifi aa weRas ww^sJotbef bmfwcbw^^ijMi? 
tbematical knowledge^ was more particularly colti* 

1 ^ ^aii f i • I i i n t II » I . ■■ ■ I ; 

(c) Tie most tflspEMrkaUe circtfiaistance in^thealgipbni of this 
vifffnii v^ l)m in th^ denoting.. of pow^». bf compouiD^A ti^C 
aiiiib^ft^ pr ia^^^ acppf d^g v> . the. muUipU^^ion . of tt^^ ap^- 
,t)prs 12, 3, 4| &c.^a^d pot l](]r their addition^^ as was df»ne by 
Jptiophantna; which induced ]>r. Wallis to adopt the 6pir>ioii 
that the knowledge we fir^t obtained of this science was nqt 
derived irom thq Qrej^ki;. •*. 
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IW'TrtfdllUOTIOW xiS 

tloned, bf- HieronynraB ^ Ciitiohin^: itf iBmuH^k^ mu 
emitim^Uaii^Mrvnit^; of) git^Mi4iflE^etir«pfi*e« 

tfi^Eitttftol«ttgttag«^ at ]M[99D,'lviwr«(4ii6 pi!ac«fte<b 
l^ylifr Hiid <i«ad''tn«th6mati«aHflOtorM;. and-ih tt 

|S4S^<'fie"g«ifrd'ft' tenth hodk, tontaining tkimrbidfef 
^IA$t»iK»t^ eoifle iK^atloA8^(wlil»h4iiid''tM«n vIlieAf: 

«feofi>«a)l»lk^6^tEiM c^th6 pafalioatiM oHxib finrt 

t^fli9fii «iift^i^l>^th^'4;iil«t|^ and -^ 

iia^'^Vfhli 't^EiiMfe^fiSaeHbifS'-^ifd'^ Ikletfaoii ^ 
MftKiB^j^ 0qtia(il»fi^ i^t^^fiH^ kndvg^ tfti^VHcvi 

Ol^Mkit^ >«4l9i 1^^"iibi»tM» fltid tta»tir» b^itfieir 

(^ For a farther account of this transaction, whicn was higfily 

ft'jail, vol. i; p. i91,f St'^eq. secbtttf'^aifioh } ft8<}'^«ftn*'te»- 
Hffitnatical Bictt6\^ary/An;A1{^efi^V T^er6 £ fiiA}ii^m8'<|fK^ 
of all the most femarlbibte circuinstaiiccs'i%tatrn§ tttTthfe cu^otii 
ibusinegs, as v^ell as a copfous inalysis 6f Cartlari*'s'iiVaKth*r 
performances of that tiine;Hb which articIfeTHim ftdehtedfor 
several particulars respecting the impfoV^ineta^'and digc'overies 
of some of tl^er earjier European writers on this sabjoqt. 



Digitized by VjOOQIC 
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roots^ birth positive and negatiTie/andkimrrlliatftW)^ 
hil or become iinag:iBary in pairi» ;o a& iis^ thbt ib£^ 
even roots of positive quantities :are eithea: «£rmfi-< 
tive or negative; tfaatihie odd' raot9 of nega^ye 
quantities are real and n^ativei andithat the ey^^ 
roois of them are imaginary. It-akp ftjifp^ava ktb«A 
lie &|id a rule for. i determftsittg the epbe jro^ ii^ 
such binomials asi adtoit o£«extrac<ion ; andit}¥i(/hf^ 
freqncnily used the literal notation % h ^%df &e. 
He likewise applied: algebra to the r^splntJoQ c^ 
geometrical problems/; smd was well arqtiaiDt^d !Vt& 
tbe difficulty of what is Ui&ually called ih^irtyedjm^ 
casCy in cubic equations^ upon which be spent aigrneat 
deal of time^ in endeftvouring to Qbt;»in ils soliit^ii. 

To this we may also farther add^ that the resot 
lotion of biquadratic equatiom^ .oir«;tIiQse €if .the 
ibnrth order^ followed. closely tbail; of equaticni9' of 
the ^rd ; it beic^ to Lewis .Fertariy . a. yquog inatf 
of great talents^ who. was one of tb0 dtscip)e& of 
Cardan^ that we are indebted for i)|ia ^iacovery; 
the particulars of whiok CWdan haadataiiled wth^ 
thirty-ninth chapter of his Algebra^: ivhere Ii^ hft^ 
demonstrated the practical rule given by Ferrari 
for this purpose, as well as illustrated it by a num- 
ber of numeral ejcamples^ in all the several cases of 
those equations* 

After this last publication, the next printed 
work on the subject, in the order of time, is by 
Tartalea, who, as before obsen^ed, was contempo- 
rary with, though probably something older than 
Cardan ; but we do not know of any treatise of his 
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INTRODUCTION. XT 

on algebra befdre tiiat which appeared in 1546^ this 
year iaftcr the date of Cardan's perfornaance above 
mentioned; when he published his QuesiUts.ia^ven'* 
xiam diversa^ at Veniqe, where he resided- as a 
public lectai^ &a mathematics; in which woik 
it is observable^ that Tartaiea made no' alteration 
in tbb notation^ or torms of expression^ nscd by 
Lncas de Bnrgo; hot' generally writes the. names 
of all the operations in words at iengih^ withont 
using any contractions^ except the letter I^ for 
root^ or radil^ality; so Ihttt the only remarkable 
things in this treatise are the discovery cyf the 
rales for tlie sointion &i cttbic«<faatioiis^ and the 
cntio^s cir^nmstSBinces atteiidingtiieoMTespDiidence 
and conferences which toc^ place between him and 
Cardan, on that account- 

. Abont the same' time also, 'that Cftrdan and 
Taitalea 'flourished in Italy^ the sdemcd^of algebra 
began to be iduch cultivated and impmred in Ger- 
many t p»tSi0i\nx\y by StiM md: ^cbenbel; iht 
farmer idtf'^hom publisli^d an jest^Uent treati^ on 
this subject ^entitled jipzlknwtioa Integra^ sprinted 
at Norem"berg5 in 1644, being a year- before the 
p>u()lication oF Candai^pi's last wodc ; IVotn which it 
ap]iears th^t he wus the ftrst who employed the 
characters +, — , a/, for plus, mimas^ and root; 
as aho the numeral indices, or^ 'as he first calls 
them, exponents, —8, — S, — 1^ 0, 1, 2, 3, &c, 
f*r powers, as f^r as regards integral nnmliers, but 
not fractional ones* He Uk^v/ise used the literal 
n#tatioi^ A/*3 Cy &c. for diftea'eiA unkaown qnaa- 
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titles ; but neither this writer n6r Schfeubel; who 
l^nblished a work on the same subject^ in 1552; 
vpedk ofcubic equations. . * 

A few years after the appearance of these trea^^ 
tises in Italy and Germany, Robert Recorde, a 
native of Wales, who styles himself a teacher of 
mathematics and pra<?titioner in physic at Cam- 
teidge, proved by his writings, that algebra wa& 
not altogether unknown in England at thkt time; 
as appears, by the second part of hiis arithmetic, 
which was published in the year 1657, under the 
quaint title of ^' The Whetstone of Witte, con- 
taining the Extraction of Root^v the Cossike 
Practice, with the -Rule of Eqtkiation, aid thfe 
iWorkes of Surde Nombers;'' in which perfdrm- 
ance he treats the prindpal part of his subject in 
nearly the' same manner asi Stifel a^d Scheubel, 
whom he frequently quotes j but the chief things 
witioh are new 11^ tfeis Sauthor^ a-rtibe -extraction of 
the roots^ of compound dgebrdeal quarifities, the 
use of the terriis binomial and-tei^iduali ^txd the in- 
• troductien of the sign s* fda^ equaBty. - 

Thei'e also appeared, in 1568, a work oh tliis 
subject by Jam* Pelletier, commonly called Pe- 
letarios, of Mans, in France, who treats, in a very 
able and methodical manner, of mmt parts of the 
science then known, except cubic equations ; which 
Tie wholly omits to mention, though Cardan's 
work had been published several years before. In 
other respects, however, tljis may be considered 
as a neat and well digested treatise ; containing seve- 
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ral^asefiil iinprovenaents ; be having Jbei^ first showtt 
that a^y rational root of an equation is one of tba 
divisors of its last term ; beside which h^i teidchey 
bow to redaoe binomial and trmomial sn^ to 
tbeit most simple terms^ byjatinltiplying them by 
compound lactots^ and has pointed oar some co* 
rious poperties of sqnare and cube numbers, show^ 
ing, am^g other things, how to form any series 
of them, by adding tqgether the several orders of 
their differences (g^). 

Feter Nunez, or, as he is more frequently called. 
Nonius, professor of mathematics in the university 
«f Coimbra, inPortagai, likewise published, at Lis- 
bon, in 1564, a woilc on algebra, in the CastiKan 
language; in which he chiefly foUows the manner 
of/Xke Burgo, Cardian,. and Tartalea; making a 
yinnil^r o£ critical ^marks im wany parts of their 
;pctrfermaiicea3 but witbiwt adding any discoveries 
pr reinail¥able.mproven»qAs.«ffibls own*; ,n^ does 
,bf m^i^^oi^., wy p«^ceding T^riter .on>^hiii aubjaot^ 
eithfir ainoiiB jtbe natives of .jS^lpaia or tbe Moorts; 
which is the more, singular, 0$ ,ti^. latter of theiie 
people ac(p^i0d a great* p^urt of the .Peninsula for 
a^veral centuries, aiid ar^e supposed >to. have lirst 
broogbt th^ science from the East intorthat country ; 

' - ' ■: ' " ■? ;. ' . ■ : , — ^' — ' — ' — . ... "i ' i ' i l) ' u — '^—y- 
i^fi) W^ nnght here also have xueotioped ^ Petj^r Ramui, 
another French writer of some note about this tiiue ; >vho pub- 
Jishled a treatise on arithmetic and algebra in tlie year 156b; 
i^'t>ut thft ^oi4c irf merMy Vlementary/ And contajhi n<ithrnj 
yariictdjurly worthy ^f notice*, , » . , > 
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where it mi^thme been suppased ^p&^ tmo&im 
«>f it wcmldbe fpund* . 

Tb^ eai'liest European writers^ iodsed^ oi^ tbip 
antgeet^ appear to b^ve been tho^e of lt^y'^i9Lmmt 
whom we may here farther reckon B^]:4>£Mil; Boa^t- 
belli, of BoJogaa, who, in his Al^bra, printed ia 
I672, first' demonstrated^ from geometriijal prinqir 
pies, thirt the tejtns of the formula, which repni^f 
sents one of the roots in the irreducible ca«0 of. ciir 
hie equations, form, when taken together, a r^fkl 
result; in support of which proof he lays down a 
rule for the extraction of the roots of certain hinaer 
mial surds, and ^hows ihat tiae radical parts, in 
^me particular, nium&ral examples of the kiad 
nbove mentioned, wiU destr<^y «ach other- Hf 
hiere likewis/e first obserrves^ that angles Hiay be 
trisected by means ^of a cubic equation ; but exr 
t^piing these pai^ticulars-, and his method of do- 
aoting the unktiown quantity and its pov«iarsii hy 
the character ^ , with the figures 1, 2, 3, &c. set 
over it, this work differs but little feom those of 
|wreceding writers. 

A yery ingenious treatise ,on arLtlunetic an4 al- 
gebra was also published, in the Flemish dialect, 
in i6P5, by Simon Stevin, of Bruges; in which, 
among otlier things of a curious and- original na- 
^ture, he has greatly improved the notation of pow- 
ers, first given by Stifel for integral exponents, by 
placing the figures that represent them, in a small 
circle, which is made to denote the unknown quan* 
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litf^ and extendo^ tliem to firtictional indices^ m 
as to denote taHdfiittds of rools in the $aiile way a« 
powei^; an' improvement wluUrh has ooimQaiily 
bcfdn ihoogbt of much later <|ate: besides whieb^ 
he impfoved and extended the use afid notatioa of 
^eoettcaents^ kichidh^ in them fracti^ns^ radical^ 
^nd all sorts of- numbers in general. He h^ra 
lik^wUe teaches the generation of powers, by 
Uiearns of their coefficients, plaoed in the form of a 
i^rmigle, and rnake^ .use of. ^the. same munhers for 
tiitftMeiifigi^ats; ho& of which things, however, 
hAA ^e6n befose )done by • Stifet {-h). 

B^t^t is'diiieflytothe celebrated Vieta, wb^sealge- 

bMieal works wece written abo^ the year l60O<;i), 

t^ijgh oot printed titii after bi^ death, whi<2h 

i^e^yp^iied in l6o3^ that we are indebted for having 

first generali^^ the algorithw^ 6( this science, by 

denMing ali'kiods df quahtiti^s^ wbethef known or 

^unktiown, by .the*cB|)italilette«8<of 'the alphabet; 

Iteing the cofisonaMa b, c, C),^&G..lbr given quan- 

thies, and 'the voWels a, '£, i; -fee. for those that 

are unknowii ; which impibvement, by its near 

approach tooor presreht metdbod of notation, .may 

he €Ons»dbredas one of the greatest steps that hftd 

. . -xi 1 . ' . n I ' ■ ' ,, ' , n fit I.I. .1.1 } , i ,« A . U > ! ., •. - ... . , , . ■! ■ ii f | ' i >. | f » 

' (*)''A 'io<ttp!ete c^dRtMft, in ■Treirfh/ of the works t of this 
'Winter; -was piiinjtQdatLey)deivm.l^3^>'wiib not^s^nd additieiAs, 
i^« Alb^tt jQiraa-d ; in wij^cji is*;o,bej,foun4; ^.trandatjoa o£ «^li 
the six books* of ^Diophaiitus. 

(i) The whole mathematical works of Vieta were collected 

together by Fraricis Schooten, and elegantly printed at Ley- 
^den; in 1^40, in a folio volume. 
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yet b^en macle in^ima^lydsi Beiides <di«i>bt 
%hoiii'ed bcrtr the yodtd ^{'^(fuaidittwjmMfkb^ 
metitcfd or'^imitiifiii€fd in' aAy gtvin»«.fropinntiob, 
witfaotit knbmiig'fhe (^6ote ihemsekBrs Biid;iiiid 
doiiini a ine(ftr6d of derivin^g' the lugfaev 'ondkn of 
equations from qnddl'd.ties, In a 'iftore Mb^ific 
way than that Med 'by Harriot: h^^ likcnvise^ df^-- 
termiffed tlie >¥ootK of' compouhd eqfdat&om^ Ir^^a 
tn^th&A 6( approximation dfnilirfto(l4yM[ fbpptir^ 
po\#efrs(, ^nd/in aooyt piirtkuiupoastoj'teoDbtniotod 
theita bymeaBS 6f Mgular «eetloito^'wtefot0'fiil-^ 
retted t6 by Bi>mbdli. Lasdy^ he emplioifod Mvyiil 
t«miif and* expressiong, in treating •£' this rMb|iQt, 
M^hiefa are atill in n^ei isocli ai^^Mfficitnt; affimiiiir 
ilve und negtttif9^ pnm oiid adlRBClaA^ tbcmd^WK^ 
;iAre fim-wkofosed %'liiie^:or twecdtuB^ Soa^. aofh 
iiKi>t]bg'ei>fnpiinndi^[tmastt4it^ i;>. ;»%^i . !> 

Nett'^f^r/ViitaiHiif tofeekooMd AlbratCKisMii^ 
^«n iiig^kMi mtttliiefiii^ckib of 'thaili^iviiuaHRttifi^, 
^^i*%d; in hisrtv^tto ^utiikdt ImmM^i^imtelhtW 
t^lgehr^^ pvinted ttt ^Airosteisdatti/ in ttiflbg) JH^rti^ 
idiiced several mm ^faw^teties ; <«id ivt^^im^nawsAf 
Ifitiotikitr^clMce^'aflMongwhieh) itttiayiWydMlHl^ 
thirt^heappeiinrtii^ha^elK^eti Ik* iBmMm\miwAmr 
^teed the gen e ral do€to it i » 4rf*^h» forwatinftyclUlfcC 
:CiMMBSc](ent8.of the t^r^iifts nf an eqaa^iUi^ fropn the 
tnmaof theip root% prmtftetty^ 4ic.; m-^^mi tW 
efe'jy eqnation has as many fDoti, reai 'and ittMif ih 
nary;, and no mone, as there are isnit^ In thie index 
pf \ts hj^hi^t |ijOwen ^ Besjfles whicb^ he lias here 
also resolyed^ for the fiist ttixie that we knaw af# 
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4kft imdniiibH.iABA all tbeirothar caaea i^ oabic 
jp^alioM^nfay/nieaiisiifta table oif sines; aud ims 
liklBivme irtie: first who discovcMd a method for de^ 
tei*iiittiliig^4he mms of the ]Jowers of the roots of 
any ^tfifoaiinh id t«tes of the coefiideots. 

Asotmgikmrmiost disttsj^ahed analysts^ however^ 

of tbtfirpaoriod^ weitmy reckon our conptrymaa the 

celebrated Harriot, who^ ia his ^Hiaf Anal^iiase 

:^Pmm\ pttMiehed.hy his friend l¥alter Warner^ in 

l41ftl (/r)» r^firat introdbateM.the^^uiifiorm nse of the 

aniett>lette«i,oi.the alphabet'A '^9 <^y d> &o« ; nsing 

^1km^mimk( up ^e^ i, \4ecx for. ttek»oWn qntintities^ 

.ma^^hec oenko^its M nl (i^a&c. fi^r- i3o» kaoym 

-miml9^»hiA^§omid Ifa^ethwitdikethe kttets of a 

iMii«(toA9pretoi*#MrpiDditQt9,,|^^ «o^* 

ftetentas ^vMldJOtfwsent^eii^eptbjrstpaM^ 

the rest bjapoint. Hesdao!ftDiitjtiliployed.^ecbara«* 

.iMMiifii m^jsc ftngraitatf ^dasa^^nd in tbe^. re^ 

tdmittfts^f/eqtiatbn^ •ha^idRoadiiU^thiiirienw.ra 

^te^ 0)dfaeaii8ftikig:tlMriA]^tMtio]i« in the ttn^ 
giiy M» e^ i i af< ila>ndyiiw«ia Um; ib]r wbichy nitd 
^MbtMdDeaiiy^fhi; ufay hfiaoaMidai^vaSaAaarinS 
ffiiifwnliifBdinile iilatifei*i^\i:tiQhr k.hm .«ver sin«i» 

MttI tllS^itttli^fsiMfttb^Jviiites|iis,aix 9earHflfter.thB.fim 
«lWiM|ti#irer fp^iriiiittvil mmtf^Hf'^'^ ^hBf^h by Alfa- 
«lhfr^Vrt!f^'^h *l *^^ «^ W"^^'» Pf ftiri9^ce:ipust bare 
bsei| wri^en.a coasklerable time berore this, i1^ ia probable 
that 1^* had neWr seen Whit the forniei^ liad d6te apon thb 
wibJ|iH/^''v •* •> ♦.'•'; . ' -: '.. ♦- • .••..,;.. 

VOL. I. A 
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retained.* He Ufiemrise. farther Ao^^ hwrf aft 
the higher oriieni of equatiaiis m»y be ptodv^ed 
by. the cootimied imdtiplicatifXD of those ^ ibo 
fif St ocder ; so as to esbibit to the eye^ by the bareiiH 
spection of i;be oper&tioa^ theoatare and avmber of 
their roots, with the coiopositioQ and reiations. of 
the eoeificients of the several ^terms ; . from wUcb> 
though not so Mrkt a method of inresti^^cni a» 
the subject requires, many of the; most. important 
properties of eqsatiotis have, since be^i . dcarrr ed« 
He lEdso greatly improved the extractiooiof the jroots^ 
of nnmefral equations of dififeraxt ordens, by.cleif 
knd explicit roles^ deriired from, the mode in whicli 
the equations are generated^ and illustrated aomt 
of the principled he employed, by a namber o£ 
practical* examples* 

-' WiUiara Ongktied^ another Englkh ma^oaa^ 
tician^ of considc^iabletoleats, who mstsxMmteaqia^ 
rary^witli Harnbt, alsopablished in the sAiOK^fyeatv 
1631, a work 4)n this subjectj^ eniolied Ckmis Gke^ 
-meitka^ in which ^ he chiefty follows 'Vdeta> iu' faii 
Uilation by capitals^ though wi& somefifaiiation^ 
Among other improvements^ hei'appoatsrto ha^e 
i)€en the first who set dowQ' dedttal firaotiohf 
without their- d^iominatm'ft/ by "Sepanatifig. them 
from integers by a bracket instead of a pointy as 
21 (56. In algvbraie ]iml^li£a&>n9 also, he either 
joins the letters tt^etber, which rdpreseiit the fac- 
tors, like a word, - or connects them by the mark 
. Kj ^Wch is .the earliest use we find of this 
character. He likewise appears to have be^n 
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tlrib firfit who* Qsed points to denote pnoipbrtion^ M 
in tlie enset ^ 9 : t 38 • 86; and for continned 
pro]K)rtioti he employs the lBal4<:^^ he also de^ 
noted •r6dt8 b^rthe cdmtmm radical sign V, with q 
jplaced after it for square root^ cfor cnberoot^ 99 for 
biqvadrate^&cj; itts here^iikewise^ that we meet with 
the first instance of applying algebra to geometry^ 
ift the investigation of new geometrical properties.^ 
Aboqt the saane time^ sevieral other writers also 
pnhHsfaed sMsoie very nsefnl treatises for diflhsing a 
hoojvledge of this and other brandies of science ; 
tukong whom we are more partioniaily indebted to 
Htfigone, who printed at Paris^ in l€l34^ in five 
vokMBies 8VO9 the ^ficst course of mathematics that 
had bhhesrto appeared ; which performance, bolJi 
isi form and snbstancfe^ may be. coosidemd as a 
verysngeiiians wcfirk^ for that peciiod ; oontaiaiing) 
itfnon^ at variety of other subfects, a short treatise 
on^ tigtibiB, ; in which be employs the small letters 
^ ^the^a^ihabit fair < d^^natang. both known and nti^ 
Idnown qomiatiesy lus had b^en done in the Algebra of 
Haariiot^ pnbUehed only three years before : he has 
afao' introdnoc|d into thia pai»t of^ liis wca*k several 
oonvehientcfaitraeteKaiJnl aladbretiationsof hisowii) 
for tabooing the operations; and in the notatic/il 
of powersy hedbes aotii^ieatthtt letters^ like Har* 
rbty but denoteethem^by tiieir^nnnieral ^xpohents^ 
m Dsibartes did three years afterguards. 
' Bat no work, perhaps, has coQtribated more to 
the general advancement of this science^ in all its be* 
vend branches, than the Geometry (^Descartes^ first 

b2 
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published io 1637;) hi whidi performance^ besides 
the appUcatioB of algebra^ here first made^ to tibre 
doctrine of curves^ we fiud a number of improve* 
ments in the rules and methods that had been be^ 
fore laid down by Cardsn^ Vieta, Harriot and 
others, for the transformation.' and management of 
equations; which he generally, treats in a more 
clear and explicit manner than had nsnallj been 
done : he here^^ also, more distinddy partiofdarizes 
the negative and imaginary roots of eqnaiions^ 
which had been. hitherto but sli^tly^ attended to; 
and shows that they are all as real and proper' lor 
resolving qnestionsi as positiye roots; the distinction 
that ought to be made. between diem having no 
other foundation than. the different mannw of conii- 
sidering the quantities ,oi whkh they are the 
symbols. Besides whdch, he taught how; to vdis«- 
tinguish, in an equation containing only real mots^ 
;the numW of positive jroots,; and that of* the nega^ 
tive onea»,by t[h^ ft^m^^tmck^oa ehange&>iii the 
rigns of • its tjsrmsi;. . . and was jthe vfitatiwliD »foUy 
developed the/^ethpd'<tf;)n4etermia^e>ooeffie»ntfii9 
by applying 4t to then^i^ntidn of bi(|a%lmlKtei|aa<' 
tkm^y whiffh b^ifSi^^diby^^nf)W$ (of la eubk and 
two.qiw4ir^tic8(/>,r> .. , ,-• ii -. 1 .4 ,.]..-. .-. 

been represented, hjr ,roo|t %qgj^wr^^rs 0|i.^bi3.*^i^pict, ^ 
having been the first who introduced the. general method of 
Settoting'the'jpoii^erls' oi letters by their numeral exponents; 
btit^his; JwtrHS5hown"iff the lasrsfticle, had been before done 
by. Heiigone. . • «->-' • 
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'rvOPorthfe weittay fer^r add, that^ sodn after the 
lififalicationiof the treatise of Descartes above tnen^ 
tkmed^ a number of otbet^ wti^n, following the 
conT» bfc had pointed out, endeavoured, by 
applying themselves to the liiew geometry, to 
render botfa thie and tbe algebraical >bi*atich of it 
SQore peorfect and coumtiant with each btheir; 
among whom 'may be ' reckoned Francis Sdiobten, 
Fro&Bsor otf Mathematics in the university of 
hefAem^ w3io 'first ' translated liiis celebrated 
work Mfrom FrcAch' into Latiii> in 1649, with a 
comraefitary of his* own and some noted of M.de 
Bnawne % aiid, in 1*659, he gafve ' a nfew edition of 
it> in- tvtfo voiumes, witih the addition of some 
poBtfaumoa^'tmcJls^f'the last mentioned writer, on 
the votn^ and constitcition of equations; showing 
hdw to assign ithe 'limits of tbdr 'greatest and least 
roo4», iand odier fyarticuWfif. 
*;> He likewise inserted, in the^same work, two 
isery intei^ftsltng lietterd of H^dde, a* burgomaster of 
Ahi^tecdmii, wMch coMain, among' other things re^ 
iati9gttjD^<»bedirarirtn^^^tangettt^, to^ the maxima 
^aa4f mnliala of Thtiabte f^aiidli^^, a! beautifnl theo* 
wm fbfA resolving equations that have equal roots; 
showing that if each term of such an equation be 
multipli ed by th e e xp onent of the-tmknown quan- 
tity In that term; the i^Sultin^ equation may 
be depressed one degree lower thap the pro- 
posed equation (w). Besides which, h^ also annexed 

(m) It was also farther shown by Rolle, in his Algebra], 
Brinted in 1690^ that the roots of the equation, thus formed^ 
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to it a valuable tract of Van Henract^s o» the 
rectification of curve Unes^ and another on tiif 
elements of curves, by the celdbrated Dutch pen* 
«ionary DeWitte; adding, at the same time, several 
usefiil notes and observations of his otvn. 

We have here likewise to .mention the ccle^ 
brated Fermat, counsellor of the parliament of 
Toulouse, in France, who was contemporary with 
Descartes, and a competitor with bim for aon^e of 
his brightest discoveries, winch he wasinpQSfieis!o& 
of, though he had not publisbedtheifa,' before' the 
Geometry of the latter had appeared 5 namely, th^ 
application of algebra to tmrve lines, -which he "eA 
pressed by algebraical equations, and thence d^ 
veloped the properties of various kinds x)f plaa<^ 
and solid figures, which were, at that time, new ta 
the science: he had also an ingenious methodof 
drawing tangents to curves, as well as another 'for 
resolving problems of the kind osaally called de 
Maxims et Miniinu; i^^nh of whith bears a' great 
resembMnce to the differehtiel calculus, trfr method 
of fluxions, both in the manner of treaiting these 
problems, and in the algebraical notation and pro^ 
f:€$8.(«). , 

-l ■■' ; — : r-*-^ — n "\\. ' I ; ' >vi ■ ■} — i ' j ,^ u ,>>■ — ^^ n-rr-rr 

ire ^e iiiiiHt- <lf Jhefootgi&f lbe-pix>p<>sedeqqat)Qa4 so ^hat 
the cietermination dC tbese liiDiu tdefreiii^.upQatb«:soluiioai9f 
an e<jiiati[on of th^ next in&rior degree ; a^ud the limits of this 
upori one a degree lower, and so on* ... 

(n) The works^ of • Ftermal; -w^re priaiqd alftcr his, death, at 
^Pai-4S> in- 1^4 ¥^l«iiK)ft'lbti<»v liadS^ A^.^B^6im\\\d\i oon^sris ^ 
a nfw €|ditipa 0$ I>i(?phoiit;«s;ri«o»obeii:ii^iiihi&^^ ^^ 

c<>y.er^(js J and t^ie other contains hjs ^wiv prop«j iv&t^^^^ 
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^. %^i8^i*ls§.tbi|a^Wto th^tl¥Wlch V the 
m^vgey yfm still fwlii^r ffom^A lyl^epis^liQ^ 
ttWj Jft .1^4, c^f .4lie JrUhmfitm iKffinitarwn QJF 
Wftllif ; wbiQli.,w8i($ A aewim^thod ^f retoortipg 1^9 
q!ia;ntttie^ of . a;iXHire,elear ,and.satis6ioU>ry kinil 
than that iii&d.% .Cav^erms, ia his Qeometria 
Indivisfbifibus, : 4tQ, Bononia^ . 1 635^ . dod ivhich 
m^ be^ccmsideredi :as baTicig kd:tlra ilna^ to oidet 
pf tlie« great, ffiifiroj^ements ihat haTeisince baei( 
fPAdem the highfir. branches (^ analysis^ partipnr 
inrly in che dcietcineof series^ of wliibb>iB9.MraSy ixt 
p /groat <WQMare,thj^ ioVentor, at least as; far as rw 
gardsr.'the higher Aod more diffioiit kinds^ > Besides 
^ich.it.naay be observed; that be has here gtresi 
^rithe. first time,. an expression for :exhibiting the 
area of ijieiiirjple ia.anii»finite jseries,. a^iwell as a 
variety of other problems relating. to qofidriitnres 
iind ref^tfScations. in ^geneiral . . He also ^bstitnSted 
Iraftional indices in the p\afie of the radical signs, fiy 
which^ the .algptritbm nn4 practteaL operations of 
the. science arergceatly &ciiitated and^ Abridged (o)« 

*' .i,' * r — ' — T! — T"— 1 5 — rrr — ; ' • ' , ' " " — : -t — ' ' ' • ■ * 

jepmetry and th« modera analysis, . togetluer with the very in- 
teresting correspondence that passed between him and Mar- 
senne, Pascal, Roberval and others, respecting the improve- 
inents'and inventions which each of them professed to claim. 
' {o) Besides ihia irad^Tarioos lotlier perfoteaoc^ on foathe* 
mUio9\ subjected whk^ WP^ ^^ fitinted rtogjoliner 1^ ilb^k opiv^r^ 
pity priessj, -Oxford, in thi^e viilueafifr folio, l^Sld, Wi^Uis al^ 
published, in 1685, his History and, P^ragtice of Algebra, in one 
volume folia; which is a work fail of lerarned and ufeeful in- 
formation, but deficient &i poim of research, aj faf £us regards 
Ihe dideoveHes and impiovetiioatsof •om^<of the 4sarU&r v<U^it 
to tlu.t subject. 
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'AbdilV* tfcis tfttoe; Meflsd'^ iDeittoJvrii'^irre ^rkm 

veries in algebra; viz. in 1697^ a method of raking 
^iMkinMBikiiYf'mim&tAt^mm^y ta ailjr ptmrer/^or 
exA-Mting Any foM bf lA-;^ in l69ai{^b0<^«KtmotMm 
ef the 'tlM*' oif ' a»'4iyfiiritt| 0<fiuttm»^ >fni^?^, laaaH 
lyUcaKsohidonidiDf ceitmn^^ib^iaMi^^ Hh, 

flbj<anld oiiier^dd'dhDMsioiis^iia ttri29^.»a|iieeeitt]i 
fligcArraii? fr^iOliimi land' theuswottiafaioQ >Gf nomniug 
mnesy ^d-^'dii IJiA^ thp mdiict|on)efiraiUc&d&into 
mm^catiinf^eifiprttBi > jHo^^ifeojpiiblislieQlv ^ ftV^BOi 
ftiixe4tiretr«aifS6lnti thesclariid^dthiee^similhn^afa^ec^} 

i^Uturisy ^JxMidti ami&iic> bf ^gfeat ment^ Abotoijaig 
^ifh^ffia}fyi4i0vriibi|4ipiesf iMdJUii^dfltigattRiiiB'iaf ivtli» 

''^ M9> tpf o/y^Whi^^ J fiteoi^ tpUblififaed^i^iNfisirtiMid 

bo<A;^mWd«by:<M^rtaiiiteoiri atil^ tiiDeJi6^i0ai(K» 

^modrof Matftetaotioii in ^tfae unirarsbipiJoC^pRiii^ 

bridge ; and although it w^ inweir itvkfttdeditti* :be 

^n^^-puMiiip 2t^«ibimD4^'witb'»an)r great' ^nd 

4(ietffift ifdpr^vemcmts 5 jparlicukriy i«ii tiie tran^ 

Smmki\!OT» ' c(f ^i^cfiiidNilcm^^ tba :ii«isitSn'Of ^ 3heir voots, 

JXkii' jtmwl^/^ ^ ttipMsiM^^ 3 Maots^ v.^and \ tfcb use 

^^^rfltionid^iaQ^ siiM dfmo?i^i f t/ alsoi coatftifis 

^^w^^ xcSdll«Mi6n^'lofvoa%ebraitaL' ebd geome- 

trical,.prab1em.s, whickjare^resplvgd^Jn the most 

elegant and masterly manner; as likewise the 

linear construction of eqbatloi^s oF different orders. 

an.d /a g^^neiral w^tbw, of. 4f;tfrm^^^g^|t|^ef<>ota.of 
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l^Sflft*! to I'Culi^if:- i5 .:j'c: (ii r s • ..; *. nr ^-^f -.,.. 

naraedof hthcL Binomial Theaniiiiii; ji^bidi^ lii^iilr^ 

ofiiiraliiniiC.Btcomipottnd^ qdaatitjc^i fba^h^Q^bMft 
fddH4 of t^^matcBftMlrFieiiiii iBanjitiii9^^^ie»)0f(S 
{x^^taodiounrcidiffiQidt kiodi jW)h0iteiMaH»l|c aof 

jki^vAjjWp tmlik&vht fatlJier;iiidebt«dr4Q/bim ictff 

«tot]ieriiKf»t:fftmldifiiCbilfry#atyd]lirft^ 

ject, called the Reversion of sm^ Witb^ QUitliodiaf 

tefma£i]f^i]M>ti^«atkrfi»fA^difi(^^ 
.wUbkiBisQtitiQns a«e raii4Qtnrt)moiiii^8^j.>by:'Qil»m 
irftflC^dneml iodmi avbicdi betfiffi<>^irUMiU<)ed>iBlo 

iaialytii:al«^m1»DWi(|»)^ t( /i'jinr :i> .^hu . ^ 

onAbxmt::;tbfiTfiaiD^jp»riod^xMteT8i qil^ ;(r^jaea 
«M»t aka pnbHbbed > ra&r(p^mliie7f»ai1»i df ; ^tbit 

Uie Oiopkaudu^. n»$i^il«Alr f»f({ De BiUjr^i^iHrhlt^d • in 
<lfi{r0ip Kb^se^'fe ElMiento tofii^^gftbtii^ ^iOftw 

/c) For a farther account of these discoveries, and other 
particulars relating to this subj^c^ sec the corresponding Ar* 
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Ay Ma^m^^tiques, in twonrol^iiies 4toy I67& ; 9jf$4 
Ozwifnii^ B^irpem S AlgAre^ two vdkiai#9 SiMi^ 
1709; all^of wbieh may be coB«i4ered «i»;.very mo^ 
pie and ingeiyious treatises, for that time;- pfu> 
ticialatly'a& faor as relatcis to tile DiopbaflMie ana- 
Ijm^ wbkh M here foHy explained, a»d'Ulii»tr»te4 
tritfa a gre&t ^riely oieianxsqAm ; ^ome'of X9}^xh vm 
o^ a very'diilwit tiajfeure, r^quimgal) thearewiiccai 
tf th)e actttoobtaititb^soKittQna. • 1/ .1 * > r 
^ Bnt the most complete p^onMiuie •of. tWi 
bifid 19 that coBtained in the second ^r^hivie of 
lEoter's Algebra ; which' wbrk was ' first IptkUishodi 
in the Gertnan langaage, in 177^9 Md itas^jobs 
been translated both into French and Ea^^lisii^ in 
two volntnes Svoy with variotts notes and ad^Ktiottf 
by the editors; among the latter of whtcb Wd 
have a Teiy learned and cx^kins tract <if ^ Lagrange 
on continued fractions, and sach parts <£ i^em« 
determinate analysis as had not been sofficientlf 
treated ot* by the author ; the whole forming on# 
Of the most profoand treatises on this branch 0f tho 
subject that has ever yet appear^. 
<: We may here l&ei)v4se mention th^ great ^advan^ 
tage that maAhematkal sckncehas derived from^tba 
th^yof logairtchms^' wbick was first reduced to aa 
Algebraic V form by Halley, and sii»ee, in a mor^e 
persp^caons and satisfactory manaer by Lagrai^ge 
and others ; who, by deriving the series^ by whidll 
the$e numbers are jexpreased^ from paxe analytic^^ 
principles, have not only rendered the mode of 
investigating them more confonnable to the naturo 
of tb§ §ubjectj but have also simplifi^4 their alga-r 
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}ri<liHi; nM, by that meads, made tbe C&ms^i&^tL 
fifthim^^ a^ well a3 their appUci^ioii> mciy^ easy 
and nataral. 

The tbeoiy of series^ also^ In all its hraochei^ 
was fsiritirat»d^ with gr^at suoeess, daring the ket 
^0 eentari^^ bf John and Jaoiies BewoiiUf» 
7aylor> Df^moifre^. Nipple, Stilling^ Eol^r, Loi^a, 
@i9^oi^ Lrfkikden^ Wariog and others ; whose, ret 
searches have gi^eatly exten^d and iorproyed tUbi 
important hfaneh ef analysis; bnt it wsU chiefly 
^der the. hands' of Daniel Benonili and Enters 
that this dootrine wa^ augmented and geQie?alia»d|i 
|>y the i»mple means only rf the ordipary aJgebrai* 
fraloaleiilas/whieh they have employed^ in caa^jf 
f»f the moat d^onlt eases^ with gi^ftt sl^^ll aa4 
addi^s&. 

It may he likewise farther observed, that the expor 
nentiivl fdritiulsi for the sines and eosio^s of ares^ 
whk^ ^eve first given by Demoivre, have greatly 
eont^bnted to the extension of the analytical part 
of ■ tngOBometry, by iJ>ridging its operations and 
shortening the labonr of investigation* A conr 
siderahle improvement was also, made in this 
bi*andh of the science hy Euler, who, instead of 
Using separate letters to denote the sine, cosine, &er 
of an arc, or angle, employed the abbreviations im a, 
COf a, ■ t0n a, &c» which method affords a great re* 
lief to the memory, and saves the trouble of re- 
peated refereniqe to the figure to which they belong* 

Wehavebere also to mention the highly inter^str 
jki|; wtirk lately |y|iblished by Ganss, entitled Disqui- 
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axdi INTRODUCTION. 

^iimes Arithmeticce^yvhidi principally treats on the 
thewy lof numWB/ bttt cmitains, also^ a coiDplete 
folution of binomial equations of diflfererit bidders ; 
Tfy meam of wbidh he has been able to insc?ribe^ 
geometrically, a polygon of 17 sides in a dtcle, ii 
tiling that had' hitherto been thought impossible: 
The < theory he hm laid down, also leads to- a 
more sinyple and perspienons demonstration of %he 
^ebftated theopem of Gotes> rekting to the^^i^ 
vision of the circle, than any that- has yel b^ti 
given, as well as to a varety of other utatteriyaf 
eq^dl enriosily and iisportance. : . . ( 

oL^eg^ndre has also lately published a work of 
great ingenuity and research, <m tbef theory oT 
loiiifnber»; in wbich^ among a variety of Otlief 
things, he shows how to approximate towaf ds thi 
roo*s of equaticMQs in general, by means of con* 
tinned fractions. We are likewise ii1«iebted to 
Arbogast, for a very profound analyfi^al vmt^k; 
entitled Du Gakul des Ddrip&ti&ns^ publish^ '^iti 
1804; as also to Euler, Waring, Simpson, Be- 
ssout and others, who, in their various perform* 
ances, have all treated on different parts of this sub- 
ject, and made many important advances- in the 
science. 

To these we have likewise farther to add, the 
two celebrated works of Lagrange, entitled the 
'TMorie des Fonctions analytiqnes^ and Lescons sur 
te Calcul des Fonctions ; as also his treatise entitled 
JDe la Resolution des Equations ntimdriques; in 
v;hich he has given a njethod of approximating to 
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the roots of numeral eqnations, which is more di- 
rect and certain than any that has yet appeared^ 
though it must be considered of greater value ai$ 
a theoretical than a practical mle ; being much 
too complicated for general use. 

Having thos given a slight t&etch of the discover 
rie$ and improvements that have been made in thh 
branch of analysis/ from . its earliest cultivatioti^itt 
Ikirope, to tl|e middle of the lasttcentnry, it mil hef^ 
only be necessary to m«:ition such of the most 
useful elementary works as are pecnliarly calculated 
for the use of beginners ; which are those of CHir 
raut^ Lacroix^ Maclaurin, Simpson, Emerson^ 
Sauoderson, Dodson, Wood, and my own Intro^ 
dnction to Algebra; which latter performance, it is 
fureauwed, from the number of editions it faa^ 
pa^eed tbrou^, has proved of great use in ^s- 
geminating > a knowledge of the science among a 
cji^sS'.of readers^ who, but for such a compendiiim, 
ivonld. probi^bly never have directed then* atteiition 
toithis, sul^fct. 



.■■}•.' ' • ' ' ■ ■ ■ • 
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E R R A T A. 

Page 55, 1. Ifl, /or 6 4r*, rggrf Oir _ 

70, 2», f[}r >s/a + ^±b, and -/a--/* 6, rrad 

i/a + V±b, and l/a^^/±h> 
126, 13, for observing, reai^ and obserring. 
14^; 8, for f(a-^y-3, read \{a^fi)^^$. 

151, last 1. in the note, /or -.{-}vr-3,r. +f--K*9^ 

2ar a 2ttr a 

152, 3d 1. from the bottom, for -^^-z, read -rr^- u# 

' . 3o 3 39 3 

180, 3d I from the bottom^ for 3, read 4. 

193, 1. II, /or contrary, reai the tame. 

204 and 205, for multiplication and diTision of sines^ 

read multipHcation and division of series. 
207, for 2, 3, 4, &c. in the denominaiori, rsiid 

2a., 3a^ 4a^ &c. 
218, 1. \\, for number, read member; and in the ttOte» 

for diBerenda!,' read diflSrentiel. 
224, 1. 12, ^r {n+{ ){n 4 2)(» + 3), read 

n(fi+ l)(n + 2)(n+3). 

2d Q.^ 

258, 1.12, for —, read -^j^. 

S34, in the note, for Sterling, read Stirling. 

«.« lo ^ I4»«-14 ..14n*-.14j| 
342, 1. 8, for », read . .^ 

4 4 • • 

391> for the last series, at ihe. bottom, read 

^ . bx D'a:' n«jf» d'"x« 

*l-x (l-y)'*(i-x)» (l-or)***'^ 
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^ ALGEBRA. . 

..(^) iV^J^GJ^JliV i^.tl^e science .which treats ofia 
^genncal method of performing cs^aiUatiQa^^L.^aiKi 
^ resolving math^Bfl^(^pFobleiiis> by meaaa'io£.Ae 
^ietters of thfe alphabet{a).^ ' '*- 

Its leading rules are the same ad tho$e of arith- 
metic; and the operatioi^ ^ Jb§ perfom^ed are de- 
noted by the following characters : ♦ 

+.j^u^'or7jndr€^t\m sign, of addition; signi- 
fying," thati^c;qtiaftt|itic5 between which it is 
placedrarei t(^<be- ^ddad t^^th^tn 

Thus^ a ^^rshows that the number^ or quantity, 
'rfepresrtited by ft, h to be added to that represented 
hy'a;* aiid is .^ead a phis h. 

— minus^ qr./e^, ^he^.sjgix of piibtraction; sig- 
nifying, that jbhi& lattfic of jJie. two quantities he- 



ft ^^^a}* TteJoiQilGfs«hQ(e}tr«j|ted af, vihichiscalled^r^J Newton and 
others. Universal Arithmetic, differs froip that of numbers chiefly 

liMlhiiil fchaliw thejJMltitfi ^amxy ^gurP/Ji^a-a^lelerminate and in- 
dividual taloe p0e«iJiar*to it^lfj. wbe«ws the algebraic cha- 
racters, bcing^enerat «fr*i«4e|>^«n.t 9^ »**y pw-ticpiar <» partial 
sigoificatioD, represent *U wts^af nymhers.^or quantities, ac^ 
cording to the nature of the.question to^hich they are applied.- 
Hence» when any of the operations -olTaddi lion, muiti plication, 
&c. are to^(i^«pfMrip;>rj;aed.j^oi^ jiujaqJ)er9^ othe^ n^agnitudes, 
which are r^^Qiit(»4 ^y ^^^ letters, a, b, c, &c. it is obvious 
that the results,.^ obtained/ wili be jgcneral; and that any par« 
ticular.case, ^ f^ sii^jlar kin,d,,naay be res^dily d^riv^ from them 
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3 DEFINITIONS. * 

tween which it is placed is to be taken from the 
former. 

Thus, a — fc shows that the quantity represented 
by b is to be taken from that represented by a ; and 
is read a minus b. 

Also, a— ft represents the difference of the two 
quantities a and ft, when it is not known which of 
th^n is the greater. 

X into, the sign of multiplication ; signifying 
that the quantities between which it is placed are 
to be multiplied together. 

Thu&, axb shows that the quantity represented 
by a is to be multiplied by that represented by h; 
and is read a into ft. 

' The multiplication of simple quantities ki «l$«i 
frequently denoted by a point ; or by joining the 
letters together in the form of a word. 

Thus, AX ft, a. ft, and aft, all signify the pro- 
duct of a and ft : also, S x a, or 3a, is the product 
of 3 and a ; and is read 3 timeis a. 

-4- fty, the sign of division ; signifying that the 
former of the two quantities between which it.i« 
placed is to be divided by the latter. 

by barely substitoting for every letter its real numeral valuey and 
then computing the amount accordingly* 

Another advantage also, which arises from this general mode 
^f notation, is, that, while the figures employed in common ftTith- 
metic disappear in the course of the operation, the characters 
used in algebra always retain their original form, so as^to show 
the dependence they have upon each other, in every part of the 
process; which circumstance, together with that of representing 
the operations of addition, subtraction, &c. by certain signs, 
fenders the language of this science extremely simple and com- 
modious. 
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ThnSy a^b shows that the qiaantity r^resented 
fay a is to be dirided bj that represented by b ; 
and is read a by b, or a divided by b. 

Dhrissum is also frequ^itly denoted by placing 
(me of the two qmantities over th^e otkb^r, in th« 
form of a fraction* 

Thns^ b-^a and - both signify the quotient of b 

dividedbyc^aad-^ signifies that a— & is to be di» 

vided by a + c. 

= equal to, the sign of equality; signifying 
that the quantities between which it is placed are 
e^ual to each other. 

Thus, a?=s=fl-f J shows that the quantity denoted 
by X is equal to the sum of the quantities a and fe; 
and is read x equal to a plus b. 

= identical to, or the sign of equivalence, so- 
nifying that the expressions between which it is 
placed are of the same value, for ail values of the 
letters of which thiey are composed. 

Thus, (j? -f a) X (a: — a) =c jc* — a*, whatever nume ^ 
ral values may be given to the quantities repre 
sented by x and a. 

3z greater than, the sign of majority; sig- 
nifying that the former of the two quantities 
between which it is placed is greater than the 
latter. 

Thus, a^b shows that the quantity represented 
by a is greater than that represented by b; and is 
read a greater than b. 

= fe«y tfian, the sign of minority; signifying 
thi^t the f<»*mer of the two quantities Hetw^^w 
which it is placed is less than, the letter. 

B 2 
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4 DEFINITIONS* 

Thus, a^h shows that the quantity represented 
by a is less than that represented by 6; and is 
read a less than b. 

: as, or to, and : : so is, the signs of an 
equality of ratios ; signifying that the quantities 
between which they are placed are proportional. 

Thus, a : b : : c : d denotes that a has the 
same ratio to b that c has to d, or that a, b, c, d, 
are proportionals; and is read, as a is to & so is c 
to d, or a is to 6 as c is to d. 

V the radical sign, signifying that the quantity 
before which it is placed is to have some root ef 
it extracted. 

Thus, Va is the square root of a ; l/a is the 
cube root of a ; and \/a is the fourth root of «; &c-. 

The roots of quantities, are also represented by 
figures placed at- the right hand comer of them, 
in the form of a fraction, 

Tims, o^ is the square root of a; d^ is the cube 

root of fl; and a" is the nth root of a, or a root de- 
noted by any number n. 

In like manner, c^ is the square of a; a* is the 
cube of a; and a"^ is the with power of a, or any 
power denoted by the number m. 

CO is . the sign of infinity, signifying that the 
quantity standing before it is of an unlimited 
value, or greater than any quantity that.can be as- 
signed. 

The coefficient of a quantity is the number or 
letter which is prefixed to it. 

Thns, in the quantities 36, —\b, 3 and --J. are 
the coefficients of i; and a is the coefficient of ;r 
in the quantity ax. . , ' . 
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DEFINITIONS. fi 

A quantity without any coefficient prefixed to it 
is supposed to have 1 or unity; and when a quan^ 
lity has no sign before it, + is always understood. 

Tlius, a is the same as +a, or + la; and —a 
is the same as —a,. or —la. 

A term is any part or member of a compound 
quantity, which is separated from the rest by the 
signs -f or — • 

Thus, a and b are the terms of a + J; and ^a, 
— 2a, and + 5crf, are the terms of 3a— 26 + bed. , 

In like manner, the terms of a product, frac- 
tion, or proportion, are the several parts or quan- 
tities of which they are composed. 

Thus, a and h are the terms of a6, or of ^; and 

a, i, c^ rf, are the terms of the proportion 
a : h ix c \ d. 

A factor is one of the terms, or multipliers, 
which form the product of two or more quan- 
tities. 

ITius, a and h are the factors of ah; also, 2, a, 
and 6% are the factors of 2al)^; and a — x and 6 — j? 
are the factors of the product {a — x)x{b — x). 

A composite number, or quantity, is that which 
is produced by the multiplication of two or more 
terms or factors. 

Thus, 6 is a composite number, formed of the 
factors 2 and 3, or 2 x 3 ; and 3ahc is a composite 
quantity, the factors of which are 3, a, i, c. 

Like quantities, are those which consist of the 
same letters or combinations of letters ; as a and 3a, 
or bah and "Jaby or 2a^b and Qa^b. 

Unlike i|uantities, are those which consist of 
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different letters, or combiniutions of letters; as 
a and h, or 3 a and 4f^ or 5alf and *fa^b. 

Given qn^antities, are such as have known values^ 
and are generally represented by some of the first 
letters of the alphabet 5 as a, b, c, d, &c. 

Unknotvn quantities, aiie such as liave no fixed 
values, and are uswally represented by some of tfa^ 
final letters of the alphabet ; as x, y, z. 

Simple quantities, are those ^vhich consist of 
one term only; as 3a, 5^, —S(fb, &c. 

Compound quantities, are those which con- 
sist of several terms; as 2a -f 6, or 3« — 2c, or 
a-\'2b — 3c, &c. 

Positive, or affinnative quantities, are those 
which are to be added; as a, or +«, or -|-3aft, &c. 

Negative quantities, are those which are to be 
subtracted; as —a, or — 3aft, or — 7«&% &c. 

Like signs, are s^ich as al-e all positive, or all 
negative; as + and -f , or — and — • 

Unlike signs, are when some are positive and 
others negative; as + and — , or — and -f . 

A monomial, is a quantity consisting of one term 
only; as a, 26, — 3a^i, &c. 

A binomial, is a quantity consisting of two 
terms; as «-f fr, or a — t; the latter of which is, 
also, sometimes called a residual quantity. 

A trionomial, is a quantity consisting of three 
terms, as a-i- 2ft — 3c; a quadrinomial of four, as 
fl— 2ft + 3c — rf; and a polynomial, or multinomiul, 
is that which has many terms. 

The power of a quantity, is its square, cube, 
biquadrate, &c.; called also its second, third, 
fpurth power, &c. ; a.s a*, a^, a*, &c. 
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DEFINITIONS. f 

The index^ or exponent of a quantity^ is the 
number which denotes its power or root. 

Thxia, — 1 is the index of a"', 2 is the index of 
a*, and 4 of d^ or^iju 

When a quantity appears without toy index, or 
exponent^ it is always understood to have unity,. 
or 1- 

Thus^ a is the same as a\ and 2x is the sanoui' 
as 2x^\ the 1, in such casesj being usually omitted. 

A rational quantity, is that which can be ex- 
pressed ^n finite terms, or without any radical 
sign, or fractional index; as a, or 4a, or 5a^, &c. 

An irrational quantity^ or surd, is that which 

has no exact root, or which can only be expressed 

by means of the radical sign, or a fractional index; 

1 4 

as V3 or 3"^, X^c^ or cF; &c. 

A square or cube numb», &c., is that which has 
an exact square or cube root, &c. 

Thus, 4 and ^a^ are square numbers; and 64 
and -sV^ are cube ;Qumbers, &c. 

A measure of any quantity, is that by which it 
can be divided without leaving a remainder. 

Thus, 3 is a measure of 6, 7« is a measure of 
35a, and ^ah of 27a*ft*. 

Commensurable quantities, are such as can be 
each divided by the same quantity, without leaving 
a remainder. 

Thus, 6 and 8, 2V2 and 3^/2, ba^h and *Jah^^ 
<are commensurable quantities ; the common divi- 
sors being 2, v^2, and ah. 

Incommensurable quantities, are such as have 
no common measure, or divisor, except unity. 
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8 D32FINITIONS. 

Thus, 15 and l6, V? and >c^3, and a-h& and 
fl* + Vy are incommensurable quantities. 

A multiple of any quantity, is that which is 
some exact number of times that quantity, 
. Thus, 1 3 is a multiple of 4, 1 5a is a multiple of 
Za, and 2Qa%^ of .6a J. 

Thie reciprocal of any quantity, is that quantity 
inverted, or unity divided by it. 

Thus, the reciprocal of a, or -; is-; and the 

reciprocal of t is -- 

. A function of one or more quantities, is an ex-* 
pression into which those quantites enter, in any 
manner whatever, either mixed, or not, with 
known quantities (6), . 

Thus, a — 2 J?, ax rf 3.r*, , 20? — a{a^ -*. oif)'^, aof^y 
if, &c., are. functions of a?; and oiy -h 6j?% 

iy-\-x{(ix^'-htf)^, &c. are functions of x and^. 

A vinculum, is a bar — , or parenthesis ( ), made 
Ase of to collect several quantities into one. 

Thus, a + fc X c,or (a + h)c\ (ienotes that the com- 
pound quantity a -f- i is to be multiplied by the simple 

quantity c; and Vab + c^^ or (a6 + c^)*, is the 
square root of the compound quantity pf^b + c*. 



(b) The term function, which is scarcely to be found in any 
of our algebraical treatises, was used by the early analysts, to 
signify the different poiJi^ers or roots of the same quantity ; so* 
that, supposing m to be any whole or fractional number, a** and j5*» 
ivould have been called by them functions of a and x; but the 
phrase is now generally understood in the extended sense abo^e^ 
mentioned. ' f ' 
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EXAMPLES OF ALGEBRAIC EXPRESSIONS^ 



Practical Examples for computing the numeral 

Values of various Algebraic Expressions^ 

or Combinations of Letters. 

Supposing a=^6y i = 5, c=4, rf=l, and 6=0. 

Then 
<Jt* + 2ffli-c-l-€i=^64- 60-4 + 1=93, 

And 
Sa' - 3a4 + c* = 433 - 640 + 64 = - 44. 

And 

a* X a + b- 2afec= 36 x 11 - 240 = 1 56. 
And 



3aV2ac + (^y or3a(2ac + c*)T=i8v'64=144. 
And 

fiaVb^-ac + V'2ac-hc'^»l2 x 1 + 8 = 20. 
And ; 



V2a'-V2ac + c*=>/72-v'64 = V72-r8 = >/64 = 8. 
And 

^-3 — — + '-r=^ ■ . =■— '4--~~ = 4-t- 10= 14. 



Required the Humeral values of the following 
quantities; supposing a, by Cy d, e, to be 6y 5, 4^ 1, 
ja9d 0^ respectivdy, as ^bove. 



2a' + 36c — 6rf 
6a'6-10a&* + 2^ 






3> /c + 2av ^2a + &-rf 
jaVa^ + b^-3bcv¥^ 
3a^b + ^6* -- V2acTc\ 

2b + c ^5h--Wc-^d 



3a-c 



2a 4- € 
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10 ADDITION^ 

ADDITION. 

(b) Addition is the connecting of qnaiititles 
togetlier by means of their proper signs, and in- 
corporating such as are like, or that can be united, 
into one sum; the rule for performing which is 
commonly divided into the three following cases (c). 

CASE I. 
IVhen the quantities are Uke^ and liave Uhe signs. 
Rule. 
Add all the coefficients of the several quantiti^ 
together, and to their sum annex the letter or let- 
ters belonging to each term^ prefixing, when ne- 
cessary, the common sign. 



3a 


JiiXAMPLES. 


2b + 3^ 


da 


-6aa? 


6*n-7y 


a 


— ax 


*+2y 


7a 


~^rfx 


8J+y 


12a 


-7 ax 


4b + 4y 


2Sa 


— igax 


20b+17y 









(c) It may here be observed, that the term AlMittOR^ which is 
applied to this rule, in conformity to custom, is too scanty to 
express the nature of the operations to ht perfonoed, wbich are 
sometimes those of addition and sometimes subtractkm^ accord- 
ing as the (]«Mmtities are positive or negative. It should, there- 
fore, be called by some name signifying iacorporaiion, u&ioD^ or 
striking a balance, in which case, -the incongrtiit}* that now sub- 
sists, would be removed. 
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Sax* 


7x-4y 


2a 4- a* 


2arjf* 


x-Sy 


3a +x' 


12ax» 


^-y 


a + 2je* 


9<MJ* 


ar-3y 


9a + 3a* 


lOax* 


4x-y 


4a + a» 



CASE m 
l^en the quantities are like^ hut have unlike sigm^ 

Rule. 

Add all the affirmative coefficients into one 
sum, and those that are negative into another, 
when there are several of the same kind ; then 
subtract the least of these sums from the greatest, 
and to the difference prefix the sign of the greater, 
annexing the common letter or letters, as before. 

■ ■■'■* * 

The principles upon which the ahove operations are foanded, 
as well as the demonstrations of all the foHowing rules, are given 
in the second part of the woHl: ; lo which the reader, who wishes 
to obtain a theoretical knowledge of the science here treated of, is 
referred ; where he will find the several corresiponding articles 
designated by the same letters, a, b, e, &c. as in the first, or pre- 
sent fiatt. 
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ADfiinOH. 






Examples. 


, 


-30 


2a- 


^3J!» 


Sx^iay 


+7« 


-7a+5x* 


-3x+Say 


+ 8tf 


-3a + x» 


X— 6ay 


—a 


+ a- 


-3a^ 


2x + ay 


+ lla 


-7tf 


* 


6x + 2fly 


-2a» 


say- 


~ i 


-3aA + 7x 


-3aV 


-ay 


fS 


+ 3aft-lOx 


-8a* 


+ 2fl^- 


-9 


+ 3a6-6x 


+ 10a* 


-Jloy- 


-11 


-ai + 2x 


+ 13a» 


+ 13a^- 


f 13 


•¥2ab+'Jx 


— flov'ar 


-6a*+2J 


eax'+Sx^ 


+ oVx 


+ 2a*- 


-3i 


— 2ca* — 6x"*" 


— BaVx 


-5a'- 


-8i 


+ 3ax*-lOx"^ 


+ '!aA/x 


+ 4«*- 


-2J 


-7ax* + 3x'^ 


r-4aVx 


. -3a* + 9i 


+ a«'+llx^ 







CASE III, 

When the quimtities are unlike; or some like and 
others unlike. 

Rule. 

Collect all the like quantities together^ as in 
the forgoing cases^ and set down those that are 
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. ADDITIOK. 13 

tmlike^ one after, anotlier^ with their proper 





Examples. 




5ay 


2xy 


-3a» 


2aX'-l20 


4ax 


3«». 


+ 05^ 


3a^—2ax 


-xy 


** 


-xy 


5x»-3a;'^ 


— 4ax 


4x* 
6x* 


-3xy 

- xy 


Sv^x+lOO 


4xy ■ 


8x* -20 


Qax^ 


8aV- 


"Sax 


10i*-3a»« 


-aa? 


7a X 


-bxy 


-6* + 2a»a* 


+ 3ai!» 


Qxy ■ 


-box 


50 +2a*a 


— oar* 


2<fa?-\r xy 


oV+lSO 


+ 3x> 


2-/X - 


■8y- 


4 2a'— 30^ax 


-^xy^. 


jb 3y^xy+lOx 


-^ af*-2a"^a:* 


^3y'x 


2x*y 4 


-5y_ 


< 3o*— 13:py) 


-8x*y 


I2xy - 


■^xyt. 


1 ay + 32a' o 


+ 2X1/* 


- -Sy+x'^ 


20 -65a* - 









(i) When scTcral quantities are to be added together, it is the 
same thing, in whatever order they are placed. Thus, a + b'^c, 
-'C-^a + b, or a^-c-t^b, are equivaient expressions; though it 
is usual,, in such, cases, to niake the leading term positite. i 
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14 SUBTKAlSnON. 

N&ie. When quantities with literal coefficients 
are to be added together^ it may be done fay 
placing the coefficients, with their proper signs, 
under a vinculum, or between brackets, and then 
joinii^ the sum or difierence, thus arisiii^, to the 
common quantity, as below: 

ax-^b ax^-vhx 



Examples for Practice. 

1. It is required to add \{a-\-h) and \{a — h) to- 
gether. ^ ^ 

2. Add5a:-3a-f fe-f 7 and --4a-3a?^26-9to- 
gether. 

3. Add2a + 3ft-4c-nand 5a-36 + 2c-10 to- 
gether. 

4. Add3a + 26— 5, a + 5J — c, and 6a— 2c + 3 to- 
gether. 

5. Addj[^ + ax*4-&^+2 and a^ + C3(? + dx'-l to- 
gether. 

SUBTRACTION. 

(c) Subtraction is the taking of one quantfty 
from another; or the method of finding the dif- 
ference between any two quantities of the same 
kind s which is performed as follows : (e) 

•(«) The term sabtraction^ used for this rale, is liable to ti» 
i«ame objection as that for addition ; the operatrons to be per- 
formed being of a mixed natnre, like tboie of tbe former. It 
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Rule. 
Change all the signs ( + and — ) of the lower 
line, or quantities that are to be subtracted, into 
the contrary signs, or rather conceive them to be 
so changed, and then collect the terms together, 
as in the several cases of addition. 

Examples 

W I ■ ' ■ - ' I L M il I ■ ■ I I I ■ I I llill 



503^-18 8y-2y-5 10-8a;-3j?y 






Nate. Wben the quantities that are to be sub- 
traded lutve literal coeffideuts, the operation may . 
be performed by placing the coefficients, with their 



may also beobserved, that, though the-rule here given, ifor sub- 
tracting otie quantity from another, is unii^rsaUy «ppljc;abW, it 
will not always be neccissary to have necourse to it; ftfr if 3a is 
to be taken from la, it is plain that the remainder will be 4^, 
without any consideration of the change of $igns« 
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proper signs, between brackets, as in addition, and 
then subjoining the common quantity : thus, 

ax — b aaf-^-hx 

cx — d 



(a-'C)X'{'d—b (a - c)a^ + (i + e) jr 



Examples for Practice. 

1. Let -^(a^b) be subtracted from 4^(a + 6). 

2. From 3x- 2a- J + 7, take 8-36 + a + 4jr. 

3. From 3a + 6 + c-2rf, take J-8c + 2rf-8. 

4. From 5a6 + 2&* — c-f fee— 6, take&* — 2tf&+6r; 

5. From ax^-^bx* + ex— dy take bx^'\- ex— 2d. 

MULTIPLICATION. 

(d) Multiplication, or the finding of the pro- 
duct of two or more quantities, is performed in the 
same manner as in arithmetic ; except' that it is 
usual, in this case, to begin the operation at the 
left haiid, and to proceed towards the right, or 
contrary to the way of multiplying numbers. 

The rule is commonly divided into three cases; 
in each of which, it is necessary to observe, that 
like signs^ in multiplying, produce + , and unlike 
signs, — . 

It is also to be remarked, that powers, or roots of 
the same quantity, are multiplied together by 
adding their indices: thus, 

axa^, or a'xa*=a'; a^xa^ = a*; d^x d^^d^\ and 
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MVLTIPi.ICATIOK« 17 

CASE I. 

fP%eh the Juctoj^s are both simple quantities. 

Multiply tke coefficients of the twd terms to* 
jgether, and to the product annex all the letters, 
or their powers, belonging to each, after th^ 
manner of a word ; and the result, with the proper 
'sign prefixed, will be the product required (/*). 





JjiXAMPLES. 




12a 


- 2<i +60 


-9^ 


3b 


+ 4b -Bx 


-6bx 



36ab T-Sab -30ax +4bbx^ 



7 ah ^6a^x — 2xy* ^7^ 



3a^h \2a^x ^Gocyz —a^xy 

2ba^ —^o^y •Vay'^z +2xy* 



(/) When any number of quantities are to be multiplied together^ 
it is the same thing in whatever ordcfr they are placed : thud/ if 
ab is to be multiplied by c, the product is either abc, ach, or hca^ 
&c.; though it is usual^ in thi^case^ as well as in addition and 
subtraction, to put them according to their rank in the alph^et. 
It may here also be observed, in conformity to the rule given 
above for the iign«, that ( + a) x ( + S), or ( -a) x {-'6)«* ± ahi 
.and ( + «) X (-6), or (-a) X (-f^)- -«^- 

c 
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CASBHc 

fVhmoneqfthefaclor$ is a compound qucmtity. 

RuLiu 
Multiply every term of the compound factor, 
considered as a multiplicand^ separately, by the 
multiplier, as in the former case; tlien these pro^ 
ducts, placed one[ after another, with their propiJlr 
si^s^ win be the whole product required. 

Examples. 
3a — 2b Bxy — S a*— 2j?+1 

4it 3x 4x 

X2{t-Sab TSx*y-24x 4a'x-8zc* + 4a? 



llliUfctt* 



5a —2x xy 



lox^-a^b 25x1/ + 30" 3oi?-xy-2y^ 

-2a i3x* 5J?*y 



CASE III. 

PFhen both the factors are e^mpotmd qtmniities* 

Bulb. 

Multiply evei-y term of the multiplicand sepa- 
rately, by each term of the multiplier, settling 
down the products one. after another, with tibeii; 
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ptapir 9\^ii fikiH Add ihi S^t^al Ibes Of |>ro- 
mtth t0^etk«fr, a^d fih^l* stitt Will be ttie trhd^ 
{ffOfc[il6tt-eclttii«d(^). 



a?H-y ^+3/ ^* + ^^+y* 

x-y a?»+3^ x-y 






w — >TM t -r 



^ * — y* a?* + 2j?*yH-y 0?* * * -.y 



(g) Besides the advantages (mentioned hi note (a), p. 1) 
which the algebraic method of notation posSgSSes over that of 
numbers, it may here be observed, thateV^tf in tfais early part of 
the science, we are furnished with tfii^ riietiits of obtaining seve- 
ral general theorems that could tiQl Yi^ve been established by the 
common rules of arithmetic, 'thts; it will reactify appear, from 
the two leading examples for practice, givefi in addition and sub- 
traction, that the greater (a) of any two unequal quantities (a, h) 
is equal to half their sum p/^ Half ifi^^diffisl-enc^f; and that the 
less is equal to half tli6ir sum fkinm half their difference; that ifli^ 

a^^9^h)'^^a^h)s and i«4^(« + *>- 4(0-6) 
A§tf, in example 4/ of MultipflHCtoh, gived abOf^e, it is evident 
that the product of the sum and difference of any two unequal 
Quantities (a, h) is equal to the difFerence of their squares; that if, 

(a + tjx(a-ij = a^-fc* 
Wfcicli if^ 86tif^ tff fh^ ({I'd, 6r tncr^ firhfrffe iiiidAiWi* <Jf riqMti^ 

%m,Mxask4t iWndfM, th»t o^tur ^im i^m ^t the f i^ra 

e 2 
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20 MULTI PLICATION* 

Note. When several compound quantities arc to 
be multiplied together, the product will be found 
l)y multiplying the first by the second, and then 
that result by the third, and so on to the last 
factor, as below, 

X +6 



x^ + ax 



+ bx + ab 



i?V (a + b)x + ab 
X +c 

■M. i m ..I k ■ i> ■ 

o:' -h (a + i)z* + abx 

-f ex* -h c{d + b)x + ahc 

V + (a + 6 + c)x^ + {ab -^aC'\' bc)x + abc 

x — a 
x—b 



x* — dx 
--bx + ab 

a?V (a -f b)x + ab 
x-^c 

a^—{a + i)x* H- abx 
— ca?-^ c{a + b)x^abc 



x^-'{a + b'{'C)x^^(ab + ac + bc)x--abc 

J, 

It is also to be observed, that the multiplication of 
compound quantities is sometimes barely denoted 
by writing them down^ with their ]>roper .signs « 
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Qiider a vinenltini, without perfoiining the whole 
^operation: as3aJ(a-ft), or 2a^/(a* + i*) (A). 

Examples for Practice. 
1. Required the product qf :?r*-r.j!^+y and 

?. Required the prqduct of j:* + y^y + xy^ -)- y^ and 

3 . Required the product of x^-^-xy-^ y^ and 3?' ^ 

xy^y\ 

4. Required the product of 3x*-2jry + 6 and 

5. Required the product of 3a*— 3a^ + 4;r* and 

6a* — 6ax-2zi?*. 

6. Required the product of 3^?* + 2^^ + sy and 

2x'-3zry + 53^. 

7. Required the product oix' — ax^^-hx — c and 

x^ — dx + e* 

DIVISION, 

(e) Division is the converse of multiplicatioa^ 
and is performed like that of numbers ; the rule 
being usually divided into three cases, in each oJF 



(A) Thi» method of representing the multiplication of com- 
pound quantities, by barely indicating the operation that is to 
be j^rformed on them, is often preferable to that of executing 
the entire process; particularly when the product of two or 
more factors is to be divided by some other quantity; because^ 
in this case, any term that is common to both the divisor and 
dividend, may be more readily suppressed, as will be evident, 
from a variety of instances, in the following part of the work. 
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like sigii^ -r , ^ i^i $pd)9g tjieiy prQ(lwts (?). 

It is here also to be observed, that powers and 

roots of the same quantity, are divided by subtracting 

the indei( pf the diyisQf d^^m tU^t of \1^ diridejid : 

111 
thus, (i'-j-a*==i?; a''"-*-a^=a*^; and a'' -4- a" = a*"*. 

* CASE I, 

fFhen the divisor and dividend gre both simple 
quantities. 

Rule. 
Set the dividend ovev the divisor, m tl^ manner 
of a fraction, and reduce it to itfi »m^est form, 
by cancelling the letters and figures that are com- 
mpn to each term. 

Examples. 

6a6-*- 2fl,or —=3J; andl2ax*-*-3x,or— - — =^40x1 

a-i-a. or - = 1: and a-?-— a, er — =— 1. Also 

— 2(1 
-aa-i-H, or -3^= -h 

1. Divide l6x* by Sx, and 12«V' by — 8flfV 

2. Divide — 1 5aif^ by Say, and — 18ajf^ by — 9ax. 



(t) According to the rule here given fi>r the sigofi, it fbl1owS| t}iat 
+ a6 . —ab —ah ^ah 

as will readily appear by maiti plying the quotient by the diTisocs 
the signs of the products being then the same z» would lake 
place in the former rule. 
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tASEH. 

fFTien tfife divisor is a simple qucmtity, and the 
dividend a oomj^imd oner 

RULB. 

Divide each term of the dividend by the divisor, 
as in the former case ; setting down such as will not 
divide in the simplest form they will admit of. 

Examples. 

{lOab — 1 5ax) -«- 5a, or j — — = 26 — 3x. 

{iOax^48ar)^oXf w ^^ ' ^ 5a--8x. 

1. Let 3^ + 6j?* + 3aa?— 15a? be divided by 3x. 

2. Let 3ahc+l2abx^^a^b be divided by Sab. 

3. Let 40c^V + Goa'b^ - 1 7ab be divided by - ab. 

4. Let 15a'ftc— 12acj?* + 5aii*bediyidedby — 5ac. 

CASE III. 

fflien the divisor and dividend are both compound 
quantities. 

Rule. 
Set them down in the same manner as in division 
of numbers^ ranging the terms of each of them 
so, that the higher powers of one of the letters 
may stand before the lower. Then divide the 
first term of the dividend by the first term of the 
divisor, and set the result in the quotient, with 
its proper sign, or simply by itself, if it be af- 
firmative. This being done, multiply the whole 
divisor by the term thus found; and, having sub- 
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tracted the result froqi the dividend, hring down 
a$ m^xij terms to the remainder as are requisite fp|r 
Ae next operation^ which perform as before t and 
so on, till the work is finished, as in common aiith-; 
jnetic. 

Examples. 
x^ + jcy 



* 

a + x)v^ + bc^x + Sox* + ar'(a* •+ 
a' + a'x 


■4ax+a? 


4a*x + 5ax* 
4a*x + 4ax* 




aa^ + x' 

asf + x' 




* 

ar-sy -p** + 27x- 27(a?- 
a!»-3df 


6x+p 


-j6a!* + 27a: 
-6jc» + 18x 




9«-27 
9X-27 
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4jc^ — Goaf H- 2flV 



(Sor* — II a V + Ga'or 

Sflu?* — 9aV + 30*1? 

..11 , ■ I II . I 

r-2aV + 3a'a?-d* 
-2aV + 3a'j?-a* 



Note. 1 . V* H- fl" is divisible by a? + a, when m is 
m pdd number; but in no case by a? — a : a?* — a* is 
divisible by a? -f a, when m is an even number, and 
by X— a when ;» is any whole number whatever? 

* + « "" ' 



ar — a 



=jf—aX'\'a\ 



ar+a 
x + a 

x + a 

X— a 
&C. &C. 



(k) The quotient arisinc; from dividing x^»-ra*by x-a, when 
ffi is a whole number, may be exhibited, in general terms, as 
follows: ^ 

?Jl^=^-« + flx^-« + a»a?«-' .... -^aT'^x + a'^". 
X— a 
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36 MVlflOW. 

2. If the diyiftor ht not exactly contained in the 

dividend^ the quantity that remains after the di«> 
vision is finish^d^ must he placed over the divisor^ 
at the end of the quotient^ in the form of a fraction : 
thus (/), 






2j:« 



04-' 



— ctx — ax^ 

x+y)x'+y\x'-3^y^'xy'-j^ + ^ 
x* + x^y 






— 



[1) In the case here given, the operation of diTfaoli may bfe 
^oasidered a3 tttrmiaat?d, wbea the hi|^eftt power of tbe )«Uer» 
in the first or leading term of tb^ vem^ioder* by whtcb tbe pro- 
cess is regulated, is less than the first term of the dirisoc^ ^ tbe 
remaining part of the quotient^ softer this, woo^ become first* 
tional. • • \ 
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3. The diiasicHi 0f qviAn^1lle9 »w«y algo be some- 
times carried on^ ad infinitum, like a decimal frac-^' 
tioD ; in wbieh etise^ n^ f^w of tb« le^dipg terms of 
the quotient will, generally, be snfiicieQii to indi- 
c^te th^ rett, without Its b^ips yieoMftairy to cqm^ 
tinue the operation : thus^ 

a+a;)a . . . . (l-- + --^ + &c. 



-0? 






«• 






— 0? 






a 






x« 






a 






J^5 






a» 






a^ 






^ 


x« 




«•"" 


'5 






Where the law, by which either of these series 
may bf cautioned at plea$nre> i^^ obvious, 

E^AMFi'Bs FOR Practice, 

1. Let fl* — !3aafHr4?^ be divided by <j— a?, 

2. Let 0?* — aar* + Sa^x—et b^ divided by 0?-^ a. 

3. Let o^-f 6a*x + 5ai?' + J?' b^ dividedbya-fx. 

4. Let 2y*-igiy^-f 26^-17 be divided byy-8. 
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28 ALGEBRAIC FRACTIONS. 

5. Let a?* + l be divided by a?H-l, and x^-^l 
by x—l. . 

6. Let 480?*- 7601;^ -640^0?+ 105a' be divided 
by 2x^3a. 

7. Let 4a?*-9j?* + 6x-3 be divided by 2a?* -»r 
3^-1. 

8. Let a?*-r-aV-i-2a'a? — fl^ be divided by a?*— 

' OX + d*. 

9. Let 6al^ — 96 be divided by 3a? — 6, and a' — o:^ 
-^ by « — J^. 

10. Let b* — 3y* be divided by 6— y, and a* + 
'^4a^6 + 3fe*by a+2i. ^ 

11. Let x*+ 00? + J be divided by a?+^, and a:' — 
p:tf + qx--r bya?-*a. 

OF ALGEBRAIC FRACTIONS. 

(f) Algebraic fractions have the same names 
and rules of operation as numeral fractions in 
common arithmetic; and the methods of reducing 
them, in either of these branches, to their most 
convenient forms, are as follows: ^ 

CASE I, 

To find the greatest commoriTneasure of the terms 
of a fraction. 

RtJLE. 

Arrange the two quantities according to the or- 
der of their powers, and divide that which is of 
the highest dimensions by the other, having first 
expunged any factor, that may be contained in all 
the terms of the divisor, without being common to 
those of the dividend; then divide this, divisor by 
the remaiiider, simplified, if necesisarv, as before; 
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ALGBBRAIC FRACTIONS. Q$ 

and so on^ for. each successive remiunder Ihik} its 
preceding divisor, till nothing remains, when the 
divisor last useH will be*'the greatest common mea- 
sure required. * 

When any of the divisors, in the course of the 
operation, become negative, they may have their 
signs changed) or be taken affirmatively, without 
altering the truth of the result; and if the first 
term of a divisor should not be exactly contained 
in the first term of the dividend, the several terms 
of the latter may be multiplied by any number, or 
quantity, that will render the division complete (m). 

Examples. 
1 . Required the greatest cOmmoii measure of the 

fraction 



x*-l)a^ + x'{x 

a? — x 




a? + x 
or x' + 1 


x* + a^ 




-x*-l 



m 
Where i?' + l is the common measure required. 

(m) Iq finding the greatest common measure of two quantities, 
either of them may be multiplied^ or divided, by any quantity^ 
which 18 not a divisor of the other, or that contains no fact^ 
which is common to them both» without in any respeU changing 
the result. 

It may here^also^ be farther added, that the common m^asur^^ 
•r divisor, of any number of quantities may be determined in ^ 
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2» Rdqoirad the greaeeBt coauaoa mmswrd of 







<»• ar + fr 


a' + ai* + *»(«? + ft 




ix + i* 



Where a? + 6 is the common measure required- 
3. Required the greatest Common measure of 



4a»- 
3a«. 


-2a'- 
-2a- 


-3a+l 
l)4.a9- 
3 


2a«- 


3a + 


1 
h3(4a 


-2a- 


1 


2a«. 

2a' 






12fl». 
12a». 


-Sa* 


-9aH 
-4a 






a^\ 


3&'-5aH 
is^ the c 


- 3)3aV 
2 






6a«- 
6a'- 


-4a- 
-15a 


2(3 

+ 9 






lla-11 
or a — 1 

ommon rneas^ 


-5a + 3(2a-3 
-2a 




ft*e 


-3a 4- 3 
-3a + 3 


Wl 


:reqttirt5d^ 

■ III \ f 1 If in^' 



similar manner to that given above, by first finding the (*dtf ifidfi 
«i«a9ure of tw6 of thenii, and thea of ttiat cdnttaoti ift€Misto#« aiid a 
third; and- do- eit> to ibhe liM& 
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4« It U reunited pof Sifid tlie greatest oomKion 
measure of • 

0x4. a 

5. It is required to fiid the greatest common 
measure 01 -r — -. 

6. Required the greatest common measure of 



7. Required the greatest common lueastiw of 
&. Required the gtBftlest comniaa nidslsure of 

ar* + a*x' + a* 

9. Required the greatest eomnkm measure of 

10. Required the gre&test common measure of 

CASE IL 

To redutce fractums to their lowest or most 
simple terms. 

Rule. 
Divide each of the tetm^ of the fraction by any 
number^ or quantity, that t^^iU divide them without 
leatiflg a temaiffcder ; or find their greatest tommon 
measure, as in the last rule, by which divide both 
the numerator and denominator^ and it will give 
the fraction required, 

1. Reduce -^-rz? and \ to their lowest terms. 

a^bc . e J. A. J «^* ^ A 

rTn=*TrAns. And -1=^ — - Ans. 
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82 ALGEBRAIC FRACTIONS. 

S; It is required to rednce ^"^ ^ to its loi^esi 
terms* 

or c + x I a^c+a^x{c^ 
a*c + a*x 



Therefore c + a? is the greatest common measure; 
and c + x) ^ "*" ^ = - the fraction required. 

3. It is required to reduce ^r*"-^! — IT ^ i^s least 
terms. 
x'+2Jx + 6V-*M^ 



or X + i I i* -f 2bx + i*(x -h 5 



ix + J* 
Jx+6* 



Whence x + i is the greatest common measure; 
and x-f fc) ^ " — rr= "" , the fraction required. 

4. It is required to reduce ^ ^ to its least 
terms. 



6. It is requited to reduce ■ _ ^ to its least 
terms. 

6. It is required to reduce ^" to its least- 
terms. , . ^ 

7. it is required to reduce ^' ^,, ^^ -^ to its 

^ .6a'+ llax+ Si* 

lowest terms. 
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AhOEmAK FRACTIONS. 33 

^Sl 'Irif Teqttired to reduce ^^3^24x10 *^ ^*^ 
lowest term. 

9. It IS rei^ireA to reduce 24^,22^-^ m- 5 ^^ 
its lowest terms. 

, 10. It is required to reduce -to its 

lowest terms. 

11. It is required* to reduce , ^ ^ ~ 7^ o ^^ 

to its lowest terms. 

CASE III. 
To reduce a mixed quantity to an improper fraction.. 

Rule. 

Multiply the integral part by the denominator 
of the fraction^ and to the product add the nume- 
rator, when it is affirmative, or subtract it wheu 
negative; then the result, placed over the denomi- 
nator, will give the improper fraction required (w). 

Examples. 
1. Reduce 34- and a — ,to improper fractions. 

^ 5 5 5 

h ' a^ c^b aC'-'b \ 

,a — = ==-r — Ans. 



(n) If the signs of both the numerator and denominator of any 
fraction be changed, it will not alter its value : thus^ 

— a ■{■ a a , a — b b'-a 

— -SS-— ., or—; and — -j*-t — : 

^b +0 b c-^d d — c 

And if a fraction has the negative sign before it, the form of it 

may be changed, without altering its value, by making the nu- 

a —a 
merator only negative: thus, t-t-* -t-' 
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34 ALGtBKAic fitarnoKt. 

2. Reduce 4? + * and x *- 2JZ£- to imfrtffier frac- 
tions. 



a:- 



a I X x+ a a*+ a . 

j»-^-.a=- — — ag. * ■■■ AII8. 

XX X 



Am. 



or 

3. Let 15-^ be reduced to an Improper fraction. 

4. Let 1 be reduced to an improper fraction. 

6. Let X — ^Y~ ^® reduced to an improper frac- 
tion. 

3x 
tion. 

7. Let 1 — ^^"'" be reduced to an improper 
fraction. 

5x 



2x— 7 

6. Let 5 + — — be reduced to an improper frac- 



8. Let 1 + 2:p- -j- be reduced to an improper 
fraction. 

CASE IV, 

To reduce an improper Jr action to a tvhole or mixed 
quantity/. 

Rule. 
Divide tbe nuUieratot by tbe denominator, for 
the integral part, and place the remainder, if any, 
over the denominator, for the fractional part; then 
the two, joined together^ with the proper sign be- 
tween them, will give the mixed quantity required. 

£XAMPLCS« 

1. Reduce -j- and -—^ to mixed quantities;. 

27 

-7- = 27 -^5 = 5-1- Ans. 

X ^ X 
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3. It is required to teduce the fraction ^ .^ to 



4. It is requu'ed to reduce the fraction - to 



> 2. It » fe^pwed )b^ i-eihice the fraction ^^^ to 
a whole quantity. 

3. It is requin 
a mixed quantity. 

4* It is requii'i 
a mixed quantity. 

5.. It is required to reduce the fraction - ^ to 
a whole quantity. 

6; It is required to reduce the fraction - — '■ ^^^'^- 
to a mixed quantity. "" 

CASE V. 

To reduce fracthm to other equhnflent dnes, that 
shall have a common deHommttor. 

Rule. 

Multiply each of the numerators, separately, into 
all the denominators, except its own, for the new 
numerators, ^d all the d^aominatort together for 
a common denominator (o). 



Examples. 
i-tc 

c 
a common denominator 



1. Reduce j- and - to £ractiQi^3 that $hall hKVt 

9 C 



(o) It may here be remarked, that if the numerator and de- 
nominator of a fraction be either both multiplied, or both divided, 
by the same number, or letter, its value will not be altered: thus, 

22x36 .3 3 + 3 1 ««c .ah a 

— = « — , and — = — - — r-« -- ; or — * . , and r- *= ^i 

3 3x39 12 12 + 3 ^' b be kc t 

which method is often of great uae in reducing fractiopa 

readily to a common deofominaiUMr^. 

P2 
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36 ALGEBflAIC FKACTIOKS. 

the new numerators^ 



ax c^^acl 
bxb^b' / 



bx c^hc the common, 4enomi|^atar. 
Whence t- and - = r— and -r-;, the fractions reqoired, 

2. Reduce — and - to equivalent fractions hkv- 
ing a common denominator. 

'3. Reduce t- and to equivalent fractidns 

having a common denominator. 

4. Reduce —'5 — ^ and rf, to equivalent fractions 
having a common denominator. 

5. Reduce -, — , and a -f — , to fractions having 
a common denominator* - . -^ 

6. Reduce j, — , and -— -, to fractions having a 
common denominator. 



CASE VI. 
To add fractional quantities together. 

Rule. 

Reduce the fractions, if necessary, to a common 
denominator; the^ add all the numerators to- 
gether, and under their sum put the common de- 
nominator, and it will give the sum of the frac- 
tions required (/?). 



(/>) In the adding or subtracting of mixed quantities, it is besf. 
to bring the fractional parts only to a common denominator, and 
to laHix their sum or difference to the sum or difference of tho in* 
tegral parts, interposing the proper sign. 
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itiCEBRAIC FiACTflJONS. 3^ 

V Examples.; .. - 

1. It is required to find the sum of - and ~. 

2x3=^6 the common denolninator. 
Whence 'q^-^^^^9 the sum requii-ed. 

2. It is required to find the sum of p ^i and -. 

axdxf=^ddf^ 

ex b xy= cbf > the numerators. 

exbx d=ebdj s 

i X dxj'^ibdfthe common denominator. 

^ Whence ^+ f^-f f^« adf^chf^ebd 

VY nence ^^+ ^^-f ^^^~ -^ tne sum. 

3. It is required to»find the sum of a — -r- and 

* + T' 

3j?* X c=3ca?* 1 .1 , 

al-^^^l r the numerators, 
2ax X b^2abx J 

J X c = ic the common denominator. 

^^T, 3cx« j^ Qabx , 2flftx— 3cx* ^, 

Whence flf— -r- +v + -t — =a + 6 + x the 

sum. 

4. It is required to find the sum of ^ and ~ 

5. It is required to find the sum of ~, -, and - 

6. It is required' to find the sum of — and -^ 

7. It is required to find the sum of 5cT, ^, and 



a + 2jr 

4x 
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38 AK^BiAAlO FHACTrOBlS. 

8. It is required to find tht sum of 3fl -f-^ and 
a 

9. It is required to find the sum of a, -— , and 



a — JT 



1 0. It is required to find the sum of or -i- -y- and 

2T-3 
4X — 



5x 
11. It is required to find the sum of — , -^, and 

a-k-h 

CASEVn. 
To subtract one fractional quantity Jirom another. 

Rule. 

Reduce the fractions to a common denominator, 
if necessary, as in addition ; then subtract the leas 
numerator from the greater^ and under the dif- 
ference write the common de^cndnator, and it will 
give the difference of thp fractions required. 

Examples. 

1. It is required to find the. difference of 
- and - 

2xx 5 = 10x 1 .r 

3x5 = 15 the common denominator* 
Whence — "rr^TTy ^^^ difference required. 

2. It is required to find the difference of 

--V- and — - — 

2b 3 c 
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ALOEBBAIC FBACTIONS. 39 

(:t— a) x3c=3car— Sac 1 ^, 

(2a~it) X 2b:^4ab^8bx ; '^^ numerators. 

si X 3c » 66c the common denominator. 

Whence .^^5j^^ gST-' 5K ^^^ 

difference required. 

3. It is required to find the difference of 

4. It is required to find the difference of 
5y and ^ 

6. It is required to find the difference of 
r-— and X — 

6. It is required to find the difference of 
8x-h-~ and ^-*-^- 

7« It is required to find the difference of 
0? — ^ and 34P+2j^ 

^8. It is required to find the difference of 

a-f-7 r and -; r 

aia^9) a(a-x) 

CASE VIII, 

To nudtiplyjr actional fuantiHes together. 

Rule, 
Multiply the numerators together for a new nu-^ 
merator^ and the denominators for a new denomi- 
nator; and the former of these, boing placed over 
the latter, will giv^ the product of the fractions^ as 
required (j). 

(q) Wbea ih^. Daoienitor of one of the fractions Ux be multi- 
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Examples. 

1 . It is required to find the product of - and 

T- ITT = 5*- = 27- ^^® P'^"^^^* required. . 

2. It is required to find the product of'— ^ -^^ 



3. It is required to find the: product of - and 

a + x X X (a + x) x*+ax ^. , 

. — i r = -; the product. 

a— X ax(fl — x) a^ — ax * 

4. ' It is required to find the product of* — and 



5x^ 
3b 



r2x ' 



6. It is required to find the product of — and 

2a : •" ' .: 

6. It is required to find thf product of —, —., 

and -^ ' . i 

a + X 



plied, and the denominator of the oth^r, can be divided by some 
quantity which is common to each of them, the quotients may be 
used instead of the fractions themselves. 

Also, when a fraction is to be multiplied by an integer, it is 
the s^me thing whether the nqm^r^tor be multiplied by.it/<|r the 
denominator divided by it. 

Or, if an integer is to be multiplied by a. fraction, or a fraction 
by an integer, the integer may be considered as having unity for 
its denominator, and the two be then multipHed together as 
usual : thus, . 

^ 2b a + x 2b 2ah + 2bx 

(a + T j X — = X — 

' 6- 1 f 
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ALGEBEAIC FRACTIONS. 41 

7. It is required to find the continued product of 

Hx 3ab , 6ac 

— 9 — 5 and rr- . 

8. Required the product of 3^^ -—-, and -^ 

9. Required the product of 2a 4- — and 3a 

10. Requued the product of r-, - — r^, and 

€LX 

a + 

a — x 

CASE IX. T 

To divide one fractional quantity hy another. 

Rule. 

Multiply the denominator of the divisor by the 
numerator of the dividend, for the numerator; 
and the numerator of the divisor by the denomina- 
tor of the dividend, for thie denominator. Or, 
which is more convenient in practiccj multiply the 
dividend by the reciprocal of the dlf isory and the 
product will be the quotient required (r). 

Examples. 
1 . It is required to divide j by -^ 

X 2% X 9 9r 3_^TA 



(r) When a fraction is to be dividfed by an integer, it \% the 
same thing whether the numerator be divided by it; or the de- 
nominator multiplied by it9 

Also when the two numerators, or the two denominators^ can 
be divided by some common quantity, that quantity may be 
thrown out of eacb^ and .the quotients used instead of the /Vactions 
first proposed. 



Digitized by VjOOQIC 



42 IKyOLUTION. 

2. It is required to divide "t- ^y "5- 

•T 2a d 2nd ad a 

Here-px-.=j5;=5j; Ans. 

* h 

3. It is required to divide —r by j—^ 

4. It is required to divide ^ ^ by 

7x 3 

5. It is required to divide -r- by - 

6. It is required to divide — by 5x 

7. It is required to divide — - by — 

8. It is required to divide -r— by - 

9. It is required to divide y^ ^Ytj 

10. It is required to divide "^£j^ by ^^j 



2x 



11. It is required to dividoix + -;;jT by a: — -^ 

jfi ^ |tf mT **** A JC^ ■■" ft^ X* + oX 

12. Drvide:^ — ;by ; and ■ ^, — rrby — r- 

INVOLUTION. 

(g) Involution is the raising of powers from 
any proposed root ; or the method of finding the 
square, cube^ biquadrate^ ^c^ of any given quan-* 

tity(5). • 

(«) In the denominations of powers^ considerations pecaliar to 
Geometry hs^ve led us tp call the second and third powens^ the 
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RutE I. 

Multiply the quantity into itself as many times 
as is denoted by the index of the power leas one, 
and the last product will be the power required. 

Or, multiply the index of the quantity by the 
index of the power to which it is to be raised, and 
the result will be the saihe as before. 

Note. When the sign of the. root is 4- , all the 
powers of it will be + ; and when the sign is — , 
ail the ev^n powers will be + , and the odd powers 
.— : as is evident from multiplication (/). 

Examples. 

fl, the root. 



a* s: square. 
0* =5 cube. 
a*=4th power. 
fl*«jp5th power. 
&c. 



a^ the root. 
a^= square. 
ii^s=cube. 
fl*«= 4th power. 
a*'*= 5th power. 



C(C. 



square and cube; boi when they are of a higher kind, they are 
ttsaally tnentioned by the terms foarth power, frftb power, and 
80 on. according to the index by which they are denoted. 

(I) Any power of the product of two or more quantities is equal 
to thtf same power of each of the factors multiplied together: 
thus, 

(«&)*« a* X J* ; and ^abc)^ « a* x J* x c*. 

And any power of a fraction is equal to the tiime power of the 
numerator divided by the like power of the denominator: thus, 

Also, q,^ raised to the »th power is «•»; and —a* raised to the 
fith power is ±a*^^ a^ccording as n is an even or an odd number. 
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INVOt^UTlOV. 



— 3a the root. 
-I- 9a* = sv][uare. 

— 27a^r=cube. 

+ 8la* = 4th power. 

— 243a* = 5th power. 



&e. 



"! > > ! *■< I i J 






the root. 



*: .1. 



-3= cube: • • '" 

~ = 4tb pow^. ." 
&c. 



x — a the root* 
x — a 



x^-^ax 



ax-^-a" 



x^ — 2ax + 0^ ^square. 
x-^a 



x^ — 2ax^ -k- a*x 
^ ax^ 4- 2flr"x — a' 

01? — 3aj^ -I- 3fl;*^ — «' cubel 
&c. 



— 2flj:* the root. 
4a*x*= square. 
:;-8a'j?**=cube. 
+ 1 Qa^x^ = 4th power. 
^' *^ 32a^x'^ = 6th power. 

''••' &c. 



^ , the root. 
&c. 



a? + a the root. 

x-^-a 



X -^ax 



■\-ax^a 
x^ -f 2ax ^- flr* square 



+ aa?* -f 20*0: + a' 

^^+3(»r*+3a*x+a^ cube. 
&c. 



Examples for Practice, 

1 . Required the cube^ or third power, of 2a*. 

2. Required the biquadrate, or 4th power, of 2a^x. 

3. Required the cube, or third power, of — 12a?y. 

4. Required the biquadrate, or 4th power, of— -rir* 
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6. Required the 5th.po>ypr ofa + x; and the 6th 
power of a -7 y. 

Rule ii. 
A. binomial t)r residual quantity^ niiay alsQ ^e 
readily raised to any power whatever, as follows: 

1. Find the ternii^ without the coefficients,, by 
observing that the index ^f the first, or leading 
quantity, begins with that of the given power, and 
decreases continually by i, in every term to the 
last; and that in the foUomng* quantity,- tli^e /in- 
dices of the terms are 1, 2, 3, 4, &c, ... 

2. To find the coeflficients, observe that tfe^se of 
the first and last terms are always 1 ; andtltattJ^he 
coefficient of the second term is the index.f>f;th« 
power: and for the rest, if- the coeffici^pt ofl^tny 
term be multiplied by the index of the leading 
quantity in it, and the product be divided' fey, tbe 
number of terms to that place, it will give the 
coefficient of the term next following. 

Note. T|ie whole #iumber of terms will be one 
more than the index of the given power ; and 
when both terms of the root are + , all the terms 
of the power will be + ; but if the isecond term 
be — , all the odd terms will be -f , and the ^ven 
terms — ; or, which is the same thing, the terms 
will be -h and — alternately (w). 

(m) Th6 rule here given, which is the same, in the c«ise of iiae* 
gral powers^ as the binomial theorem of Newton, may be ex- 
pressed in general terms, as follows: 

^ 2 3- 
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EXAMPUCS. 

1. Let x + a be involved, or raised to the 5th 
power. 

Here the terms, without the coefficients, arc 

Jf*, ^fl, 4?fl^, J^^d', xtf*, fl*. 

And the coefficients will be 

5x4 10 xS lOx'g 5x1 

^ ^> 2 ^ """F"^ "^T"* T"^ 
Dr I, 6, 10, 10, &5 1. 
Whence the entire Ath power of a^xia 
a?* -f 6jc*a + lO^i^a* + lOxW + bxa^ + a*, 
er ar* + 6«i?*-f 10i^jc* + 10a*^^.4£l*XH-a'. 
j^. Let a-x be involved, or raised, to the 6lh 
power. 

Here the terms, without their coeffieienta, are 
a', a^Xj «r*j:^, a*jf^, aV, awt*, a:^ 
And the coefficients are 



Which formols will> also* equally bold when m it a fractioe, as 
will be more fully explained hereafter. 

It may, aIso> be farther observed^ that the' sum of the coeffi- 
cients in every power> is equal to the number 2 raided to that 
power. Tbos, 1 + 1 «* 2, for the firu power; 1+2+ I«-4— 2*,far 
the ^uare; 1 + 3 + 3 + 1 «8 = 2^ for the cube, or third power j 
and SQ on. 

The trinomial quantity a-^-h^c^ may also be raised to any 
power in the same way, by consideriog two of its terms as a 
single one, and proceeding as before. "Thus, 

(a+ ft + c)3 = aa+ 3(a+ &)a»+ 3(a +&)•« + {a+ 6)5 = 63+ A5+ i?'- 

3abc+S[ab + ac+hc) X {a+b + c). And 

{a + b + c)'^=^ar + m(b + c)ar^^ + m.—~ {b + c)*-«rt + m. . 

— — (ft+ c)3a*-3, &c.; where the powers of ft+ c may be deter- 
mined by the general theorem, as osual. 
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1 a £jli ^^^^ 20x3 15 Kg «*<l 

or 1, 6, 15, 20, 15, 6, 1. 

Whence the entire 6th power of a — a: is 

a^ - 6a^a? + 1 5aV - fiOaV + 1 5«*x* - fiflo?* + x*^ 
3* Required the 4th power of a-h^, and the 
5th power of a — a?, 

• 4. Required the 6th power of b-k-x, and the 7th 
power of ft— y* 

6. Required the 5th power of 2+i?, and the 

• cube of a — Jx + c. ^ 

EVOLUTION. 

(h) Evolution, or the* extraction of roots, is 
the reverse of involution, or the raising of powers; 
being the method of finding the square toot, cube 
root, &€• of any given quantity. 

CASE L 

To find the roots ^ any patoers of gL Ample quantity^ 

RUL£* 

Extract the root of the coefficient for the nu- 
meral part, and the root of the letter, or letters, 
for the literal part; and thest^ joined together, 
will h6 the root required. 

And if the quantity proposed be a fraction, its 
root will be found, by taking the root both of its 
numerator and denmfninator. 

Note. Tlie square root, the ftmtth root, or any 
other even root, of an affirmative quantity, may be 
either + or — • Thus, 

Va*= +a or -^tf, aoiid Vi*ss fi or ^b, &c- 
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48 EVOLUTIOK. 

But the cube root, or any other 6dd root, of a 
quantity, will have the same sign as the quantity 
itself. Thus, 
Va' = a; y-a^^-a; and V-a^= -fl, &c.(t;) 
It may here, also, be farther remarked, that any 
/ even root of a negative quantity, is unassignable. 
Thus, a/ — a* cannot be detemlined, a:s there is no 
quantity, either positive or negative, (■¥ or — ),' 
that, when multiplied by itself^ will produce — a*- 

Examples. • ' ' 

1. Find the square root of Qx^; and the cube 
root of 8jf. f I > . / . 

yQx^=i^g X Vx\=3 xx = 3x; aixd 
" "^. %^gaf= V8x Vi:" = 2>^,x = 2a:l ■' 

, 2. Find the square root of 7-5^ 5 aod the cube 
root of -5:^. ' 

3. It is required to find the square root of 
4a'x\ 

4. It is required td^ 'find the' cube root of 
•-1'25'aV. '• • • ' - T ' ' ■ 

'5. It is Tequirtd to find the 4th root of 
256aV. ' - 



{v) The reason why + a asid —a are each the square root of 
ft'^h obvioju»,2siilc€-{ + a) x {+u), aad (-«) x (--c) are botlx 
^equal to^fl*. . . 

^ " And for the cube root, &c. of a negative quantity, it is plain 
that 

(-^«) X {-««) X (-a) ^ -fi^; aiid^-a») x t-Ki?)« -a*, &c- 
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'4<l» 



6V If is required to find the square root of ^^^ > 



^. it is recjoited to find the 6th toot of 



. 320^ 

243 
CASEH., 
7b extract the square root of a oompound quantity. 

Rule. 

Range the terms, of which the quantity Is com 
posed, according to the dimensions of some letter 
in them, and set the root of the first term in the 
quotient. 

Subtract the squdre of the root, thtis found, from 
the first term, and bting down the two next terms 
to the remainder, for a dividend. 

Divide the dividend, thus found, by double that 
part of the root already detetmined, and set th« 
result both in the quotient and divisor. 

Multiply the divisor, so increased, by the term 
of the root last placed in the quotient, and subtract 
the product from the dividend; and so on, as in 
common arithmetic. 

Examples. * 

1. Extract the square root of o^ — ^c' + fi^ — 

x^ 



- 40?^ + 4^' 



2x*-4ar+l)2x*~4x+l 

3jp* — 4a?-f 1 



Digitized by VjOOQIC 



- 4a* / ' ' ■ ^ 



4fl* -h 6aj: + a7^)4aV + eoar* + x^ 



»t^^»» H '|f «Ti» >■»»■» 



A'bte. When the quantity to be extracted ha$ no 
txuct root^ thfi Qperatioa may be carried on as far 
as is thought necessary, or tijl the regularity of 
the terms shows the law by whicK the series would 
be continued* 

£XAMPL£« 

1 . It is required taextract the square root of 1 -f x. 
1 , 



2+|)x 

X* X» X* 

'T 8*^64. 




I* a'vx* . X** 

X. ^ 
8 ^ la 


64 ^256 


4^8 ^ 64 ^ 64 256 
5x* 5x5 

64 128 *^- 
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Here, if the nunier^itQrs and denominators of the 
two last terms be each multiplied by 3^ whicb will 
not alter their values, the root will become 

. XX* 3x3 3;5a:4 3.5.7x« ^ 

^2 aA^%'^,6 2.4.6.11^^.46 3.10 

where the law of the series is ntamfest(«(?)^ 

Examples for Practice* 
S« B^qmred the squate root of a* 4- 4a^4? + Sa^$^ + 

J* Reqnired the square root of x^ -^ 2jf '{-^si^ -^ 

4. . Required the square root of 4«*- 4a?*+ 13a;*- 

5. Reiqiuttd the scyoiare root of :c* + 4:r* + IOj?* + 

6. It is required to extract the square root g£ 

7* It i3 required to e^iitract the square root of 
d, OP of 1 + 1. 



(w) This manner of ^deducing the law of a series, or other 
f(»ri|iula« from the consideration of certain particular cases> is 
usaally called induction; and though not a strict method of proof^ 
has been the source of most of the great discoferies that have 
hitherto been made, both in analysis and physics. But care mutft 
be Uken, in following this mode of investigation^ not to generalise 
too hastily ; as it often happens, that a law, which appears to take 
place in the first part of a process, is not found to hold good 

ihroughottt. Thus, in tb« simple instance of reducing > > rg 

te a decimal, its equivalent value is .17 17 17 49 4^ &c. of whick 
the real repeating period is 49, and not 17, as might, -mt firte^ 
be imagined* 

£2 
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1^2 EVOLUTIONS 

CASE III. 
To Jind the roots of pditers in generaL " 
Rule. 

Find the root df the first tetm, which place in 
the quotient; and having snhtracted its corre- 
sponding power from that term, hring down the 
second term for a dividend. 

Divide this hy twice the part of the root ahove 
determined, for the square root; hy three times the 
square of it^ for the cube root; or by four times the 
cube of it, for the 4th root, &c. and the quotient 
will be the next term of the root. 

Involve ihe whoie of the root, thus found, to its 
|)roper power, which subtract from the giveuquau^ 
tity, and di^'ide the first term of the remainder by 
the same divisor as before; and proceed- in this 
manner, till the whole is finished (a?). 

' (x) As this rule, in high po\iyers, is often fotind to be Yery 
laborious, it may be proper to observe, that the roots of Tarioos 
compound quantities may sometimes be easily discovered, as 
follows : 

Extract the roots of all the simple terms, and connect them 
together by the sign + or — , as may be judged most suitable 
for the purpose; then involve the compound root, thus found, to 
its proper power, and, if it be the same with the given quantity, 
it is the root required. But if it be found to differ only in some 
of the signs, change them from + to ^ , or from — to -f , till its 
power agrees with the given one throughout. 
• Thus, in the fifth example next following, the root is 2a— Sx, 
which is the difference of the roots of the first and last terms : and 
in the third example, the root \s n^h-i- c, which is the sum of the 
Tootsof the first, fomth, and sixth terms. The same m^y also be 
observed. of the sixth example, where the root is found from tht 
first and last terms. 
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Examples. 
1 . Required! the square root of a* - 20^ x +' 3a^a?* — 

.-''■ rt* ..•.'■ . • ' . ' '. 



ia^) — 2a'a? 



a^^2c^iK^(fx^ 



2ie*)3aV 



fl^ - So'a? + 3aV - 2aa? 4- «^ 



3: Required the cube root of 3^^631? -^^ 4^ \ 
. f + 61?* -r^^ 400?" + j96ar - 64(0^* + 2J? - 4 , 



a?« 



3a?*)ftir^**; 



aj» + 6x» - 4aa;» + 96x* - 64 

■ a ' ■ '■ ^ .11. I.I ■ I I I .1 » -ii « i ,11. '■■'■ ^ ■ m 

• » . - - .: 
3- Required the square root of €^'\'^ab^2M^ 

4. Required Xkut cube ropt pf /-5«* + 15**- 

5. Required the 4th root of iQa^^^^x^ 

6f Required the 5th root of 32%i?'^ - 80^* + SO^p* -^ 
40x'' + 10?-J. 
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$4 IRRATIONAL atJAKTlTIES^ OR SURDS, 

OF IRRATIONAL QUANTITIES^ OR SURDS. 

(i) Irrational qnantities^ or surds, ^e 6ufili 
as have no G&hct rodt^ beiilg uBtudly expressed by 
means of the radical sign, or by fractional indices ; 
in which latter case, the numefatOT shows the 
power the quantity is to be rj^ised to, drid the de- 
nominator its root. Thus, '•S, ot 3^, denotes the 

square root of 2 ; and ^if, ot 0^, is the square of 
the cube root of a, Sc-c. (^) 

CASE I. 

Rule, 
Raise the quantity to a power corresponding 
with that denoted by the index of the surd ; and 
over this new quantity place the tudiml sign, or 
proper index, and it wttlb^ of the.ftmn required. 

Examples, . 
1. Let 3 be rcdnped to the form t)f the square 
root. . . _' ' . 

Herp 3 X 3 = 3* = 9 ; whence VQ Ans. 

,1 'I '^ - -.. 

(j^> 'A qufihtliy df tkkt Uitod, a^fMr SlisMftteV^li laJbd.An ir- 
rational number, or a sur4 because no num^^, efthvr who]« or 
imfi$i^1ifi\^hsi pp fo^gt^i vvbich, when jiniUtiplied by itteJf^ will 
prodqp^ 2. But it^ approximate value may be deterhiini^d to any 
decree pf .exactness, by. the cooftnfion rule foir exir^dtitrg the 
jiqu^ire fp<^t^ t)^ing 1 «nfl efertam-d^ci^iWilsii ^mi iiret tey^ 
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root. , 

8. I^tit 5 b« tf^c«4. to t^^bi«i <>f the sqtfwr 
root. 

4. Let —3a? be reduced to the form of the cube 
root. . 

5. Let —2a be reduced to tlie form of the 
ibttrth rodt. 

6. Let (f be reduced to the form of iflie fifth ronL 

7. Let r^ be reduced to the -form of the square 
root. 

JVbte. In Iflke UMinttar, any ratkmai quantity 
may be reduced to the form of the surd to which 
it is jointd^ and their product b^ placed uirdcir the 
same index, or radical sign* 

'■»■',* , * 

1. 2'/2 = ^/4xa/2 = V8; and 3 V2«=V8 X V2=5 

3. Let b\/6 be reduced to a ^mpl^ radical 6xrmp, 

4. Let -iVbfi be reduced tp a simple radical form^ 

i. (jet -^y^ b^redvcpd t(» n simple radiqal hmf 

,.■■-.■■..,««£••. . ■■, .•,^' 

To r^duc^ quantities of different indices, to others 
that shall fna&p 4 ^en ind^. 

Divide the indices of thie proposal! ^uantitiw by 
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66 IftKATIONitL ftUAKTITIES, OH SUmCS. 

the given index, wd the qptodents will be the. new 
indices for tjiose qnantiti^Sf 

Then, over the said qnantities, with their new 
indites, place the given index, and they will he the 
equivalent quantities required^ 

Examples. 

1. Reduces*^ and 2^ to cjuantiti^s .thi^t $}u|l| 

liave the index- 

o 

j*g-3 Xj-ssjaj, the 3d index.. 

Whence (8')* and (s*)^,. qr ?7^ and 4^, are th^j 
quantities required. 

2. Reduce 2^ and 4*^ to , quantities that shall 
have the pommon index - 

S. Reduce a* and a^tp quantities that shall have 
the common index y 

4. Reduce d^ and 6'^ to quantities that shallhave 
the common indiex -r ' .- , 

Note. Surds may also he hrought to a comhion 
index, by reducing the indices of the quantities to 
a common denominator, and then involving each 
pf them to the po^ver denoted by its numerator. 

- |)x4Mi^LE3. 

I. Reduce 3*' and 4t to quantities having a 
Common index. :! ;.. ... : 
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Whence 27I and 1^^ Ans. 

2. Reduce 4"^ and 6^ to quantities that shalj 
have a cpmrnou indexe 

3. Reduce d^ and a^ to quantities that s^all l^ave 
a common index, 

4. Reduce a^ and i^ to qnantitiGS that shal} have 
a common index. 

5. Reduce a** and b"^ to quantities that shall 
have a common index. 

CASE m. 
To reduce surds to their most simple Jorms. 

RULB. 

Resolve the given numher^ or quantity^ into two 
factors^ one of which shall be the greatest power 
contained in it, and set the root of this power be- 
fore the remaining part^ with the proper radical 
sign between them (z). 

Examples. 
1. Let -•48 be reduced to its most simple form. 

V'48 = a/i6x3 = 4V3 Ans. 
3. Let V 108 be reduced to its most simple form- 

4/l08 = V27x4 = 3V4 Ans. 

(s) When ' ike given surd coolains no factor that is an exact 
power, it it alneady. in its nrost simple form. Thus^ V)5 cannot 
he reduced, bvrer, because neither of its fectors, 5, orS, is« 
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9ft itUiAtio^fAL msKmwiM^ oa tuaiM. 

Note 1 . When mf nJUinltor, <ir; quantity, is pre- 
fixed to the surd^ that quantity must be multiplied 
by the root of the Factor* above mentioned, and the 
product be tb«n jcrined tp the other jiof^, as before. 

1. Let 2>/32 be reduced to itd ttiO^ dittlpld f^tift. 

tiv?$j?pfiVi6xi23 8«/a Ana* 
2- Let 5 V24 be reduced to its most riinpie fonn; 

iVb^e 2. A fractional surd may dsd be nsduoed 
to a more convenient form, by multiplying both the 
numerator and denominator by such a number, or 
quantity, as will make the denominator a complete 
power, of the kind requiiied ; and then joining its 
root to the other part, as above (a). 

Examples. 
1. L4t >/- he reduced to its moat ^iitipl^^nttl* 

14 • / 1 I- 

v'f. = ^i2l = V_x 14=i=-'/14 An6. 

7 W 4^' 7. : .^ . 

Q. Let SVt- be reduced t6 its most simple form. 



3V| = 3V,^;=3V^r^x ^ = 7*^50 Ans. 



m >i M n4*««l « «li 



(a) The utility bf reducing surds to their mq^t sin^ple forms, 
in order to have the answer iq decimals, will be rieadily per- 
ceived from considering the 1st question afcoye given, where It is 
found that a/^^s^v'U \ in whiih^c^ U » ^y laecessary to ex- 
tract the sqtiarc root of tlie w^wle nuo^ber 14; {or to lind it in- 
SMtta «f the tables that have b«ei| etlculat^d. fiirtllis porffOfee,) 
and'tben divide it by 7 ; whereas, otberwia^, v^« mo^ htT» Artt 
divided the numerator by the 4dnotniiitt0r> ^ud'ifattn ^inwiibuiMi 
the root of the quotient, for the surd part; or else have djstemnnp^ 
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3. Reduce ^126 toks ma»t:aim{>l^ form, 

4. Reduce >/394 to its most simple form, 

6. Reduce* *V56' to its most simple form. 

' 6/Redu6e ^^t 92^10 its 'most dftfpkfdrM J ^ 

7. Reduqe /'^SO toitajnost simple form, " 

8. Reduce 9^/81 tb fl^ iUp$t siniple form. 

9. Reduce 7771^^^ to its lUdst* simple form. 

10. -Reduce ~Vr^ to ite most simple form. . 

11. Reduce V98a*j? to its most simple form,^ - - 

1 2. OReduce y;i? ■ *- a^Jip' :tQ Ife iOM^. aino^le fonu, 

•ZV cedd mrd quantifies together. 

When the surds are of the same kind^ reduoe 
them to their simplest forms^ as in the last Cd.se $ 
then^ if the surd pan T)e th« feame in them all, an- 
nex it to the sum of the raiioaal parts, and it will 
give the whole sum required. 

But if the quantitiejl have different indices, or the 
surd part be not the saftie in them all, they can only 
he added togethfrby ibeaiigais -4- cmd — . 

1. It is required to find the sum of V27 and v'4&. 

■ •»:.. ■ . '. * i^. A ' . I , . -; ; ! . - 

the root botb of the numerator and denon)inator, and iheTi dl- 
VhJcd tte 6ne i)y thfe otW ; ^V^Jch Ar^feftlA ^tJieWi yf^y trou* 
blesome processes when performed by the common rules i-iaiAl iti 
ib^ liefei eftifD^, «ir Ibf! k%bt fl[tl>t»>tbi. kilki«r.,irQ«l(l be .Auch 
frtater, ^, - ^r 
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• 7'^^ the 5]ttni, , 
S. It is reqvired to fln4 th^. sqib of V500 i^4 



,V108*V 37x4 =3*^4 

6V4 Hhe sum. . 
3. It is required to fitid the sDnnrof 4</M7 ^ii^ 
3^75. • • • ■ 

4V^147«4V49x3sr38V3 ^ 

Syj-S =3/2S>c3>=15v'3 



4. It is retjuired t<> fi^^ the snm of SV- and 



43^/3 the sum. 

5 






3^1 =3V^ 4^,0 

2^JL = 2V'— =— v'lO 

10 100 JO^*" 



4 

-VIO the sum; 

9 

Examples tor Practice. 

5. It h required to find the sum of V72 and 
-•108, 

6. It 18 required to find the sum of \/180 and 
V'405. 

7. It is required to find the sum of V40 and 
V136. 

8. It 18 irequired to find the sum of 4i^54 and 
5 VI 28. * 
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I&fiATXDKAL ^UANtrriBd) OR SURDS. 6l 

9. It is required tOrfind tlie sum of 9^^243 and 
0^/363. ^ 

10. It is^ required to find the sum of 3\/j and 



?^50" ^ 



11. It is required to find the sum of 12V-- and 

32 . • 

12. It is required to' find the sum of ^%^a^b and 

]r^/4bx\ ... 

13. It is required to find the sum of aVc^b\ and 
bV8a^b. 

CASE V. 

To find the difference of surd quantities. 

Rule. 

When the surds are of the same kind, prepare 
the quantities as in the last rule; then the difference 
of the rational parts annexed to the common surd, 
will give die whole difference required. 

But if the quantities have different indices, or 
the surd part he not the same in both of them, they 
can only be subtracted by means of the sign — • 

1, It isreqiiired to find tlie difference of V448 
and a/112. 

a/448=:a/64x 7 = 8^/7 

v'112=Vi6x7 = 4a/7 

4^7 the difference. 

2. It is required to find the difference of V192 
and V24. 
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V24 «^8x3 =s=2V* 

2y/3 the difference. 

3. It is required to find the difference of AV^O^ 
i^nd 3v'45, 

5>/20 = 5v'4x5 = 10^5 

3a/4S=:3>/9x6=9^5 

^6 the difference. 

4. It is required to find the difference of -V-r 

and— aZ-t 
5 6 

3 5 3 ,6 3 ,^ 1 ,^ 

4 3 4 9 12 4 

2 ,1 2 .6 2 .^ 1^2 



H/g difference. 

Examples for Practice. 

6. It is required to find the difference of 2V$Q 
and V18. 

6. ^t is required to find the difference of V3ap 
and ^40. 

3 

7. It is required to fad tibe difibrence of V- 

and V — 

27 

8. It is required to find the difference of i/-j 

and V — - 

32 

9. It is required to find the diierence of VSOaV 

and V20aV. 

/ 
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iBMAHWVBh mmxtmiM, ok svmm^ 6S 
JO. It i# ^gvU^od t9 find ttijC diifl^rence gf S V^6 

CASE VI. 
To multiply jsurd quantities together. 

- * BULE. 

Wheii the surds |iFe at Mhe saome kptid^ fliid the 
product of the rational parts^ and the product of 
the surds; and the two joined together^ with their 
common radical sign betweeu them, will give the 
whole product required; whfeh may be reduced to 
its most simpfe form b^ Case in. 

But if the surds are of different kinds, they must 
be reduced to a common index^ and then multiplied 
togethejr a$ before* , . 

It is also to be observed, that the product of dif- 
ferent powers, or r«>ots, of tha same quantity, is 
found by adding, ti^xbi^ iivliae^ 

1. It isr if^»ir«d ta fi»d th^ product of a>v/8 amd 

2^6 . 



6V46 = 6v^l 6 X 3 = 24V3 Ans. 
2. Jt is required to find the product of ~*^-r and 



4 6 



2 3 
4 6 



3.^10 3, ,5' J. .15 I.,,. A 
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3. It is required to find the product of 2"** And 3 . 

IS ^11 

3**' = 3*=(3')'5-=9'^ . 

72 ^ Ans. 

4. It is required to fixid the prddnct df BVa tnd 



sVa. 



3A/a=3a^=i=3a* 

15a^^l5(a*)^ or 15t/a* Am- 

Examples for Practice. 

5. Required the product of 6>/8 aud 3v'5. 

6. Required the product of 7^18 Rnd 5V4. 
7^ Required the product of -rVS and tt<^9- 

8. Required the product of ^^^^ ^^^ 51^20. 

9. Required the product of 2\/3 and 13-i4/5. 

10. Required the product of S^^^and 12(Ha^ 

11. Required the product of 4 + 2-^2 and 2 — V2. 

1 2. Required thecontinuedproductofai>a(a + Vc)*^ 
and 6(a — Vc)'^ 

13. Required th^ product pf J2(a + 6) * and 3 (a 4- 

CASE VII. 
To divide one surd quantity by another. 

RULB. 

When the surds are of t&e <same kind^ find the 
t)uotient of the Tatioaal parts,^ and the quotient of 
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the snrds^ and the two joined together^ vnth their 
common radical sign between them, will give the 
whole quotient required. 

But if the surds are of different kihd$, they must 
be reduced to a Common index^ and then be di- 
vided as before. , . 

It is also to be obseifved,*thal the quotient of dif- 
ferent powers, or roots of the same quantity, is 
found by subtracting their indices^ ^ 

ExAMPLESv 

1. It is required to divide 8V108 by 2v/6\ 

!^i~=:4V^18ss 4^/9x2 = 12^/2 Ans. 

2. It is required to divide eV512 by 4(/2 

?|^ = 2V256=2V64n==8V4 Aus. 

3. It is required to divide ^V5 by W2 
4* It is required to divide \^7 ^7 ^^7 

v^? 7^ 7^ 3„» 4. A 

. — i=^=-=.7^-- = t* Ans* 

V' fjT ^ir 

5. It is required to divide 6V54 by 3v'2. 
6; It is required to divide 4V72 by 2VI8. 

7. It is required to divide ^Wr^z by -V- 

8. It is Inquired to divide 3^^ by 2|v| 

9. It ia required to divide 4^^/^a by 2-Vab. 

10. It is required to divide A2jd^ by IS^a^ 

? 
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ll> It is reqaiired to divide ^ra* by *tta* 

1 2. It is required to divide V20 + V12 by VS — V3. 
A^o/^. Since the division of surds is petfonned 
by subtracting their indices^ it is evident that tht 
denominator of any fraction may be takem into the 
numerator, or the numerator into the denominator^ 
by changing the sign of its index. 

Also, since ^=t«'*""'«l, or a% it fbUoiii9^ that 

the expression a^ is a symbol equivalent to unity, 
and, consequently, that it may be always replaced, 
wherever it occurs^ by 1 (A). 

1 a'^ 1 A"* 

1. Thns, -z'^-T-, OT a^U and -j— -r-^ or u^\ 

2. Also, ^r^X". or ia'*; attdp-l=-5;;pr> or- 

3. Let -1^ be e&pr^ssoi with a aegatiTe index* 

4. Let a"!^ fee edcpressed wiA a |)oskiVe index. 
6. Let — ^ be txpreesed with a iie^ti?c imdfix. 

6. Leta(a*f-ai")"'^ be^ipressed with a positive 
index. 

CASEVin. 
7b involve^ or raise^ surd quantities to any power. 

Rule. 
Multiply the index of thie ^telily bf ^le nva* 

{b) This expression, propferly spealriirg. Is «rn1y the te^i of 
an operation, to which we are led by the common convention of 
representiYig the ^w^s of qnantipeff by tinmeml 43iidrces. 
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W denotiog tlie iudex of the poTi^er to which it k 
to be raised^ and to the result annex the power of 
the rational parts> and it will give the whole power 
required (c). 

Examples, 

1. It is required to find the square of -or' 

2. It ia. rehired to ftid the ci^ ^^ j^^^ 

8 " ■ 24 8 ^ 

3. It is required to find the square of 3?/3. 
4« It is required to find the cube of 17^/21. 

5. It is required to find the 4th power of ^Vfi- 

6. ft is required to find the square of 3 + -/S. 
7". It is required to find tfce cube of >v/a?-Hyy. 

8. It is required to find the 4th power of V3-«V9^ 

CASE IX, 
ToJmA the rooU of surd qacmtities. 

Rule. 
Multiply th^i^id^gf th^ givw qjaaAtity hy ^ for 



(€) Tht inb fomm or nm^ of a Imti9«> i« «i|ua] v> iibt tith 
p«wer> or rooik of the imiBersitQr, Aviiti by tkunh fi^c«»er; of 
root^ ofthedtnoiiiiiiatDF. ']pHM 

F 2 
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the square rpot^ by - for the cube root, or - for the 

4th root, &c. and it will give the root of the surd 
part ; to which annex the root of the rational part, 
and it will give the whole root required (d). 

Examples. 

1. It is required to find the square root of 9V3. 

(9V3)"^ = 9'^(3^)'^ = 9"^ X 3*^= 3 V3 Ans- 

2. It is required to find the cube root of ->/2. 
(J^2)^= (i>^ X (2-^)-^= i(2-^) = iV2 Ans. 

3. It is required to find the square root of 10*. 

8 

4. It is required to find the cube root of —a*. 
3^ It is required to find the 4th root of — a"^ 

6. It is required to find the cube root of -V- 

7' It is required to find the square root of x^ — 
4xy^a + 4a. 

6. It is required to find the square root of a4- 
2Vab + b. 



{d) The nth root of the mth power of a, or the mih power of 

the nth root of «, is a~. ' 

Also, .the nth root of the mth root of c, or th« inihjw>\ of the 

nth root of^, is a*". ' .' 

From which last expression, it readily appearsi that the square 
root of th^ sqaare root of a is the ^th root of a; sind that the cubp 
root of the square root of a, or the square root of the cube! poot of 
(tr is tV Cth root of a] «nd so on for any oUi«i:. nurniarical rg<4 
^Fthis kiid. ' . ' V V. ,* ' ' /". ... \- 
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CASE X. 

To change a hinomial, or a residual surd, into a 
general surd. 

Rule. 

Involve the given binomial^ or residnalj to a 
power equivalent to that denoted by the surd; then 
set the radical sign of the same root over it, and it 
will be the general surd requiried. 

Examples. 

1. It is required to reduce 2 + V3 to a general 
surd. 

Here (2 + V3)l=4 + 3 + 4^/3 = 7 + 4v'3 ; there- 

fore 2 + -/3=:V7 + 4V3. 

2. It is required to reduce V2 + \^3 to a general 
surd. 

Here (^2+^/3)* = 2 + 3 + 2^/6= 6 + 2^/6; there- 
fore V2 H- V3 =s V5 + 2V6. 

3. It is required to reduce V2 + V4 to a general 
surd. 

Here {V2 + V4)' = 6 + 6 V2 + 6 V4 ; therefore 

V2 + V4 = V6 + 6V2 + 6V4. 

4. It is required to reduce 3 — \/5 t6 a general 
surd. 

5. It is required to reduce a/2 — 2\^6 to a general 
surd. 

6. It is required to reduce 4 — -Z? ^^ a general 
surd. 

7. It is required to reduce 2V3 -3V9 to a gene- 
Tal surd. 
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CASE. XI. 

To extract the square root of a binomial^ or 
residual surd. 

Substitute the nmobers^ or parts of which the 
^ven surd is composed, in the place of the letters^ 
ki one of the two following formulas^ accordiiy^ 
as it is a bincnnial or a resldaali and it will ^ve 
the root required, 

Va + Vb^s/^a + ^Va^-b + ^^a-^Va* - b 

^a--A/b^\/\aJt^Vc^'^b-sf\a^^^it'^b 

Where it is to be observed^ thatif both a «ad ♦/a* — by 
in these fonnulse^ be ratiowd tjnantities^ the root 
will consist either of two surds^ or of a rational 
part and a surd, which are the only cases of the 
rule that ajre usefiil(e). 



\e) If the second part of the binomial, in this case, be an 
imaginary surd, the same theorems will still hold, hj only 
•Cfbaxgiog — h iato 4* ^> as below : 



Thus, if it were required to find the square root of 1 ± 'Z— 48, ' 
"6 sha^l have 



5=a/4 + '^-3 = 2 + v'-3; and v^l - >/- 46 « l - V^- 3, 
The cube root of any binomial surd, of the form 
^a+*^7±^, t)r v'a — V ± % 
may also be determined, if a' :fc 6 be a perfect integral tube, 9itA 
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EXAJMPLBd. 

1. It is required to find the square root of 1 1 4- 

Here 

N/ia + iVa'-i = N/T + i^l2l --73 = ^^+^ = 3; 
and 



whence -/l 1+ ^/'J2j or -/l I -f 6^2 = 3 4-^/2 Ams* 
3. It is required to find tiha square root of 3 --- 

Here 



is/^a + ^a«-.J=>/4.-l-4.V9-8 = v'4 + i=v^; and 



i n ■ |l » > 



whence a/3 — 2\/2 = V2 — 1 Ans. 
3. It is required to find the square root of 6 — 



some whole number, or the half of some whole number, can be 
found, that, when substituted for n, will make 

In which case the ioqIs of the two exprestioas are as Allows: 



a/a + '/±**ji + A/n« -* »/«« ^ b 



Thu9« if it were required to find ^]0± '•lOS, we shall have 
4»'— 3(^100— 108)», or 4«* + 671 «=» 10, where it readily appears 
that n « 1 ; whence 5/10 + Vi08» 1 + Vi + 2 = 1 + ^^3 ; and 
^10-Vi08«l-V3. 

And if it were required to find ^2 db 'Z— 121, we shall have 
4n'-S({/!Q?V5)«* or 4«»-15n«2; where it is evident that n = 2» 
whence^ + V'- 121 =» 2 + ^^-S* 2 + 'Z- 1; and^-A/-l21 - 
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and 

whence V6 — 2\/6 = -/d — 1 Aus. 

4. It is required to find the square root of 2 + 
V3. 

5. It is required to find the square root of 65 -^ 
20v^lO. 

6. It is required to find the square XQo!t of 17 + 
2v^70. 

7. It is required to find the square root of fl? -f 
2a;>/a~a?^ 

8. It is required to find the square root of 6 + 
2y2-2v'3-2v^6. ' 

CASE XII. 

To find ^ch a multiplier ^ or multipliers, ai wiU 
make any binomial surd rational. 

Rule, 

1. When one pr both the tenns are any even 
roots; multiply the given binomial^ or residual;^ 
by the same quantity^ with its $ign changed; and 
repeat the operation as long as there are surds, when 
the last reijult will be rational. 

In like manner, ^ trinomial surd may also be 
rendered rational, by changing the sign of one of 
its terms for the multiplier; and a quadrinomial 
surd by changing the signs of two of the terms, &c. 

2. When the terms of the binomial surd are odd 
roots, the rule becomes more complicated; but for 
the sum, or difference, of two cube roots, which is 
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the most nseM case, the multiplier will be a tri- 
nomial sm-d consisting of the squares of the two 
given terms^ and their product^ with its sign 
changed (/), 

Examples. 

1. To find a iijultiplier that shall render 5 -h V3 
ratiopal. 

Given surd 5 -f V3 
Multiplier 5-v'3 

Product 25-3 = 82 

2. To find a multiplier that shall make •Jf^ + v'S 
rational 

Given surd ^5 -f ^^3 
Jilultiplier V5-V3 

Product. 6-3 = 2 

3. To find multipliers that shall make V5+V3 
rational. 

Given surd Vb^-Xf^ 
I st multiplier t/5 - V3 

1 St product V5 — VS 
2d multiplier v^5 + V3 



*d product 6-3=2 



(/) If a multiplier be required, that shall render any binomial 
surd, whether it consist of even or odd roots, rational, it may be 
Jfound t|y substituting the giv^p numbers, or letters, of which it is 
formed, 4a the places of their equals, in the following general 
formula: 

Binomial !J/« * 5^^ 

Multiplier ;^a"V t V«""'^ + i/'a'-'ft' t V«*-*^ + &c- 
Where the upper sign of the multiplier must be taken with the 
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4. To find Biiiltipliers that shall make V5 -f 
V3 - v^2 rational. 

Given mrd V&^^3^^2 
1st multiplier ^/5 + V3 4- -/S 

6 + V15--A/10 

+ V10 + V6-.2 



, 1 St product 6 -f 3 -/1 6 
2d multiplier — 6 + 2 >/l 5 



36-12^/15 
+ 12V15 + 60 



2d product 6o - 36 = 24 
5. To find a multiplier that shall make V7 + V3 
rational. 

Given surd V7 + V3 
Multiplier ^7'-. 1^7 x 3 + ^3* 

7 + V3 X 7* 

-V3x7*--i^7x3* 

+ V7x3' + 3 



Product 7 + 3=10 

6. To find a multiplier that shall make >/& — Vx 
rational. 

7. To find a multiplier that shall make Va-^^h 
rational. 

8. To find multipliers that shall make a-^X/h 
rational. 



upper sign of the binomial, and the lower with the lower; and 
the sems contiotied to n terms. 
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g. To fiad mtiltipliers tjiat sliall make ^a^l^b 
rational. 

10. To find nmltipliers that ^hall make Va^ 
Vb + \^c rational. 

11. To find mnltiplicrs that shall make v^a + 
VA — \/c -f Vd rational. 

12. It 16 required to find a mnltiplier that shall 
render 1 '-V2a rational. 

13. It is required to iind a. multiplier that shall 
render 3 V3 - ^1^2 rational. 

CASE xm. 

To reduce a Jraction, whose denominator is either 

asimpkor a totnpmind snrd^ to am^her that shoM 

have a rational denominator. 

Rule. 
1* 'Wlien any «imple fraction is of the forioi 

— , multiply each of its terras by ^a^ and the re- 

suiting fraction will be — ; orwhcnitijoftheform 

— , multiply both the terms by Va% and the result 

win be -^^^—9 and for the general form ;^— , multiply 

by Vfl*"^, and the result will be . 

2. For a compound surd, find such a multiplier, 
by one of the rules of the last case, as ^vill maloe 
the denomiositor rational; and multiply both the 
Bumerator and denominator by it. 



Examples 

actions ^, 
that shall have rational denominators. 



1. Reduce the fractions ^, and ttjt, to othens 
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-, 2 2 -/3 2V3 J 3 3 yS^ 

~--r=-^ = -Vl25 Ans. 

•J X 5 5 5 

2. Reduce -77 — ;t- to a fraction, whose denoinl- 
nator shall be rational. 

V5 + ^2 3V5 + 3V2 3-^/5 + 3-y2 



Here — — — x 



^5-V2 V5 + '/2 5-2 

^^5 + ^2 



I 



'=v^5 4.V2 Ans. 



3. Reducer — r; to a fraction, whose denomina- 
tor shall be rational. 

U ^"^ — '^^^(^-^-^^) _ 3y2 + 2_ 2+3V2 _ 

**®^^ r^^""(3--v/2)x(3 + V2)"' 9-2 ■* 7 "^ 

2 3 

- + rV2 Ans. 

7 7 

4. Reduce --i; — r; to a fraction, that shall have 

a/7 + \/3 ' 

a rational denominator. 

5. Reduce ^" ,. to a fraction, the denominator 
of which shall be rational. 

6. Reduce -— — -- to a fraction, that shall have 

a rational denominator. 

2 

7. Reduce -- — -— to a fraction, that shall have 

a rational denominator. 

8 

8. Reduce --r — — — - to a fraction, that shall have 

V3 + 'v/2+l ■ . ' 

a rational denominator. 

9. Reduce — — . to a fraction, that shall 
have a rational denominator. 
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OF IMAGINARY QUANTITIES. 

(k) Imaginary quantities are such expressions 
as arise from extracting any even root of a negative 
quantity, as \^ -- a, V — a, a + v' — ft, &c. ; and, though 
their values are unassignable in numbers, they are 
yet of great use in some of the higher branches 
of analysis, as well ,as in pointing out the con- 
ditions under which certain questions are possible 
or impossible. # 

Thus, if it should be proposed to divide the 
iiumber 12, into two such parts that their product 
may be 40, we shall have, for the two factors re- 
quired, the imaginary quantities 6 + >/ — 4, and 
6 — V — 4; which, being of no determinate, or con- 
ceivable value, denote that the question, under 
these conditions^ is impossible: and the same will 
be found to take place in many other cases, where 
a problem is stated in general terms, or without 
any regard to the congruity or incongruity of the 
answer. 

This being premised, it is only necessary farther 
to observe, that the method of adding and subtract- 
ing imaginary rsldicals, is the same as for real quan- 
tities; there being no other difference in the com- 
mon operations with these symbols, than what arises 
in multiplication, division, and involution, which 
are performed as follows {g): 

(•g) It may here be observed, that though quantities, or ex- 
pressioDs, of this kind, when taken singly, are of no assignable 
value; yet, when incorporated by means of the operations of 
addition, subtraction, multiplication, &c. they frequently pro- 
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Rule. 
t« When one imaginary radical is tcrbe mniti* 
plied by another, the reaailt^ whether they he both 
positive or both negative, is equal to mimis the 
square root of their product, taJdng them as real 
({uantities* Thus, 

( + A/-a)x (-haZ-J), or 
( — V — a) X ( — >/ — i)=s: — A/a6; 
and, consequently, 

(+\/--a)x (4-V-a), or 
( — >/— a) X ( — \/ — a)=5 — a* 
And if one of the ima^nary radicals be positive 
and the other negative, the result arising from their 
Hiultiplication will be plus the square roc^ of their 
product, taking them as before^ Thus, 
( + \/— a) X ( — a/--A)=5 +Vahy or 
( + V- a) X ( - a/- a) =: + a. 
2. When one imaginary radical is to be divided 
by another, the result, whether they be both posi- 
tive or both negative, will be equal to plus the 
square root of their quotient, taking them as real 
quantities. Thus, 

— T-T, or — r-T^ +^x; ^^d — ; — > or- - - ' '^ *• 
And if one of the imaginary radicals be positive 
and the other negative, the result arising from di- 
rision will be minus the square root of their quo- 
tient, taking them as before. Thus, 

+ V— a —a/ — a a , +>/— a — v^— a ^ 

— r-Ty^^ — r"A= — '^r; and — 7--, or — ; — =-"K 

— ^ ■■■ ■ ■ . ■ , ■ n < n « ^ 

dace real results; as will appear from the exaniples feUomng til« 
rules giveo is the text, as well as in many other parts of the pre* 
sent work. 
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3. If an imaginary radical is to be divided by a 
real radical^ or a real radical by an imaginary 
one^ the result will be equal to the square root of 
nunus their quotient. Hxus, 

— 77-, or-;— 7=i5 -fV— x; and— ; — , or-; — =-fv'-l, 

4. The several powers of a/— 1, to which form 
the radical part of every simple imaginary surd can 
always be readily reduced, are as below: 



(^-l)'=->v/-l 






&c« &c. 

Or any power of the same expression may 
be derivai, universally, from the two following 
formulae: 

Where the upper sign must be taken when n is an 
odd number^ and the under sign when it is an even 
number. 

Examples. 
1. It is required to multiply l+v^—l by J-H 
V — 1, or to find the square of 1 + V — 1 . 






3. It is required to find the product arising from 
Mdkipiyiqg 1 + V — L by I r-V — 1* 
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l + v'-l 



1^-1 = 2 Aiis. 

3* It is required to multiply a-^V-^h by aH 
V — &, or to find the square of a — >/ — J. 



--aV—h — h 

a* — Sfl'/ — b'-h Ans. 

4. It is required to find the quotient of 1 + V" — 1 
divided by 1 — V — I . 

Here tI7IT= 2 ^ =-^ = ^-1- Ans. 

5. It is required to find the square, or second 
power, ofa-f&v'— 1. Ans. a® — i* + 2ai\/— 1. 

6. It is required to find the cube, or third power, 
of a-iV-l. Ans. a^ + V-3ah{h^ra'/—\). 

7. It is required to find the quotient arising from 
dividing 3-h2v'-l by 3 — 2V-1. 

Ans. -^(5 + 12^-1). 



8. It isrequiredtofind thesquareof v^a + iv^ — 1 + 
Va—hV—l. Ans. 2a + 2'%/a* + i*. 



9. It is required to find the cube of Va + iv'- 1 4- 



Ans. 2a + 3Va» +.i*(Va -h 6V- 1 + Va- i/- 1). 
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10. It is required to find the square ofVa + bV^l 



Ans- ^2a + 2>/a* + 4* + 2Va' + b\ 



OF AKITHMETICAL PROPORTION AND 
PROGRESSION, 

(l) Arithmetical proportion, is the relation 
which two quantities, of the same kind, have to 
each Qther with respect to their difference. 

Hence, agreeably to this definition, three quanti- 
ties are said to be in arithmetical proportion, when 
the difference of the first and second i& equal to the 
difference of the second and third. 

Thus, 2, 4, 6, and a, a + &, a+2h^ are quanti- 
ties in arithmetical proportion. 

And, for the same reason, four quantities are 
in arithmetical proportion, when the different o^ 
the first and second is equal* to the difference of 
the third and fourth. 

Thus, 3, 7, 12, l6, and a, a-fr- J, c, c+b, ar^ 
quantities in arithmetical proportion. 

Arithi^etical proorsssion is when a series of 
quantities increase or decrease by thip Sisane com* 
mon difference. 

Thus, 1, 3, 5, 7j 9i &c. and a, a + rf, flf-f Srf, 
a-fSrf, &c. are increasing seiies in arithnwtical 
progression, the common differences of which arQ 
2 and d. \ 

And 1*3 12, 9, 6, &c. and a, a-^dy a — id, 
a — 3d, &c. ace ' decreasing serial in aritfaifietical 

G 
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progression^ whose common dififeremses are 8 
and d. 

Tlie most asefdl properties of arithmetical pro* 
portiod and progression are contained in the fol- 
lowing theorems : 

1. If fonr quantities are in arithmetical pro- 
portion, the sum of the two extremes will he equal 
to the sum of the two means. 

Thus, if the proportionals he 2, 5, J, 10, or 
fl, by c, d; then will 2 + 10=5 + 7, and a + rf= 
b + c. '"'•.' • ' . 

. 2. And if three quantities he in arithmetical pro- 
portion, the sum of the two extremes will be double 
the, mean. , ' 

Thus, if the proportionals be 3, 6, 9, or a^ by 
Cy then will Si H- 9 = ^ ^ 1^= 12, and a + c^ 2b. 

3. Hence an arithmeticdl mean between any two 
quantities is equal to half the Bum of those quan- 
tities. ' . 

Thus, an aritlimetical mean between 2 and 4 is 

= ~~- = 3; and an arithmetical mean between a 
and bis ±=-|-(/i). 



(A) If two, or more, arithmetical means Between any two 

quantities be reqnired, they may be expressed in algebraic terms 

as below t ^ . , 

2a ^ b a + 2Z> 

- Thuft^ — ^; — and - ■ ■ ■ ; ■= i\^ arithmetical means between 

a znd'b, a being the less extreme and b the greater. 

A j«« + ^ (n-l)a + 2^ (n-2)a + 35 . a^nb 

And ■ ■ , — ^. , — ^ , fitci to ■■> ■ «. any 

i^tt.mber (ff). of arithmetical means between a and b. 
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4;. Inttiycontiiiaed aritbmetical {>rogrto8k>n5 
the sum of tfaetwoeaotremes is equal td the sum of 
any two terms that are equally distant from them^ 
or to double the middle term^ when the number 
of tfemis is odji- 

Thus, if the series be !2, 4, 6, 8, 10^ &e. then 
will 2^-10 = 4 + 8 = 2x6=12. 

And, if the series be a, d-^-dy d + ^d, d + Sd^ 
a^4di^ &c. then will a + {a+Ad)^a'^d^{at 
3d) = 2x(a + 2d). 

5. The last term of any increasing arithmetical 
series is equal to the iirst term plus the product of 
the comn^oh difFererice by the number of terms 
less one;. and if the series be decreal^ing, it will 
be equal to the first term ifiinus that product. 

Thus, the «th term of the series d^ a-^d, d^ 2rf, 
a + 3dy a-^-Ady &c. is a4-(n— l)i; 

And the Tith term of the series u^ a— tl, a-^Qd, 
a—3dy a—4d, &c. is a — (n— l)rf. 

&4.The sum of any series of quantities ih arith- 
metical progression is equal to the sum of tbe two 
extremes multiplied by half the nuinbet of terms. 

Thus, the sum of 2, 4^ 6, 6, 10, \2, iS =(2 + 

12)x^=l4x3=42. 

And the sum of <i + (rf-frf) + (tt + 2rf) + (a + 
3rf), &c. . . . + /, is = (« + /) X ^, where / is the 

last term, and n the number of terms« ^ 

Or, the sum of any increasing arithatietical 
series may be found, by adding the product of th^ 
common diffisi;ence by the number of terms less 
one, to twi<!e the fir$t term> and then multiplying 
the result bjr half the number of terms^ . 

G2 
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Aird^ if the series be decrewii^, its Mun will be 
found by subtracting the above product firom twice 
the first ternij and then mnhdplyiiig the result by 
half the number of terms, as before* 

Thus, the sum of a+ (a-f rf) -»^(tf+id) + (a + 

3d) + (a + 4d)y &c. to n terras, is = 2fl + (n— l)d x ~ 
An4 the sum of a-f (a— d) + (af-arf) + (a— 



3tf) -f (« - 4rf), &€• to n terms, is = 3a- (n— l)d x ~ 

£XAMP}.ES. 

. 1 • The first term of an increasing arithmetical 
series is 3, the common difierence 3, and the num- 
of terms 20; required the sum of the series. 

First,3+j2(20-l)=3 + 2x 19=3 + 38 = 41, the 
last term. 

20 20 

And (3 + 4l)x— =44XY=44xl0as440, the 
snm required. 

(i) The sum of anj^ number of terms (n) of the series of natarsl 

n(fi of* 1 ) 
numbers 1, 2, 3, 4, 5, 6, 7, &c. is = -i— — - 

Thus, 1 + 2 + 3 + 4 + 5, &c. continued to 100 terms, is « 

i22jl21'.5D.10.-=5050. 
2 

A1sQ« the sum of any number of terms^(ft} of the series of odd 
numbers 1, 3, 5, 7, ^, 11, &c. is =n'. 

And if any three of the quantities a, d, n^ g, he. giten, tfa^ 
f«uith may bei foumi from the equation 

-^ • y=(2a±(n-l)rf}x5, or («+•/) j«| 

Where the upper sign + is to be used when the series is increas- 
iiRTg, kind the lov^er sign — when it is decreasing; also th« last 
term /«a ± (n- 1)«^, as abdve. I . 
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20 



Or, (2 X 3 + S0^ 1 X 2) X — = (6+ 19 x S) x 10 = 
(64-38) X 1,0 = 44 X 10 = 440, as before. 

2. The first term of a decreasing arithmetical 
series is 100, the common difference 3, and the 
number of terms 34; required the sum of the 
series. 

First, 100-3(34- 1)= 100-3 X 33= 100 -- 
99=1, the last term. 

And (ipo+l)xy=ioix^=lOlxi7==i7J7^ 

the sum required. ^ 

Or, {3xl00-(34-.l)x3} x^=<200-.33 X 

3) xi7 = (200--99)x 17=101x17=1717, as be- 
ilnre. 

3. Required l^e ram of the natural nnmbers 1, 
2, 3, 4, 6, 6y &e. contmued'to 1000 terms. 

Ans. dOOdOO. 

4. Required the sum of the odd numbers 1, 3^ 5, 
7f 9> &c. continued to 1-01 terms. 

Ans. 10201. 

5. How many strokes do the clocks of Venice, 
which go on to 24 o'clock, strike in the cqmpass 
of A day? Ans. 300. 

6. The first teruL of a decreasing arithmetical 

series i$ lHy tjbife ccfs^mpn difference -, %i;iid the num- 
ber of tenons 21 ; required the sum of the series. 

Ans. 149. 

7- ^^^ hundred stones being placed on the 

ground, in a straight line, at the distatice of a. yard 

from each other; how far wfll a person travel, who 
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sh^ll bring them, qne by one, to a basket, placed 
at the distance p£ a yard f^p^l the first stone? 

Ajis. Sf miles and 1300 yards, 

OF GEOMETRICAI, PRQPOBTION ^^p 
PROGRESSION. 

(m) Geometrical proportion is that relation 
of two quantities of the saine kind, which arises 
from considering \^hat part, pv parts, the one i^ 
of the other, or how often it is contaii^ed in it. 

When four quantities are compared togetherj^ 
the first and third are called the antecedents, and 
the second and fourth the consequents. 

Ratio is the quotient, which arises from dividing 
the antecedently the consequent, or the consequent 
by the antecedent; obsterving alwJ^ys to fojlo^ thp 
same methoxi. 

Hencp, three quantities are said to be in geo- 
metrical proportion, when the first is the same par<^ 
or multiple, of the second, as the second is of the 
third. 

Thus, 3, 6, 12, and a^ ar^ a?-*, are quantities 
in geometrical proportion. 

And four quantities are said to be in geometrical 
proportion, when the first is tlie same part, or mul- 
tiple, of the second, as the third is of the fourths 

Thus, $^ 8, 3, 12, apd a, qr^ b^ h\ arp geq- 
inetrical proportionals. 

Direct proportion, is when the same relation sub- 
^i^ts between the first of four terms and the second;^ 
9§ between the third and fourth. 
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. Thus, 3/6, 5, 10, arid % ar^ b, br, are in di- 
rect proportion. ^ 

Inverse, or reciprocal proportion, is when the 
first and second of four quantities are directly 
proportional to the reciprocals of the third and 
fourth. 

Thus, S, 6, 9, 3, and a, ar^ br, b, axe invensely 

proportional; because 2, 6, -, j, and a^ ar^ ^ ^5 are 

directly proportional. 

Geometrical progression is when a .series of 
quantities have the same constant ratio ; or which 
increase, or decrease, by a common multiplier, or 
divisor. 

Thus, 2, 4, 8, 16,32, 64, &c. and a, ar^^ar^, 
a^y ar^y &c. are series in geometri'cal progression. 

The most useful properties- of geometrical pro- 
portion and progression are contained in the fol- 
lowing theorems ! 

1. If three quantities be in geometrical pro- 
portion, the product of the two extremes will be 
equal to the square of the mean. 

Thus, if the proportionals be 2, 4, 8, or a, 6, c, 
then will 2x8 = 4* and a x c= 4% 

2. Hence, a geometrical mean proportional, ^be- 
tween any two ^quantities, is equal to the square 
root of their product. 

Thu^, a geometric mean between 4 and 9 is 
9=^/36=6. 
And a geometric mean between q> aod b .is 

» III llllll ■ ■ III I I ■■■■!■ I I I . ■ I >n III! ■ . 1 ' ■■! ■ 

^k) If two, or iBore» geometrical means between any two quao* 



Digitized by VjOOQIC 



88 CEOMETAICAL PlIOPORTIOK, &e. 

3. If four quantitiefi be in geometricalproportion, 
the product of the two extremes will be eqaal to 
that of the means. 

Thns^ if the proportionals be 2, 4^ 6^ 12^ or 
4ij bf c, d; then will 3x13=^4x6, and axdss 
bxc. 

4. Hence^ the product of the means of four pro- 
portional quantitiesf^ dirided by either of the ex- 
tremes, will give the other extreme; and the pro- 
duct of the extremes, divided by either of the 
means, will give the other mean. 

Thus, if the proportionals be 3, 9, 6, 15, or 

a, 5, c, d; then will— ^=15, and— y- = g; also, 

= a, ana — - =± o. 

a ^ c 

,5. Also, if any two products be equal to each 
other, either of the terms of one of them> will be 
to either of the terms of the other, as the remaining 
term of the last is to the remaining term of the 
first. 

Thus, if >arf=5ic, or 2x16 = 6x5, then will 
any of the following forms of these quantities be 
proportional: 

Directly, 

a : 6 : : c : ^, or 2 : 6 : : 5 : 15. 



titles be required, they may be expressed in algebraiciU terms, 
as below: 

*fa^b and ^ab* — two geometrical means between a and &• 
' i't^b, 1^a^b\ and i/ab^^ three geometrical means between a 
and b. 

{a*bY^\ (a— 'J')«~ (a*-*)''+»] &c. to {ai»)~»= any nura* 
ber (ff ) of geometrical means between a and h. 



Digitized by VjOOQIC 



GEOMETRICAL PKOPOKTIOK^ &C. 8^ 

ifivertedlf, 

b : a II d z c, ot 6 •. 2 : : 15 : 5. 
Alternately, 

a : c : : i : rf, or 3 : 6 t : 6 : 15. 
Conjunctly, ; * : 

a : a -f 6 : : c : c + rf, or 2 : 8 : : 6 : 20. 
Disjnnctly, 

a : b^a : : c : rf-^c, or 2 : 4 :: 5 : lO. 
Mixedly, 
b + a : b*^a : : d-^c : rf— c, or 8 : 4 : : 20 : 1^* 
In all of wliich cases, the product of the two 
extremes is equal to that of the two means (/)• 

6. It also follows, as a consequence of the ge- 
neral equality between the products of ihe means 
and extremes, that any like parts, multiples^ roots, 
or powers, of four proportional quantities, are pro- 
portional. 

Thus, if tf : ft : : e : rf, 

a ,: ft :: nc : nd\ 
na I nb z: c : d^ 
na : raft : : mc : md, 

Where m and n may be any whole or fractional 
numbers whatever. 



Then, 



(/) The theory of propertion was, for along time, encumbered 
with a variety of Latin terms, denoting the different changes and 
transformatioas that ratios might be made to undergo, without 
altering th« rehatio« ©f their terms; but as these are, in generaJ, 
of little use, besides being very burdensome to the memory, the 
tendency, of late, has been to discard them, and to substitute the 
corresponding equations in their stead; which is ceruinly a mere 
commodious method. I have, therefore, inserted such of these 
appellations only as are still employed hi geometry, v*here they 
cannot be easily dispensed with. 
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Hence, likewise, in any proportion, if instead 
of either of the antecedents and its consequent, 
any quantities, that have the same ratio, be substi- 
tuted, the proportionality will still subsist. 

Thus, if a : b :: c i d, and c \ d\\ e \ f\ then 
a I h \\ e \ f. 

7. (n like manner, if the corresponding terms 
of ttiro, or more, ranks of proportionals be mul- 
tiplied together, the resulting terms will still be 
proportional. 

Thus, if a : 6 : : c : rf, and.e x f ii g x hi then 
ae I bf :i eg z dh. 

8. Also, if four quantities he proportional, their 
reciprocals will be proportional; and if the recipro* 
cals of four quantities be proportional, the quan- 
tities themselves will be proportional. 

Thus, if 2 : 6 : : 3 : 9, or a : ft : : c : d; then will 
1111 J I 1 11 

2 6 3 9 abed 

g. In any continued geometiical series, the pro- 
duct of the two extremes is equal to the product of 
any two means that are equally distant from them ; 
or to the square of the mean, when the number of 
terms is odd. 

Thus, if the series be 2, 4, 8, l6, 32; then 
2x32=4x16 = 8^ 
10. If any number of quantities be in geometrical 
progression, their differences will also be in geo- 
metrical progression; and the quantities will be 
proportional to their differences. 

Thus, in the series a, ar, ar^y ar\ ar*y &c. their 
differences or — a, «r* — ar, ar^ — ar^y ar* — ar^y &c, 
fprm a progression^ of which the ratio is r. 
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Also, ' 

a I an: ar-^-a : m^-^ar : : ar^-^ar : of^^ar^^ &c- 
the ratio of all the corresponding terms being r, as 
before, 

11. In any geometrical series, the last term is 
equal to the product arising from multiplying the 
first term by such ^ power of the ratio, as is denoted 
by the number of terms less ppeV . 

Thus, in the series 2, 6, 18, 54, l62, y^ shafll 
have 2x3* = 2x81==l62. 

And in the series a, ar, ar^^ ar^y ftr^^' kc. cpur 
tinned to n terms, we shall have a x r""' ssar""*! 

12. The sum of any series of quantities in geo- 
metrical progression, either increasing or decreas- 
ing, is found by multiplying the last term by the 
ratio, and then dividing the diflperence of fhis pror 
duct and the first |:erm by the difference betjveen 

. the ratio apd unity/ 

Thus, in the series i, 4, 8, l6, 32, 64, 128, 

256, 612^ we shall have ^|^^"" = 1024 - 2 = 1022, 

the sum. 

Or the same rule, without considering the last 
term, may be expressed thus : 

Find such a power of the ratio as is denoted by 
the number of terms of the series; thep divide the 
difference between this pqwer and 1 by the difr 
ference between the ratio and 1, and the result, 
multiplied by the first term, will be the suna of the 
series. 

Thus, in tjie series a-^ar^ar^ + ar^-k- ar\ &c. tp 

ar*"*,wehave ;= — — = = af ) = the 
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Where it is to be observed, that if r, in the last 
of these progressions, be a prc^^r fraction, andcon^p 
seqnently the series a decreasing one^ tibe sum of 
a + ar-^-ar^ + Of^ir ar^, &c. continued ad infinHum, 

will bcT-— 

1 — r 

13. Three quantities are said to be in harmo- 
nical proportion, when the first has the same ratio 
to the thirds as the difference between the first and 
second has to the difference between the second 
and third. 

Tkiis, a, b, c, are harmonically proportions^, 
when a : c :: a^h : b^c. 

14. And four quantities are in harmonical pro- 
portion, when the first has the same ratio to the 
fourth, as the difference between the first and second 
has to the difference between the third and fourtfau 

Thus, the quantities a, i, c, rf, are in harmonical 
proportiou, when a \ d \i a^b : c— rf. 

Also, if there be taken any series of arithmeticals 
o, a-frf, a + 2d, a + Sd^ &c. their reciprocals 

-, — 19 — thj — 7i5 &c- will be barmonicals; and 
the contrary (m). 



(»i) In addition to these properties, it may be remarked, that 

an harmcmicai ni«an between any two quantities, is equarl to twice 

ihetr product divided by Ibeir sasi. 

*2ab 

Thus, r = an harmonical mean between a and if. 

a + 

It may here, also, be farther observed, that .the ratio pi two 
squares i» frequently Called duplicate ratio; of two square roots, 
gubduplicate rati%>; of two cubes, triplicate ra^2o;\and of two-cube 
roots, subiriplicate ratio, &«. 

One ratio is likewise said to be greater or less than anotberp 
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EXAMPLfiS. 

1 . The first term of a geometrical series is 1, the 
ratio 2, and the nmnber of terms lO; what is the 
sum of the series ? 

Rrst, 1 X 2*=:1 x 412=^512, the last term. 

And — ■ = — r = 1023, thesum required. 

2. The first term of a geometrical series is -, the 

ratio -, and the number of terms 5 ; required the 
sum of the series. 

First, i X (5> = 5 X ^=7^5, the last term. 

And _^_-=__^_ X -=--, the sum. 

3. Required the sum of 1, 3, 9, 27, 81, &c. 
continued to 12 terms. Ane. 265720. 

4. Required the mm of I, j, i, ^y, ~, &c. con- 

5280' 

tinned to 10 terms. Ans. l^rrr. 

a5or 



accordiog as its antecedent is a greater or less multiple, or part, 

of its consequent. 

ThiMy the ratio o£ 7 to 4 it gnsater than tlrat of 8 to 5, because 

7 35 8 32- 

-r or — , is greater than ~, or — ; and the ratio of 2 to 3 is less 

2 8 3 9 
than that of 3^ to 4> becauie -• or -rr, is lest than - > or -** 

3 12 4 12 

To this we tnay also add, that if any three of the quantities 
a, r^ n, $f be given, the fourth may be found from the equation 

* = ^, or 

r— 1 r^l 

Where the last term of the progrettaoa / it- »(u^^\ aa above. 
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5. Required the sum of 1^ 2, 4y 8^ l6^ 32^ &c. 
continued to 100 terms. Ans. 104857^. 

6i. A- person being asked to dispose of a ^ne 
borse, said he would sell, him on condition of 
having a farthing for the first nail in hia^hoes^ a 
halfpenny for the second, a penny for.^e thirds 
twopence for the fourth^ and so on^ doubling the 
price of every nail, to 32, the numher of nails in 
his four shoes ; what would the horse be sold for at 
that rate? Ans. 4473924/. 6*. 3frf. 



OF EQUATIONS. 

(n) The doctrine of EftUATioNS is that branch 
of algebra^ which treats of the methods of deter* 
mining the values of unknown quantities by means 
of their relations to others which are known. 

This is done by making certain algebraic, ex- 
pressions equal to each other; which formula, in 
that case, is called an equation ; and then working 
by the rules of the art, till the quantity sought is 
found equal to some given quantity, and conse- 
quently becomes known. 

The terms of an equation are. the quantities of 
which it is composed; and the parts, that stand 
on the right and left of the sign = , are called the 
two members, or sides, of the equation. 

Thus, if x = a + i, the terms are x, a, and b\ 
and the meaning of the expression is, that some 
quantity x, standing on the left hand side of the 
equation, is equal to the sum. of the quantities a 
and b pn the right hand side. 
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A simple equation is that, which. contains only 
one power of the unknown quantity: BS^x-j-a^Sby 
or ax^^bcy or 2a?* + 3a* » 56*-; where a? denotes^ 
the unknown. quantity, and the oth<er letters the 
known quantities. ; • - 

A cmnpound equation is liiat, whkh cdntain^ 
two or more di&rent powers of the unknown quan* 
tity; as, ^-foajsaA^ orV'-4A*-f3a?«25. 

Equations are also divided into different orders, 
or receive particular names, according to the 
highest power of the unknown quantity contained 
in any one of their terms: Iels, quadratic equations, 
cubic equations, biquadratic equations, .&c. 

Thu9, a quadratic equation is that, in which the 
unknown quantity is of two dimensions, or which 
rises to the second power : as, a^=^20; a?^ + (ix = J; 
or 3j?*+ 10a? = lpO. 

A cubic equation is that, in which the unknown 
quantity is of three dimensions, or which rises to 
the third power: as, j^ = 27; 2.r* — 3x = 35; or 
x^ — ax^ + bx^c. 

A biquadratic equation is that, in which the un- 
known quantity is of four dimensions, or which 
rises to the fourth power : as, a?* = 25 ; 6x* — 4x = 6 ; 
or a?* — ax' + 6a?* — cx=rf. 

. And so on, for equations of the 5th, 6th, 7th, &c. 
order, which are all denominated according to the 
highest power of the unknown quantity contained 
in any one of their terms. 

The root of an equation is such a number, or 
quantity, as, being substituted for the unknown 
quantity, will make both sides of the equation 
vanish, or become ^qual to each other* 
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A simple equatidn can liave only one root ; but 
eTery compound equation has as many roots as it 
contains, dimensions^ or as is denoted by the index 
©f the highest power contained in it. 

Thns, in the quadratic equation a?* + 2*=« 15, the 
root, or value of «, is eith^ +3 or — 5 ; and, in 
the cubic equation ^ — 9ar® 4* 26ar= 34, the roots are 
2, 3, and 4, as will be found by substituting, each 
of these numbers for x. 



OF THE RESOLUTION QF SIMPLE EaUATIONS, CON- 
TAINING ONLY O^E UNKNOWN aU^NTITY. ^ 

(o) The resolution of simple, as well as of 
Other equations, is the disengaging the unknown 
quantity, in all such expressions, from the other 
quantities with which it is connected, and making 
it stand alone, on one side of the equation, 
so as to be equal to such as are known on the 
other side ; for the performing of which, several 
axioms and processes are required, the most useful 
and necessaiy of which are the following (w) : 



\n) The operations required, for: the purpose here mentioned, 
are chiefly such as are derived from the following simple and 
erident principles^: 

1. If the same quantity be added to, or subtracted frtkm^ eaoh 
of two equal quantities, the results will still be equal; which hs 
the same, in effect, as taking any quantity from one sifle of an 
equation, and placing it on the other, with ^ contrary sign. 

2. If all the terms of any two equal quantities, be inultipfied', 
or divided, by the same quantity, the piX}d«ots, or quotients^ 
thence arising, will be equal, * ..... 
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of an equation to the other, by changing iJs $i^; 
and the two members^ or sides, will be s^l eq^al. 

Thu§,ifa?4-3 = 7; then will •r=7 — 3, or a?=4. 

And, ifi?-i-4-f;6«=i84 then wiil j?»jB-f 4-^6«;=6. 

Also, ifiT — a + i = c — rf;thenwilla? = a — 6rf^-.^. 

And, if 4x— 8 = 3a? + 20; then 4x — 3x^20 + B, 
or i? = 28. 

From this rule it also follows, th3^t if a qTiap4:ity 
be fpund on ^ach side of ^n equation, with thje 
jsa],ne sign, it may be left out of them both; 2^^d 
that the signs pf all the ternis, of any emiatioji, 
njay be changed frojji + to — , gr frpip — to +^ 
without ^tering its value. 

Thus, ifj? + 5=7 + 5; then^ by canqellji^g, x = 7- 

And, if a — j? = i — c; then x — a — c — b, or 

CASE H. 

If the ^wiliu^wp qu,a»p^ty, in any e^atiipq, be 
multiplied by ^ay quantity, tjie multiplier jujay be 
taken away by dividing all the rest of the terms by 
it; and if it be divided by ^iny quant^y, thejdid- 
.si?r mgy be t^ken ^w^y \kj i#yji#plyi«g a11 tfe? pjther 
t^iws ,by k, 

3. If two quandtif s, «ifker ^inpJe or coi^pouqd, he equal do 
each other, any [ike powers^ or roots, of them will ^iio.ba ge^vfil. 

JVJl .of wbi(:h ftxiows will.Jje fogiod su^cieatly iHnsjtr^tfd, by 
the processes arising out of the several exapiples annexed to the 
six^diilecentocaftes given in the J^ext. 

H 
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Thus, if ax = 3ab — c; then will a? = 3 6 — -. 

And, if 2x + 4=^l6; then will a? + 2 = 8, or 
a = 8-2 = 6.- 

Also, if 1 = 5+3; then will 0? = 10 4-6 = 16. 
And, if — — 2 = 4; then2a? — 6= 12,ora? — 3 = 6, 



3 

or x^g. 



CASE III. 



If either of the terms of an equation be a fraction, 
its denominator may be taken away by multiplying 
all the rest of the terms by it; or, if several of 
them be fractions, they may be reduced to integers 
by multiplying both sides of the equation by the . 
product of their denominators, or by the least com- 
mon multiple of them. . 

Thus, if 2x + — =22; then will 8j? + 3^^ = 88, or 

88 

lla? = 88, or x=YY=8. 

And, if ~ 4*-= 10; then, multiplying by 12, 

(which is a multiple of 4 and 6,) 3a? 4- 2a? =120, 

120 ^ 
or.6x = 120, or a? = -r-=24. 

o 

It also appears, from this rule, that if the same 
number, or letter, be found in each of the terms 
of an equation, either as a multiplier or divisor, it 
may be expunged from them all, without altering 
the result. 

Thus, if ax = a6 4- ac ; then, by cancelling, j? = J 4- c. 

And, if -4--=-; then a: 4- i = c, or jJ=c-r-&. 
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CASE IV. 

If the unknown quantity, in any equation, be in 
the form of a surd, let it be made to stand alone, on 
one side of the equation, and put all the remaining 
terms on the other, (by Case i); then involve each 
of the sides to such a povrer as corresponds with 
the index of the surd, and the equation will be 
rendered free from any irratibnal expression. 

Thus, if >/,r — 2 = 3; then will v'a?=3 + 2 = 6, 
ora?=6*=25. 



And, if\/3^ + 4 = 5; then will 3x+ 4 = 25, or 



21 

3a? = 25 — 4 = 21, ora? = Y = 7. 



Also, if V2x + 3 + 4 = 8; then will a/2x-I-3 = 

8-4 = 4, or 2x-h3 = 4' = 64, or 2a;-64-3 = 6l^ 

61 „^i 
or oc^^^SO^ 

CASE V. 

If that side of the equation, which contains' the 
unknown quantity, be a complete power, the equa* 
tion may be reduced to a lower dimension by ex- 
tracting the root of the said power, on both sides 
of the equation. 

Thus, if j?*=81; thenj?=V81=9; andifa?' = 27, 
thena? = V27 = 3. 

Also, if 3a?'-9 = 24; then 3a?* = 24 + 9 = 33, or 
33 

a?*=y=ll, ora?=>/ll. 

And, if d?* + 6x -h 9 = 27 ; then, since the left hand 
side of the equation is a complete square, we shall 
have, by extracting the roots, a?4-3=sv'27«3v'3, 
or d?=3>/3-3. 

H 2 
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CASE VI. 

Any analogy^ or proportions may be colivarted 
into an equation^ by making the product of the 
two extreme terms equal to diat of the two meanB* 

Thus, if 8x : l6 :: 6 : 6; tfaendxx 6e»l6x ft^ 

do R 
orlgjc=80, ora, = — = ~=2-i-. 

And^ if Y : a :: b : c; then will y^*^^* ^^ 
Ako, if 12 — ^ : ^ :: 4 : 1; thenl2 — a^'=«~«2a?;^ 

12 

or2ir + a:=12, ora? = -r- = 4. 

1. Given 6a?— 15 = 2i: + 6, to find the value of or. 
Here 5a?-2^ = 6-f 16, or 3a?=6 + 16 = 21; and 

therefore a? =— = 7. 

S. 'Given 40 -6a? -16 =120 -14^, to find the 
•v^e of ^. 

Here 14.r--ftr=12O-40 + l6; or 8ir= 136-- 
40 = 96 ; and therefore a? = — = 1 2 . 

o 

3 . GlvJ^n 3x* -- 1 Or = 8a? + .x?% to find the valii^ of x^. 
Here 3^— 10 = 8-f:r, by dividing by a?; or 

'3a? -- <^ = 8 + 10= 18 ; and therefore 2x = 18, or 

4. ^Qiven 600?^ - 13(iia?**5L3ax' ^-600?^ to -find the 
value^of a?* 

;HeTe ^2* — 4ft=;r4"3, by dividing by 8ai?*; ar 

2^ — a: = 2 + 4ft ; and therefore <r = 4& -f 3* 
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Here a?-yH-— =20; or 3X'-2x^ — =^60; or 



SIMPLE E<ft*UA.TI10OSa l^l 

5. Given x* + 2x + 1 = 1 6, to find the value of x. 
Here x + 1 = 4^ by extracting the roots ; and 

therefo«*e ,j? =a 4 — 1 a= 3. 

6. Given 5aa: — 3& = 2rfj? + c^ to find the valye 
of X. 

Here 5<ia?-2rfx = c + 3ft; or (5a-2e?)a?«C-f 3i; 

and therefore x=— — r. 
5a'-2d 

*J. Giveft 5 " I "^ I =* ^ ®^ to ^^^ ^^^ value of x. 

2x 2x 

-T + T= 

12jf — 8.r + 6j?« 240; whelice 10^=^ 240, 0f X^ 24. 

8. Given -—- + - = 20 — -, to find the value 

of J?. 

Here a?-3 +y = 40-a:+ 19; Or 3.r-9 + 2a:= 

120-3x4-57; whence 3a:+ 2J? + 3i*=120-h57 + 9; 
thai i» 8d?= l»6j or a?- 23;|. 

9. Given a/— + 6 = 7^ to find the value of a?. 

Here -v/-j*=7--5:=2; whence -|-s=2* = 4^ and 
2.i?=sl2> or a?=6. 
10. Given X 4^ Vfa^ + JT^'l^s -77-7— 3i,tafi»d the value 

of X. 

Here a?^(a* 4- a?*) + a* -f o?^ = 2a* ; whence a?\/(a*4- 
jf)»a*-ar*, ansd *•(«* + oi*) =» a^ — 2»V + ^, or 
aV + X* = a* — 2aV + x*, or aV = a* — 2aV, or 

3a®a? = flK*, ^^^^'^So^"!' ^^^ therefore a?=>/-T=: 

T ^ If 

ay/— =5; a\/-* = ~a/3 • 
3 9 3 
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Examples for Practice. 

1. Given 3j:-2 + 24 = 31, to find the value of or. 

Ans. J? =3 

2. Given 6 — 2y-»-10 = 20 — 3y— 2, to find the 
value of y. Ans, y = 2 

3. Given ^+ 18=s=3x— 5, to find the value of x. 

Ans. x=U^ 

4. Given 0? + - + -= 11, to find the value of x. 

Ans, x=6 

5. Given 2j:— ^+ l = 5x-:-2,tofindthevalueofi^, 

Ans. a: = - 

6. Given ^ + ^ — 7=77:5 to find the valu^ of x. 

'ji J ^ 10 

Ans. x = l^ 

7. Given -^.+ - = 4 — , to find the value of j:, 

2 3 4 

Ans. ^=3— 



8. Given a/12 + a: = 6 + Vx, to find the value of x. 

Ans. x=4 

9. Given j? + a= , to find the value of x. 

Ans. x=— ^ 

Jit 

10. Given V^+'/a4-a?=-- r, to find the value 

of ar. Ans. x=« 

11. Given — 7--+«=-;;^ ~-^ to find the value 

3^ 



of :?. Ans. a? = 



3a -26 
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12. GivenVaVa?* = V6* + a?%tofindthevalueofx. 

Ans. ^=^^ 

13. Given \/a 4- .r + >/tt ~ or = ^ax^ to find the 
value of J?. Ans. x:=- 



14. Given ; — - + - — = 6. to find the value of x. 

Ans. x = V — T— 



15. Given a4-^ = \/«* + x\^(6^+a?*), to find the 
value of X. Ans. !?=■:; a 

4a 



l6. Given^\/x* + 3a^ — ^Vo?* — 3a*=.K>/a, to find 
the value of x. Ans. xs= V- 



4 — 4a 



17. Given Va + j? +A/a — jc = 6, to find the value 
qHx. Ans. a?=-\/4a— i* 



18. Given v'a + x+ Xfa—x^h^ to find the value 
of J?. Ans. x = va^ — (-^^)* 

19. Given v'a + ^i/j^^^/ax, to find the value of x. 



Ans. x= 



a 



(^/a^l)* 



20, Given Va* -^ax^a — ^a — aXy to find the value 
ofx, 'Ans. ^ = -(:;7^^7rp 



2 1 . Given a/j: -f a = c — Vx + fc, to find the value of x. 

Ans. a; = (^-^— =^>-i 



2c 



^ . c A. 4-ic 



22. Given V — - + V = V- — s, to find the value 

of ^. Ans. X = «(^~^) 
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t64 smVt^ t^xiAir{6t(^. 

Of the resolution of simple equations^ containing 
two unknown quantities. 

When there are two^ unknown quantities, and 
Hwo independent simple equations, involving tHeili, 
they may be reduced tp one, by any of tlje three 
following rules ; 

Rule i. 

Observe #hich of the itnknoWfi qtitotlties is tlie 
least involved, and find its value in each* of the 
equations, by the methods already explained; 
then let the two values, thud found, be pftt-eqtHil 
to each other, and there will arise a nw equation 
with only one unknown quantity in it^ the value 
6i t^hith may be fdtitid as brfdr^((*), 

£XAMPLEI^. 

I. Given I f^-^^ ^^yZ f } to find' the V^te of 
oT aftd J). 

Froift the ftrst eqtidtion, ^=2^^, 

And from the second, a? = — i-^. 

Whence wp have — j^= — 5^ 
Or ll5-l5y:==20-i-4y, or 19^=115-20=95, 
That IS, y=— :f5, and x=— ^— = 4. 



(o) This rule depends upon the ^t\\ knoWn axiom, that things 
which are equal to the same thmg, are equal to each other; and 
the two following methods are founded on principles which are 
equally simple aod obyious. 



I 
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2. Given I ^^ J^ J j to find the values of x 

and y. 

From the fiirst ^quatic^n, x^a — tf. 
And from the second^ x = b+2/, 
Whencea— y = i+y, or 2y = a— J, 

Consequently y =*^->ri^ a? i= a —y, 



2 

Or, hy substitu., x = a — ^ = -i-. 

and y. 

From the first ecj^atiott, x =: 1 4 - ^, 

A»d from the second, «:i=34 — -^j 

Consequently 14-^=24-^, 

And therefore 42 — 2yi=72^— -~, 
Or, by nitiltl., 84 — 4y == 1 44 — 9y ; 
Whence also fiyar 144-84=60, 

Ory=^3ci2,widaj=«3i4-y=^6. 

Find the value of either of the unknown quanti- 
ties in that equation in which it is the leastinvolved ; 
then substitute this value for its equal in the other 
equation, and there will arisa a new equation witli 
only one unknown quantity in it; the value of which 
may be found as before. 

ExiynPLEs. 

1. Given j Jl^^^'^i^ \ to find the values of 
(^ 3^"^ y«»9 J 

4? and y . 
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From the first equation, *r=l7'-2^; and this 
value, being substituted for x, in the second. 
Gives 3(17-2i/)-y = 2, 
Or 51— 6^--y=2, or 7^=51-3 = 49, 

Whence y=!=Y = 7^ a.hd a: = 17 — 23/=3. 

2. Given ( ^"^^"^i^ I to find the values of x 

and 7/. . 

From the first equation, j?=13— y; and this 
value being substituted for x^ in the second. 
Gives 13-y-3/=3, or2/^=13-3 = 10, 

Hencey = — = 5, and a? = l3— y = 8. 

3. Given / ^ %^ ' ; ^ * ^ | to find the values of 

X and y. 

Here the first analogy, turned into an equation. 

Gives hx^uy, ora?=y. 

And this value, substituted for x in the second. 

Gives (f->+y' = c,or^Vy*=c, 

Ther^efore a^y* 4- ^ V =^ *^^^ ^^ 3/^ ~ o»~l«' 
Hence y ^hV-^, and x = ay/-^. 

Rule hi. ^ 

Let the given equations be multiplied, or di- 
vided, by such numbers, or quantities, as will make 
the term that contains one of the unknown quan- 
tities the same in them both; then, by adding, or 
subtracting, the two equations thus obtained, as the 
case may require, there will arise a new equation. 
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with only one unknown quantity in it, which may 
be resolved as before (j^). 

Examples. 

1. Given I ^•^ + ^3^ = f^ ) to find the values of 

X and y. 

First, multiply the second equation by 3, and it 
will giv« 3a? 4- 6y = 42. 

Then, subtract the first equation from this, and 
it will give 6y — 5y = 42 — 40, or y = 2. 

Whence, also, a?=14 — 2y=14 — 4 = 10. 

2. Given < Q^Zs^^ifi f *^ ^^^ the values of 

X and y. . 

Multiply the first equation by 2, and the second 
by 5; then 10a?--6y=18, and 10j? + 25y = 80. 
* And if th^ former of these be subtracted fi'om the 

latter it will give 3ly = 62, ory=? — = 2. 

And, by the first equation, ^=;— y^= -=3. 



{p) The values of the unknown quantities in the two literal 
equations 

ax + 6^ = c, a'x + % « c*, 
may be readily founds in general, terms, by multiplying the first 
by a\ and the second by a, and then working according to the 
rule; tbp results, so determined^ being 

acf—ca^ cb'—bc' 

Which solution may be applied to any particular case of this 
kind; by substituting the numeral' values of a, b, a', b^, in the 
place of the letters, and observing, when either of them i« 
pegative, to cjiange the signs accordingly. 
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^^ ^^l^^EsA^IPLEs FOR Practice. 

1. Given 4a?+y = 34^ and 4y4-a?=l6, to find 
the values of a? andy. Ans. a? = 8, y = 2 

2. Given 2^ H*«3y 22^16, and 3x--2y= 11^ to find 
the values of a? and 3/. Ans. a? = 5, y = 2 

the values of or andy. . Ans* «x^=5> y=^3 

4. Given |-i- 7y = 99, and 1 + 7^=51, to find 
the values of x and y. Ans. x = 7^ y = .1 4 

37r ^ ftfld tha ^altres of ^ and y. 

An^. iJ*=S€i^ y=«4a 

tf. Given or 4-^==^, and x^—y^^A^ to thotd the 

values of x and^. Am. x^ -—-, y=s-^ 

7. Given ar + y - a :i 36-^y 1 hyhnd si^-^y'^^Cy 
to find the values of x and y. 

2 «&' "^ 2 a^ 

8. Given ax-\-hy — Cy and dx-^-ey^fy to find 
the values of a? and ^. 

Ans. a? = ~ — rj, v = -Tj: 

9. Givena?4-y = a5 and a?*+y=5^ to find the 
values of a? and v» Ansv x= J" . V = -;; — 

lO* Given a?^ 4- ^y = a? ancty® + a?y=«*ft, to find the 

values of x and y. Ans. -r = - j v='-==i 

v^a + i Via ^ I 
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€fthe remkithn of simple equatvam, contctimMg 
three unknoum quantities. 

When there are three unknown quantities^ and 
three independent simple equations containing 
them, they may be reduced to one, by the following 
method (5). 

Rule- 

Find the values of one of the unknown quan- 
tities, in each of the three given equations, as if 
all the rest were known ; then put the first of these 
values equal 'to the second, end either the first or 
second equal to the third, and there will arise two 
new equations with only two unknown quantitte^S 
in them, the vdues of which may be found as in 
the former cs^se; end thence the value of the 
third. 

Or, multiply each of the three equations by such 
numbers as will make one of their terms the same 
in them all; then, having subtracted any two of 

ig) The necessity for observing that the given equations, in 
this ^nd other similar ca%s> are so proposed as to be iiidependept 
of each other, will be obvious from the following example : 

where, if H were reqwred to determine the vahaes of x, y, and z, 
it will be founds by eliminating x from each of them, and then, 
equating the two results, that 

5y — 32 « — 3, and 5y — 32 = — 3 ; 
which equations^ being identical, or both the sam^, furnish no 
determinate answer. And, in effect, if the three equations be 
properly examined, it will be found, that the third is merely the 
dtflRerence of thefirst and second, and consequently involves no 
condition but what is contained in the other two. 
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these resulting equations from the third, or added 
them together, as the case may require, there 
will remain only two equations, which may be 
resolved by the former rules. 

And in nearly the same way may any number 
of unknown quantities be exterminated; but, in 
cases of this kind, there are frequently shorter and 
more commodious methods of operation, which can 
only be learnt from practice (r). 

Examples. 

1. Given < x-h2y + 3^ = 62 >tofinda:,y,and«. 

From the first equa., a? = 29 -^ 7 — ^^ 
From the second, a? = 62 — 2y--3«,' 

2 1 

And from tlie third, j? = 20 — ^ — -«, 
Whence 29— y — « = 62 — 2y — 3«, 
And 29-3/-s = 20-.-y--«. 



(r) The values of the unknown quantities in the three literal 
equations 

ax + by + cz=^ d; a'x + &'y + c's = df; a*'x + h^y + c"s = rf"; 
may be exhibited, in general terms, like those before mentioned, 
as follows: 

_ d}y&' -> ddh" + cd'h" - hd!c" + he'd" - ch *d'' 
ab'c" - a&b" + ca'b"-h(fc" + h<fa"-^cb'af' 
__ ad'c" - a&d" + ca'd" - da'd* ^ dc'a " - cd'a" 
^ ^ a6'c"- ac'b^' + ca'b^ -r ba'c" + h<fa" - c6'a" 
_ ah'd" - ad'b" + rfq^^^^ - ba'd" ^ bd'a" -' db' a'* 
" abfc" - ac'^" + co'A" - ^a'c" + hda" - c6'a" 
Which formulae, by substitution, may be employed for the. 
resolution of any numeral case of this kind« as in the instance of 
two equations before given. 
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Also^ from the first of these^ y = 33 -* 2Zf 

3 

2' 



And from the second, ^ = 2/^^^, 



3 
Therefore 33 — 2« = 27 — q^9 or iS = 1 2, 



!2 

Whence, also, y = 33 — 22^ = 9, 
And a: = 29— y — x = 8. 
r2j? + 43/-3z = 22'^ 

2. Given < 4a: — 2y + 52=18 >to find j:,y, and «. 

t6x + 7y-.2 =63j 
Here, mnltiplying the first equation by 6, the 
second by 3, and the third by 2, we shall have 
12a: + 243^-18%=132, 
12a;— 6y+15is = 54, 
12x+14y— 2«=126. 
And, subtracting the second of these equations 
successively from the first and third, there will arise 
30y-33;s = 78, 
2qy- 17^ = 72. 
Or, by dividing the first of these two equations 
by 3, and then multiplying the result by 2, 
20y — 22^ = 52, 
201/ -17^ = 72* 
Whence, by subtracting the former of these 
from the latter, bz = 20, or « = 4. 
And, consequently, by substitution, 
y — 7 a^d j? = 3. 

3. Given a? + y + sj = 53, a? + 2y + 3«= 105, and 
jr 4- 3i/ + 4.Z = 134, to find the values of j?, y, and z. 

Ans. a; = 24, 3/ = 6, and 2; = 23 

4. Given a: 4:2^ + 3^ = 32, -a?-f ^y + ^«= 15, and 

jx -h r?/ + g 2 = 1 2, to find the values of a?, y, and «. 

Ans. a:=12, 2/ = 20, ;s = 30 
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5. Givea 7«+*y + **'»=79* tBo^ 4- 7^4-8^=122, 
and ^ + 4y + 5:^ = 66, to fi»d tie value* of j?, y, and 5f. 

Ans. 07 = 4, y==9, « = 3 

6. ^hren tr+3f«^a,j? + ««= J, and y -*-«=:€, to find 
the values of x, y, 4Uid ^. 

MISCELLANEOUS etUESTIGNS, PRODUCINa 
{$IMPL^ EaUATlONS. 

The usual method of resolving algebraical ques- 
tions, is first to denote the quantities that ar-e to be 
found by «, y, or some other letter of the alpha- 
bet; then,, having properly examined the state of 
the question, perform ^vith these letters, and the 
known quantities, by means of the common signs, 
the same operations and reascmings, that it would 
be necessary to make if the quantities were known, 
and it was required to verily them, and the con- 
clusion will give the result sought. 

Or, it is sometimes best to denote only one of 
the unknown quantities by i: or y, and then to de- 
termine the expression for the other from the na- 
ture of the question; after which the same method 
of reasoning may be followed, as above. And, in 
some cases, the substituting an unknown letter for 
the sum, or difference, &c. of quantities, instead 
of the quantities themselves, will facilitate the so- 
lution. 

1. What number is that whose - part exceeds its 

2 part by l6? 

Let X = the number required. 
Then its - part will be -x, and its - part jO?, 
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And thereJFore -x — 7a? == 1 6, by the Question, 

3 ' • 
That is x — ^TXr=^^48, or 4^ — 3x=192^ 

Hence ^=192^ the number reqmred, 

2. It is required to find two numbers such, that 
their sum shall be 40, and their difference 16. 

'Let a?S^enote tlie least of the two numbers re- 
quired, " ' , 

Then will x + l6== to the greater tiumber> 
And 0? + a? + 1 6 == 40, b jr the question, 

Tha:t is 2a? = 40 — 1 6^ or :c = — = 1 2 = least nuni;, 

And a? + 16= 1 2 -f 16 as 28 = the greater number 
required. 

3. Divide lOOO/. between a, B, arid c, so that 
A shalKhave 72L more than b^ and c lOO/. more 
than A* 

Let x= b's share of the given sum. 
Then will a? + 75^= a*s share. 
And J7 + 172 = c*s «hare. 

: Henc^ their sum is ^ + x+72 + a?4-i7^^ 
Or 3^ + 244 = 1000, by the question. 
That is 3x = 1000 - 244 = 756, 

Or J? =—=252/.= b's share, - 

Hence a? + 72 =324/.= a's share, ; ; 

And i? + 172 = 424/. = c's share* 

■ ill.' I h 

Sum of all =1000/* theiproofk 

4. It is required to divide lOOO/. between two 
persons, so that their ishares of it shall, be in the 
proportion of 7 td 9. * ^^ 

Let 0?= the fiyst p^rsonU share, ; 

Then will 1000 — a: = second person's sb^re^ r 
1 
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Ando? : JQOOr-dP :: 7 : ^V by this ^H^jti^i 
Thati8 9x=l"ooo-xx7 = 70QO-7ar, 

Or9a? + 7jc=7000, orx=— g- = 437/. 10*.^ first 
sharp, and lOOQ -^= IQOp - 437^ 10*^ =? 5^24 10*. 
ss second sh.ar«. 

$. The paving of a square court wJitk3tQP<% at 
2s. a yard, will cost as much as the enclosing it 
with paUisad^s, at 5^. a yard; requir^ the P|de of 
the square? 

Let ar= length of thejside of the square sought, 
Then 4x= numher of yards of enclosure. 
Awl (T^TB ftumbw of yanl^ of pawnamt. 
Hence 4ar x 5 = 20x=s price of enclosing, 
Aad jf X 2^ 2^^ price af paving, 
Th«mfoce flj?^=? soar, by the questi^i^ 
Or 2x » 20, and 0?= 10, ihe length of the side le- 
quired. 

6. Out of a ca^k of wipe« which had leaked 
away - part, 21 gallons were afterwards drawn, and 

the cask being then gua^ed^ appeared to be half 
fall; how much did it hold? 

Let x^ the number of gallons the cask is sup- 
posed to have held, ^ 

Then it would have leaked away -x gallons. 

Whence there had been taken out of it, 

altogether, 21+^^ gallons, 

And thwefore 21 + «^=o^> by the question. 

That is 63+a?=-a?, or 126^24r'^3^, 
Consequently 3a?— 24? »1 26, or x««126, the 
number i^galfens; required* 
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7, What fvacl}dR ik thAt, to tlve nmneral^i^ of 
whidb if 1 be added^ its value will be -, but if 1 b« 

4idded to the denomioMot^ ka ndinb will be -• 

Let the fraction be Tepreseiited by -, 

Then -i-s*-, and — t=^ij by ^c question. 

Hence 3x^3 =y, and 4j;3=y + I, or x^^-^, 

Thewfoie 3(^) + 3=By,ar3y^3-Ma-4y, 

rp. ^ . , - J 5r+ 1 15+ 1 Id ^ 

Tbat IS ysl5, and jf«^2L_aB~.^r=-j.=4. 

Whence the fraction required is — • 

8. A market woman bought in a certain number 
of eggs at 2 a penny, and as many others at 3 a pen- 
ny, and having sold them out again, altogether, at 
Aie rate ef 5 for 3i^., found she had lost 4£f.; how 
many eggs had she? 

tjsi a?s the unmber of eggs of each sort. 

Then will -xsz the price of the fir^t sort. 

And ^x^ the price o£ the second sort, 

ButS I a :: 2x (the whole number of eggs) : -jy 

Whence *--= the price of both sorts, when mixed 
together, at the rate of 6 for 2d:, 

1 1 AiT 

Aud consequently ^ + rir — -r- n 4, by the qtBestion, 

That iff 15x-M0a?-24a?=il2CI, or a?=5l20, tibe 
iromber of eggs of each sort required. 

0. If A ^an perform a piece o( vhbtkin 19 4ay8> 

12 
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ind B in 13 ; in what time will tkey finish it^ if tifey 
are both set 'about it together? 

Let the time sought be denoted by x, 

Then — = the part done by a in one day. 

And jT^ the part done by b in one day, 

Conseq'' ^ + ^ === 1 (the whole work) by the quest". 
That is 13a:+10j? = 130, or 23x=130, 
Whence ^^-^=^^^ days, the time required. 
10. If one agent a, alone, dan produce an e&ct 
e, in the time a^ and another agent b, alone, in the 
time b; in what time will both of them together 
produce the same effect? 

Let the time sought be denoted by x, 

Then a t e : : x : — = part of the effect pro- 
duced by A, ^ 

And h I e :: X : y= part of the feffect pro-; 
duced by b, 

Hence — + ^ == c (the whole effect) by the quest., 

Or - + T =^ 1 ty dividing by e. 
Therefore x + -7-*= flf, or hx^- ax =^ ah , 
Consequently a? = — t= time required. ^ 

. 11. How much rye at 4^. Qd. a bushel, must be 
mixed with 50 bushels of wheat, at 6s. a bnsliel, 
so thyat the mixture may be worth 5^. a bushel? 

^t x=e the number of bushels recpiired, 
, '^hen Qx is the price of the r^e in sixpenceS| 
And 6oo the price of the wheat in ditto,* 
Also 60 + a?x IQ^the price of the. mixtujo^^in ditto, 
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Hence 9ir-|-6oo= 600+ loir, by the question; 

Or^ by transposition, lOx — 9a?=r6oo — 500, i 

Conseq'^ a?= 100 the nnmbei* of bashels required. 

12. A labourer engaged to serve for 40 days^ oA 

condition that for every day he worked he should 

receive 20d.y but for every day he was absent he 

'should forfeit 8d. : now, at the end of the time, he 

had to receive l/. 11*. 8rf,; how many days then 

did he work, and how many was he icile ? 

Let the number of days that he worked be de* 
noted hf X, 

Then will 40 - a? be the number of days he was idle. 
Also 20a? the sum earned, and 40 — a; x 8, . 

Or 320 - 8x the sum forfeited. 

Hence 20x- (320 ~8x) = 380(i?.(=l/. II*. 8rf.), 

by the question. 

That is 200? - 320 + 8a? = 380, 

Or 28x = 380 + 320 = 700, 

700 ' 

Consequently a? = — - = 25, the number of day* he 

worked, and 40— x= 40 — 25 = 15, the number of 
days he was idle. 



Questions for Practice. 

1. It is required to divide a line, of 15 inches in 
leiigth, into two such parts^ that one may be - of 

the other. Ans, 8> and 6f 

2. My purse and money together are worth 12^. 
and 8rf.', and the money is worth 7 times as much 
as the purse, how much is there in it? 

An9. lU^ id^ 
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til mtpj^ ismjJOtmtB* 

3. A shtpherdy b^tig asked hyw mamy tbwp he 
had in fai^ floek^ said^ if I bid aa many more, half 
ag many many and 7 sltet^ and a hatf^ I skoald 
have ju£t &(X>; bow many had he^ An^^; 1 97 

4. A post is - in tlie mad^ - in the water, and 

10 feet above the wateir; what is its whole length^ 

Ans* 24 &et 

5. After paying' awa^ j and i of my nl!o{i€y^ I 

had 66 guineas left; what then had I at first? 

V* Ans. 12(>guinea3i 

6. It IS required to divide 300/. between a, b^ 
and c, so that A'"inay have twice as much as b, and 
c as much as a and b together. 

An«. A loa/., B sol., c 150/. 

7- A person, at the time he was married, was 

3 times as old as his wife; but after they had lived 

together 15 years, he was only twice as old; what 

'wef^ tlieir ages^ on tlkeir wedding day } 

An». Bride's age 15^ bridegroom's 4& 

8. What munber is that from which, if. 5^ bQ 
subtracted, two thirds of the remainder will be 
40. Ans. 65 

9. At a eertaiti eleetian, H9C persons voted, 
and the successful candidate had a majority of 120; 
how many voted for each? 

Ans. 7^ f^ <^^9 1^ S99 for ths <rthar 
li>« A*s age is double of b's, and b's h tnple of 
C>5 ai»d the su«a.of aU their age$ i& 140;^ wbak is 
iSjn^ age of each? 

An&. A'sf 84|r 9^a 42, and c'a 14 
11. A person has 6 sons, each of whom is 4 
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j«iti» oMdr duui hk Adxt yoxH^Nrbvckther^ itnd the 
^ckst is fbree timet ft» old as the jomng/^^t-, what 
are the ages of each? 

Am. 10, I4y l», 5^»^ 2&, aiid SO 

12>.'<Two |)ersonB^ a and lA, lay out equal sum^ 

of money in trade; a gains 126/. and b loses SjL^ 

attd. A*s money is now double of b's; what (fid each 

layout?. Ans. dOO/. 

13. A person bought a chaise, horse, and harness 
for 6qL; the horse came to twice the price of the 
harness, and the. chaise to twice the price of the 
liorse and harness; what did he give for each? 

Ans. 13/. 6s. Sd. for the horse, 61. I3s. Ad. for 
the harness, and Aot. for the chaise. 

14. A person was desirous of giving 3d. a piece 
to some beggars, but found he had not money 
enough in his pocket by 8rf., he therefore gave them 

.each 3^., and had then 3d. remaining; required the 
number of beggars? Ans, 11 

15. A servant agreed td live with his master for 
8/. a year, and a Kvery, but was turned away at the 
end of seven months, and received only 2/. 13^. 4d^ 
and his livery; what was its value? Ans. 4l. \6s. 

iff. A person left b6ol. between his son and 
daughter, in such a manner, that for every half- 
crown tjie soft should have, the daughter was to 
hate a .shitting; what were their respective shares? 
; Ans. Son 400/., daughter 160/. 

1 7< TT^ere is a certain number, consisting of two 
j^acesL of figure^^ which is equal to four times the 
sum .<^^its digits ;^ i}>Dd if 18 be adde4 to it the 
digits will .l)e inverted j whatsis, the number? 

.^•. . ' An^ 34 
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18. A person being asked' how many hioi'ses hd 
kepf, said, for want of room in my stable^ I am» 
obliged to put 8 of them out to hire;; but I am now 
b^ldiilg a new one twice as large as the former, 
wihicli, when finished, will enable me toaccbmmo- 
dtte 8 horses more than I now have; how many 
did he keep? Ans. ^ 

19. Two persons, a and b, have both the same 

income; a saves -t of bis yearly, but B, by spending 

bol. per annum more than a, at the end of four 

years, finds himself lOOL in debt; what was th^ir 

income? Ans. 125/. 

t 

20. When a company at a tavern came to pay 

their reckoning,. they found, that if there had been 
3 more, they would have had a shilling a piece'lm 
to pay, and if there had been two less^^ they 'would 
have had a shilling a piece riiore to pay; required 
the number of persons, and the quota of eafch ? . 

Ans. 12 perrons, quota of eaJ6h 5s. 

21. What number is tha1:,-%hich being severally 
added to 36* and 52, will .ifrsBc^ ihe fonner 3um to 
the latter as 3 is to 4? Ans. 12 

2.2. There are two pipe9, one of which will fill 

a cistern in the time a, and the other in the time 

:h; now, if they are both set open .together, in what 

time will they fill it? Ans. -^ time 

23. A person at a tavern borrowed as much 
money as he had about him, and out of tiie 
whole spent 1^.; he then went to a second tavern," 
where he also borrowed as much as he had. ndw 
about him, land put* of the whole spent li^\ ^sfed* 
-going on, in this manrffif^ to ailfcird and fo^th 
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tavern^ he- found, after speriding his shillkig at the 
latter^ that he had nothing left; how much moiiey 
had he at first? 

Ans. II41IL 
24. It is required to divide the number 75 intt^ 
two such parts, that three times the greater ma^ 
exceed seven times the less by 15. 

Ans. 64 and 21 
24. In a mixture of wine and cider, § of thewhole 

plus 25 gallons was wine, and - part minus 5 

gaHbns was cider;; how many gallons were there 
of etch? Ans. 85 of wine and 35 of cider 

26. A billof 120/. was paid in guineas and moi- 
4mtB, add the number of pieces of both sorts that 
were xiked were just 100; how many were there of 
each^ reckoning the moidore at 2fs.} Ans. 50 

27. Two travellers set out at the same time from 
London -and York^ whpse distance is ipjnmiles; 
one of them goes 14 miles a day, and the othe)a6; 
in what time will tli«f meet ? 

Ans. 6 days 13^ he 

28. There is a fish whose tail weighs B'^-l 
head weighs as much as his tail and half his mdy, 
and his body weighs as much as his head and his 
|:ail; what is the whole weight of the fish? 

Ans. 72/i. 

fig. It is required to divide 10 into three such 
|>arts, that, if the first be multiplied by 2, the 
second by 3, and the third by 4, the three products 
Mhfik he all equal. Ans# 4-^, S^V? and 2^ 

90« It. is required to 4wide the nlmiber 36 into 
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three strch parts, that ^ the first, - <rf' the Mtdnd, 

and ^ of the third may be all equal to each other* 
\ Ans. The parts are 8, 12, and l6 

^ 31. A person has two horses, and a saddle, 
which, of itself, is worth 50/*j now, if the saddle 
be put on the back of the first horse, if will m^Js:e 
his value double that of the second, and if it be put 
on the back of the second, it will make his value 
triple that of the first: what is the value of* each 
horse ? Ans. One 30L and the odier 46t 

32. If A gives B 5^. of hi^^mMiey, <3mlt'Uire 
twice as much a^ th^ other had left; and if i^ girei 
A &^. of his znoney, x will have three times As ittuch 

^ tt the other hits left) how much bad each? , ^>k^ 

Ah^ A I3s. atiBdl B 11«. 

33. What two firbmWi^ tre thoeie whose dif^ 
ferei^ee, «u«i^ aadprod^iict^ar^ t<>eaehot^fitaS(the 
wiUbberi $, 3/ f|i>d 5 reqiCctiv^);? . ^,/ 

Ans. laand 3 

34. A person in play IdM'^f ol his monciy^ and 

then won bact 3*., after which he lost - of what 

he now had, and then won back 2s. i lastly he lost 

y df what be thou heai^ aad, afUr tU» Ibifiid be 

had but I2s. remairrrng^j tvhat had he at first? 

Ans. 20^?. 

35. A hare is 5b leaps before «i greyhoundy And 
takes 4 leaps to the greyhound's 3, b»t 2^ of th| 
greyhound's kaps are as rmieh asf thr«e> ^ th^ 
hare's; how many leaps must the gr^hoiaiAHikA 
to catch the bare? ««^ .' An&.»0OO 
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SS. Itknqoirtd todmde tkb nttmber $0 i^to 
fimr sndi ywtts, thtt if the first pait be ioeiea^ 
by ^5 tlie second dimimshed bjr 3^ the third mtil^ 
H^ed by 2, and the foartb divide by fi, tk« Mm, 
dilference, product, and qootietit t\i$XL be all eqttal ? 
Am. Hie parts are 18^ 22, 10, and 40 

37. A man and his wife nsnally drank ont a cask 
of beer in 12 days, but when the man was from 
home it lasted the woman 30 days ; how many days 
itiidd the m«a alone be in drinking it? 

Ans. 20 days 

38« A gien^ral, ran^ng his army in square battle^ 
finds he has 284 men to spare> Imt increasing the 
side by otte matt, he wants 25 to fill op the sqatre; 
favw inany severs had he? Ans« 24000 

39. If A and B together can perform a piece of 
woik in 8 days^ a and c together in 9 days, and b 
and c in 10 days; how many days will it take eacb 
person to perform the same werk alone? 

Ans. A 14^ days, b 174t> and c 23-A^ 

40. A cornier sets ont from a certain place, and 
travels at die rate of m miles in n hoars ; and 
m boors after^ another seta ont firom the sameplace^ 
and travels after hka at the rate of r miles in ^ hoars 9 
wbeaawill the Seeond overtake the first? 

Ans. First travels honrs, second -^ — ^hottn? 

41. Given the rates a and b of two ingredients, 
and the rate c of the compound m; to find what 
portions x and y of each of them must be taken to 
compose the mixtue. 
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48.* Suppose thirt: IQtts. of gokl w^gh ISflb. in 
water, mid I0ibs4 of silver Qlbs in water; and that a 
mass of gold and silver of lOGlbs. weighs 99/6$. in 
water; it is required to find the quantity of gold and 
silver contained in the mass? 

Ans. 7^^^^* of gold, and.SOlbs. of ^ver 



QUADRATIC EQUATIONS. 

(p) A auAPRATic EQUATION, as hefore observe4^ 
is that in which the unknown quantity is of t^ 
dimensions, or that rises to the second power; and 
18 either simple or compound. 
; A simple quadratic equation, is that which con* 
wtains only the square, or second power, of the un- 
known quantity^ as ax^=b, or 0?*=-; in which 

case ar is ^V-. 

a 

A compound quadratic equation, is that which 
contains both the first and second power of the un- 
known quantity; as oo?® + ia? = e, or ^* + -a? =-. 

In which case, it is to be observed, that every 
equation of this kind, having any real positive root, 
will fall under one or other of the three following 
forms: 

1. x^ + cujo^h ... where i?=5= --1 + ^(^4- ji)^ 

2. x^-^ax^h . . . where4i?= +^ + ^/(^-f 5). 

3. 0?*— cx=-i . . . wherea:= -f |±a/(j — i). 

' Or, If the second and Ittt terms be taken either 
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positively or n^atively, ais they itiay ha}]^esi'to«bey 
iiie general equation t j : > i. ^ : ' ,r 

whiicti comprebencls all the thsels cases above miMi^t 
tioned, may be resolved by meams of the folloiting! 
rulo; , ; 

' RuiLe. "' V ■ 

Transpose all the terms that involve the .unknown 
quantity to one side of the equation, and the known 
terms to the other ; observing to arrange them so, 
that the term which contains the square'^of the^un- 
known quantity may be positive, and stand first 
in the equation. ' 

Then, if this square has any coelffcient prefixed 
%Q it, let all the rest of the terms be divided by it, . 
and the equation will be brought to one of the ^boye 
forms. 

In which state of it, the value of the unknown 
quantity x, may be readily found; being always 
equal to half the coefficient, or multiplier of x, in* 
the second term . of the equation, taken with a 
contrary sign, together with plus or minus the 
square root of the square of this number, and the 
known quantity that forms the absolute, or thfrd 
term, of the equation (^). 

Tiiiii II ■ . . • J ■ - ^ — ■ .... •» 

{s) This rule, which is more commodious in its practical appli^* 
cation^ than that usually given, b founded upon the same prin- 
ciple; being derived from the well knovi^n property, that in any 
t|uadratic x^ ± ^ »« ±b, if the square of half the coetiicient (a) of 
the second term of the equation he added to each of its sides, fp af 
ia render it of the form ■' • 

that side wbich Gonl^toa the unkijown qqaniity. will theni-bea^ 



Digitized by VjOOQIC 



N^teu AU equations^ which hare tfai^ iodex of the 
unknown quantity, in one of thotir terms, Jmt doablo 
that of the other, arc ^olvcd like quadratics, by 
first finding the raiiie of its 8<piare root accc^£fig 
tp the method ased in the abofs rale, and then 
taking such a root, or power of the result, as id 
denoted by the reduced index of the unknown 
quantity. 

Thus, if there be taken any general equation of 
this kind, as 

we shall have, by taking the square root of x^, ob- 
serving the latter part of the rule. 

And if the equation, which is to be resolved, be of 
l3ie form 

we shall necessarily have, according to the same 
principle. 

Examples, 
1, Given a?* + 4r5=140, to find the value of a:. 



complete square; and^ coosequently, by extracting Ua rootSrW* 
fhall have 



wbich 19 the same a» the rule. 

It may here, %\90, be observed, that the ambtguens sign * » 
wbich (ieaotes both + and --« is prefixed to the radical part of 
the value of x in every expression of this kind > because thiE 
square root of any positive (|uantity« as c% is either + a or -a; 
for (•f0)x(f.a}, or {-•«)?«{--«) we eiich^Vtfi*: haft tba 
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Here xV+4^=l40> by Ae questioiv 
Whence a?« — 2 i V4^140^ by die nile. 
Or; which is the damethim^'/^'=F - 2 ± v^I44, 
TherdQr»i?=-3-H3^iO,ar -a- 1^=5-14, 
Where pne af the valws of a?, is positive and the 
other neg«ittT^ 

2. Givf»;^*'^|9Ur + 90rv=3j tofindthevalneofar. 
Here «' i- 15^ == 3 — 30 = — 27^ by transposition. 

Whence a:=6±A/36-27, by the rule. 
Or, which is the same thing, x^6±V99 
Thwefdre x=»:6 + 3 = 9, or =6^3=33, 
W^^rfi it apf eaips thftt ;r has two positive values. 

3. Given 2jr* 4- Sx — 20 = 70, to find the valne of x. 
Here 2 a:^ + ft* *= 7^ + IK) » 90, by tranepositioni 

And x' + 4x5=45, by dividing by 2, 
Whence a?= — 2±>/4 + 45, by the mle. 
Or, which is the same things x^ ^Q± ^^49> 
Thtrrfor^ -3 + 75=5, or ^ ^2^7^ -9, 
One of the values of x being positive and the 
other negative. 

4. Given 3^* — 3x + 6 = 54^, to find the value of x. 

Here 3j^ — 3j:=s5:J-— 6= —-5 by transposition, 

■ —II . IIW ^iiWP " i w ^ m . ! n il.. ■« ■ -. . ■ ^. ■ I.I. i / iii, 

sqatr^ toot of a oegative quantity, as -r a\ is imaginary, or un* 
assigtM^ble, theiPQ being no quantity, eitber positive or negative, 
that, when muUipU^d by itself, will give a negative product. 

To this vre atao may further add, that from tbeconitant occur- 
rence of the doubly sign before the radical part of the above ex- ^ 
pression, it necessarily follows, that every quadratic equation 
must have \mo roots 3 which are either both real, er 000 p«al and 
the other im^ginary^ according (o the nature of the qiiestion. 
See the corresponding article (p) Vol. 11. 
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us QK7A01UTfiC: EdUAXIOKS^ 

And x^—x^ — - by dividing by 3, 
Whence x^'^±'^(jj^--^9 ty the nje,^ , . . 

2 1 1*1 

Or, by subtracting - from -, a? = - + V— ^ • ' 

Therefore x=:l4-i=f, or =—^=5, 
In which case x has two positive vahies: ^ 

5. Given -:if — -j?-i- 2(^^=42^, to fiiad the value 

^ ^ ^ - ; . 

of a?. , . . , 

Here -^^ — ^« = 424^ - 204-^ 22^ by transposition. 

And a:'— -x= 444^, by dividing by 5, drmnlt. by 2, 

Whence we have •» == « ± v'Q + 444-), by the rule, 

1 1 400 

Or, by adding - and 44^. together, j?=-± 'v^-j-^ 

Therefore a?= j -f 6f = 7,. or = -- 6|^=s - 64, 

Where one value of x is positive, and the 5ther. 
negative. 

6. Given oa:^ + ix = c, to find the value of x. ' 

he..' 
Here a?* + -a:=- by dividing each side by a. 

Whence, by the rule, a: = - — ± V{— + ^), 

Or, multip* c sind a by Aa^ x= ~— ± / t/ > 



Therefore j?=s — — ±7r-^** + 4ac. 

7, Given oa?' — 6dP + c = rf, to find the value of x. 
Here a«*— ia?=d— c, by transposition, 

And X* — ^x=-^, by dividing by a. 
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•OADftATic xisn;ATio«& 139 

Whenbe *=^4: ^(^- -F^) by Ae rale. 

Or, multf rf - € & « by 4a, a?'=^ -^ ± — v'4a(rf^ c) + i • 

8. Given j?* + ox* = 6, t(^ find the value of x. 
Here ** + «.r*=i, by the question, 

Otx'= -|±^/(^ + J)= -|±i^/(a'+4i),bythe^lle, 
Whence 4?= ±^^(-|±iv4*4-a')by extr^ of roots. 
9* Given ^j^--x'= __, to find the value of x. 

Here o"^^— t^^ ~ ""55? "^y *^® question. 
And ^^ — 2*^ = - Tgj by multiplying by 2, 

Whence ^=i±^(^-^) = i> by the rule, 

** 121 

' And consequently j? = 4^j = V- = -V2% 

10. .Given 2x^ + 3x^=:2, to find the valtte of x. 

Here 2a? ^ 4- 3x"^ = 2, by the question, 

3 3-1. 
And x^ + 5^^ = 1, by dividing by 2, 

Whence x-^= -|± V(^ + l)= -^±^=i or -2, 

Therefore x = (i)' = ^, or ( - 2)' = - 8. 

1 1- Given X* - 1 2^* + 44x* - 48x = 9009(a), to find, 
the value of x. 

This equation may be expressed as follows, 
(x^ - 6x) V 8(x^6x) f= a. 
Whence x*-6x= -4±v'l6 + a,by the com, rule, 
And^bya second operation^= 3 ± V{9 *- 4 ± Vl 6 -t- a) 

K 
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13D MKiossLxnt nmsjsiwm. 

Therefove^ b^ reBtork^the valae of a, we have 

a? = 3±V5±V9025, 
Or, by extraction of roota, x=5lS, Ae Am. 

£xAhlFL£S FOR PltACTICE(/). 

1. Given a?*- 8i:+ 10= 19, to find tbevalne ofx. 

Am. ««9 

2. Given j?* — a? — 40 = 1 JO, to find the value ofx. 

Ans. x»sl5 

3. Given Sx* + 2x — 9 = 76, to find the value ofx. 

Ans. x=S 

4. Giyea ^--\w^7^^S,to find the value of x. 

Ans. x=sl4- 

5. Given ^x— -\/x=22^, to find the valne ofx. 

Ans. x=49 

6. Given x + V5x + lO =5, to find the vabe ofx. 

Ans. x=3 



7. Given VIO + x — VlO + x= 2> to find tlie valne 
ofx. . Afis. x=6 

8. Given 2x* — x* + 96 = 99, to find the valne ofx. 

Ans. x=-V6 

9. Given x^ H- 20x' — 10 = 59, to find the yalneofx. 

Ans. x=v^3 



{i) The unknown quantity in these ^exaaaples, as well as in 
those given aboye^ has ahrays two values^ as appears from the 
xule^ l>utthe negatite roots, beingjn general^ bat seldom used in 
0!ittkiil qiiestiotts of ^bb kind, are here suppressed. 
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10. Giveit3a^-*2af+3=sll,tofindthevalneofj?. 

Ans. x=V3 

11. Given -J?V3T2?==- + -x*,to find thevalueofx. 

•I jS 3 

Ans. x=-a/— 3+3V2 

1 2. Given xV(j- — jr) = -4--, to find the value of X; 

Ans. jp=(l+iv^2)^ 

13. Given -VI — x' = x*3 to find the value of or. 

Ans. a;=(i^5-i)^ 

14. Given a?\/(^-l)=!Vi?* — 6% to find the valucJ 
oix. Ans. x=^ + -^8JVl? 

16. Given'/l-f»~»"-2(l+a?-a?')=i to find 
the value of x. Ans. x = - + ^33 

2 o 

16. Giv«av'(a?-.i)+V(l-j)«a?,tofindtheVaIiie 

of jr. Ans. x=^ + ^^/6 

17. Given **•— 2a^ + a^=5 6, to find the value of a?. 

Ans. x«V| + |V13 

aUESTIOKS PRODUCINO aUADRATIC EaUATIONS. 

The methods of expressing the conditions of 
questions of this kind^ and the consequent redac- 
tion of them^ till they are brought to a quadratic 
equation, involving only one unknown quantity 
anid' its square^ are the same as those already given 
fbr fiio^le e^iauations. 

1 . To find two numbers such that their difference 
shall be 9, and their product 24p. 

K2 
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Let a: equal the feast number^ 

Then will x -}- 8 ^^^the greater. 
And x{x+ 8) = a?' -f 8vr= 240, by the ques^tion, 

Whence a: = - 4 -f ^16 + 240 = - 4 + V256, by the 
rule, 
Therefore x = l6 — 4=^12, the less number, 
And 0? + 8 = 1 2 + 8 = 20, the greater. 

2. It is required to divide the number 6o into 
two such parts, -that their product may be .864. 

Let X = the greater part. 
Then will 6o— x — the le^s, 
And a?(6o — x) =»6oa? —x* = 864, by the question. 
Or 0?* — 60cr = — 864, by changing the signs. 

Whence a? = 30±v^900-864 = 30±v'36 = 30±6, 

by the rule. 

And consequently ^ = 30 + 6 = 36, or 30 — 6=24, 

the two parts. 

3. It is required to find two numbers such that 
their sum shall be 10(a), and the suto of their 
squares 58(6). 

Let 0?= the greater of the two numbers, 

Then will a — x^the less, 

Ando?* + (fl — xY = 2ix^ — 2ax ^a^^^b, by the question^ 

Or 201? - 200?= b — a% by transposition. 

And X* — ax«-Y-^ by division. 

Whence x = | ± ^/( J + -^) = ^ ± ^vHf^'^ by the 

rule. 
And if 10 be put for a, and 58 for J, we shall have 

a? = — -♦- ^Vl 1 6 ^ 1 00 = 7, the greater number. 



JO 1 



And 10-a?«-5.--vll6-i00'=:3^ the les^. 
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4. Having sold a piece of cloth for 24/., I 
gained as much per cent, as it cost me ; what then 
was the price of the cloth ? • 

Let ^= pounds the cloth cost. 

Then will 24 — jp = the whole gain, 

But 100 : J? : : X : 24 — J7, by the question, 

Or a?^ 100(24-^) = 2400- lOOx, 

That is, 0* + 100a?= 2400, 

Whence a: = - 60 + V2500 + 2400 = - 50 + 70 = 20, 

by the rule. 

And consequently 20/. = price of the cloth. 

5. A person bought a number of sheep for 80/., 
and if he had bought 4 more for the same money, 
he would have paid l/. less for each ; how many 
did he buy ? 

Let X represent the numbey of sheep, 

Then will — be the price cff each. 

And — 7= price of each, if x+ 4 cost 80/. 

But — = — - + 1, by the question. 

Or 80 = — 7 + x, by multiplication. 

And 80a: + 320 = SOr + a:* + 4x, by the same. 

Or, by leaving out 80x ion each side, «' + 40?= 320, 

Whence J?= -2 + V4 + 320** -2-M8,by the rule. 

And consequently a:= l6, the number of sheep. 

6. It is required to find two numbers, such that 
their sum, product, and difference of their squares, 
shall be all equal. 

Let j;==the greater number, and y= the less. 

Theu{j+^l5'_^,}bythequestiQn, 
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Hencel =— ^=a?— y, or j?=y + 1, by 3d equation^ 

Ajad (y 4- 1) +y=y(y + 1) by 1st equation^ 
Thatis, 2y+l==y*+y; ory*-"y=l, 

Wbence y a- + v^Qh- 0^2^2^^3 ^7 *« nile. 

Therefore y = ^ + -\/5 == 1 .6l 80&C, 

And a?r=y + 1 = J + Jv'S = 2.6l80&c. 

7 . It is required t o find four numbers in arithmeti- 
cal progression^ such that the pi'oduct of the two 
extremes shall be Ahy and the product qJT the 
xneaus 77- 

Letx^ least extreme, and y= common difference. 
Then x^x-^-y^x-v 2y, and x + 3y\ wiU he the fi>u^ 
numberisi^ 

Hencel i^^^^)'^^"^^'^"'^^ V"^ *^ 

And 2y'= 77 — 45 = 33, by subtraction^ 

32 

Or y*=— =l6bv division,andy='/l6s=4. 
Therefore a? + ^xy = J7* + 1 2a? — 45, by the 1 st eqnat*, 

And consequently J? = — 6 -»- a/36 4-45,==— 6 + 9 = 3, 

by the rule. 

Whence the numbers are 3, 7> 1 \^ and Id,, 

8. It is required to find three numbers in geometrir 
cal progression^ such that their ram shall be 14, 
^d the sum of their squares 84. 

Let ^, y, and % be the three aombera, 
Tlien XX =y*, by the nature of proportion, 

^""^ { ^^ + y'^'^«"iM }^y ^^'^ qnestion, 
|Ience x + ;? = 14 _y^ by the aecond equation^ 
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And a?* + fl««4-«*»196-28y+y% by fequarlng 

both sides^ 

Ora:* + 3* + 2y*=l96-38+y by putting 2y* for 

its equal fixz, 

That is 07* -f y* + «*= 1 96 — 28y by subtraction. 

Or t96-28y=84 by equaKty, 

Hence y = — ^^ — = 4, by transposition and div". 

Again x«=y^= 16, or x= — , by the 1st equation. 

And a? +y + 2 = — + 4 + 2 = 14, by the 2d equatioa, 

Or l6 + 4« + »*=:14x, or «*-10%= -16, 

Whence )2; = 5^±V^25-l6 = 5 ± 3 = 8,or3bytherale, 

Therefore the three numbers are 2, 4, and 8. 

9* It is required to find two numbers, such that 

their sum shall be 13(a), and the sum of their 

fourth pow^s 4721 (&}• 

I^et jrss the di&renee of the two iRunbers sought, « 
Then will ^a + ^x, or ^^ = the greater number. 

And 5«— 5"^> or ^^=stiie less. 

But - ^^ + - ^g = by by the question. 

Or (a + xY + (a — xY = 166, by mnhiplicatioo. 

Or 2a* + 1 2aV + 2x* = l64, by involution and add*. 

And X* + 6fl'x*s5 86 — a* by transpos" and division. 

Whence jj*= -.3a* + ^/9a^H-8j~fl^= -.3a* + 

V8(a* + i), by the rule. 



And 0? «=>/-- 3a* +2a/2(^*+T), by extracting the 

root. 

Where, by substituting 13 for a, and 4721 for 6, 

we shall have ;r = 3, 

Therefore Hi?=H=^8, the gjfc^^tei ttWftber,. 
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And —^ = — ==5, the Jess number, 

10. Given the sum of two numbers equal to s, and 
their product equal to jp, to find the sum of their 
squares, cubes, biquad rates, &c. 

Let X and y denote the two numbers. 
Then will x+y^s^ and a^y^'p, by the question. 

From the square of the first equation take twice 
the second, and w® shall have 

x^+y^^^s^ — 2py the sum of their squares. 
Multiply this by the 1st equation, and the product 
will be a?* + j?y' -h x*^y -f y = ^^ — 2/w. 

From vvl^ich subtract the product of the $r§t aixd 
second equations, and there will remaiu 

^ + y = ^ — 3^, the Sura of the cubes. • 
Multiply thi§ likewise by the 1st equation, and 
the product will be x^-^-xy^-bx^y+y^^s^ — Ss^p. 
J^rom which subtract the product of the second and 
third, and there will remain 
x^+y^^s^ — As^p -f 2jo*, the sum of the biquadrates. 
And, by proceeding to multiply the sum of the 
powers last found by the first equation, and sub- 
tracting from the result the product of the two next 
preceding equations, we shall obtain the sum of 
finy powers proposed : thus, 

^ + y * =. ^* - ^^P + 6^*, ' 

the sum of the fifth powers^ or, by expressing the. 
theoreni in general terms, 

^..^^ ..(>«-5)(m-^)(«.-7) ^,.y_ g^; 

Where it is evident that the series, or expression 
for the sum of the powers, will terminate when the 
least index of s becomes = 0. 
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/ 

Questions for Practice. 

1. It is required to divide the nnmber 40 into 
two such parts, that the sum of their squares shall 
be 818. Ans. 23 and 1/ 

2. To find a number, such, that if you subtract it 
from 10, and then nmltiply the remainder by the 
pumb^ itself, the product shall be 21. 

Ans. 7 or 3 

3. It is required to divide tb^ number 24 into 
two such parts, that their product may be equal to 
35 times their difference. Ans. 10 and 14 

4. It is required to divide a line, of 20 inches 
in length, into two such parts, that the rectangle of 
the whole and one of the parts shall be equal to 
the square of the other. Ans. 10\/5 — 10 

6. It is required to divide the number 6o into 
two such parts, that their product shall be to the 
sum of their squares in the ratio of 2 to 5. . 

Ans. 20 and 40 

6. It is required to divide 146 into two such 
parts, that the difference of their square roots may 
be 6. Ans. 25 and 121 

jr. What two numbers are those whose sum is 
20 and their product 36 ? Ans. 2 and 18 

8. The sum of two numbers is 14-, and the sum 
pf their reciprocals 3i ; required the numbers. 

Ans. 4- and -J- 

Qi Thfi difi^rence of two numbers is 15, and 
^alf their product is equal to the cube of the less 
number; reijuired the numbers. Ans. 3 and 18 

10* The difference of two numbers is 5, and the 
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difference of their cubes l685; required the num- 
bers. Ans. 8 and 13 

11. A persoa bought cloth for 33L 15^., which 
he sold again at ^ 8^* per piece, and gained by 
the bargain as . much as one piece cost him ; re^ 
quionedthe number of pieces. . Ans. 15 

12. What twp numbers are those, whose sum, 
multiplied by the greater, is equal to 77^ aftdt 
whose difierence, multiplied by the less, is equal 
to 12. Ansu 4 and 7 

13. A grazier bought as many ^heepas eosthim 
Sol^ and after reserving 1 & out of the number, sold 
the remainder for SAl^ and gained 2s. a head by 
tbeftt : how many sheep did he buy ? Ans. 7^ 

14. It is required to find two numbers, such 
that their product shall be equal ta the difference 
of their squares, sjxd the sun of their sqtiares equal to 
the difference of their cubes. Ans. ^VS and f (5 + ^^5) 

15. The difierence of two numbeis is S, and the 
dtfi^nce of their fourth powers is 14560; r6- 
qmired the Himibers. Ans. 3 and 11 

1 6. What ufcsmbeir is that, the quotient of which, 
when divided by the produti: of its two digits, 
shall be 2 ; * and if ^7 be added to it, the digits 
will be inverted? Ane. 3$ 
, 17- The sum of three numbers in harmonical 
propcHTtion i» 191> and the product of the first and 
thiird is. 405 a ; required the numbers. 

Ans* 72, 6a, and 56 

I a. A company at a tavern bad 9l. I5s. to pay 

for thek reckoning; but, befbre the biB was 

settled,, two of them went away; in cdiisequence 
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of whidi tliose who: rcttauied had lot. t. pieqe 
more to pay than, before : hoW: msmj wevf there i^ 
eompaAy? Ans. 7^ 

19. A pevyon ordeted;/^ 4#» to be distribated 
among some poor people; but^ before the money 
was diTided^ tbere eame iBr,Mtoezpectedly, two 
claimants molie^ by which meana th^ feimer re^ 
ceived a shilling a piece less than they would 
otherwise have dtiBe;: what W98 ihcir nmnber at 
first? Ans. 1 6 persons 

SO. The sum of fbnr numbers in arithmetical 
progression is 56, and the sum of their squares is 
864; what are the numbers? 

Ani. 8, 12, 16^ and 20 

21. It is required to 0nd four numbers in geo- 
metrical progression such, that their sum shall be 
15, and the sum of their squares 85. 

An$. 1, 2, 4, and 8 

S2. To find two numbers snch, that their product 
shall be 320, and thecdifiference of their cubes be 
to the cube of their difference in Ae ratio of 61 to 1 • 

Ans. 20 and 16 

23. The sum of two numbera is 1 1, and the sum 
of their fifth powers is 17831 ; required the num 
bers? Ans. 4 and f 

24. It is required to find fotir numbers in arith- 
metical progression such, that their common dif- 
ference shall be 4, and their continued product 
176985. Ans. 15, 19, 23, and 27 

25. Two detachments of foot being ordered to a 
station at the distance of 39 miles from their pre- 
sent quarters, begin their march at the same time ; 
but one party, by travelling ^ of a mile an hour 
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faster than the <rther^ arrive there an hour sooner; 
required their rates of marching? 

Ans. 34- and 3 miles per hour 

aS. It is required to find two numbers, such 

that the square of the first plus their product, 

shall be 140, and the square of the second miidis 

their product 78» Ans. 7 and 13 

Of the solution of quadratic equationSy by the tables 
of sines and tangents. 

When the numeral parts of a quadratic equation 
are either large numbers, or complicated fractions, 
its solution may be more readily obtained by means 
of one of the following trigonometrical formulae, 
than by the common method, which, in this case, 
is often very laborious. 

1. 31^ + ax^bf > . 

Put— VJ= tan.«, . ,, 

tan.^«. 



Then 



2. «* — OBT* 



cot. ^«. 



Put— v'iss tan.;t. 



Then 



"« 



Vbx cot. *«• 



3. a?* — 00?= — i. 
Put— Vfe= mi.Xy 



-n 



- r-Vbx tan.i«, ^ 
Thena?=^ \ '^ 
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In the last of which cases^ it is to be observed^ 
thatif— >•& be greater than the radius r, or 4b 

greater than a% the two roots^ or values of a?, will 

be impossible (u). ., . 

« 

Examples. 

l.Given x^-l-— j?=^2775j ^^ ^^^ the two roots of 
the equation. 

Here tan. «=-^'/7 



7 12710 

Log. 1695 . . . 3.2291697 
Log. 12716 . . 4.1043505 



2)1.1248192 



Half sum • . . 1. 5624096 
Log. 88 . . . 1.94448^7 

Colog. 7 . . . 9-1*49020 

Log. tan. z . . 10.6617943 

Or« = 77^42'32^and|« = 38'^ 51^6'^ whence 
Log. tan.^sj . . 9.9061 116 
Former^ sum - . I.5624096 
Log.i • . • Tb.OOOOOOO 

Log. a? • . . . 1.4685211 

Or a?=.2941176=^, the positive to&^ 



(u) When the absolute term b is small with respect to the<c«h 
eOiclent of x, the roots, or values of x> in the equation x*±ax • ±^, 
nmy also be determined by means of ths following iieries. , 
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Jttdi if eot ^r be taken^ isatead of taxis ^z, the 
<other value of or will be ftmad ^s —.4532085^ 

^ 1695 5 339 .. ^ _^ 

3. Given jr*+ 17384a? =123578, to find the two 
TootSj or values ofar. Ans. x=s< _ 5457 0053 

3. Given j:;^ — r;r7j:= ■ , to fi«d the two roots, 
or values of ^. An.. x={ +;J^J^ 

4. Giirea*«-15^=-^, to M the two 



roots, or values of jr. Ans. x= < 



532327 
305541 



OF CUBIC EQUATIONS 



(a) A cubic equation is th&t in which the un- 
known quantitT rises to three dimeasiond; and 
like quadratics, or those of the higher orders, is 
either simple or compound. 
. A simple cubic equation is of the form ax^^b, 

or jj^ = -, wbete tibe value of jp is = V- 

A compound <mbic equation is of the form ar* + 
ax=bj x^i^- Oi^.^h, or x^ '\' ax* 'hbx=c ; in each of 
which, the known quantities, a, J, c, may be either 
4- or — . . 

Or, the two latter of these equations may be re- 






*katttft the operation employed for sxtrahcting tihe iq«ire YckA of a 
^nntity, is iiwarlf at easy a« that «rf <diiaiaa, (ht» ixiethod> ui the 
present inslipice, posswan ii»a«hsMita(e ovar iliaiiaaeiMianiiaa. 
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dnoed to the same Ama as the firsts by taking 
inray Aeir second teems; whkh is doae as fol- 
lowrsz 

RiTLfi. 

Take some new unknown quantity^ and add it to 
a third partof the coefficient of the second term of 
the equation with its sign changed ; then if this 
sum^ or di&rence^ as it may hajppea to be^ be sub- 
stituted for the orJgifial unknown quantity and its 
powers^ ia the proposed equation^ there will arise 
an equation wanting its secoad tenn (^)« 

Note. The second term of any of the higher 
-ord^s of "cqualions may also be ei^rrainated in a 
similar manner, by substituting for the unkiMwm 
quantity the sum of some other unknown quantity, 
and the 4th, 5th, &c. part of the coefficient of its 
second term, with the sign changed, according as 
the equation is of the 4thj 5 th, &c. power. 

(x) If, instead of 4he regular reductibn of the equation 

ib another, vranting the second term, as pointed oat in the vAe, 
ihere be putyX«>^(jf— a), weshall have 

wbere^ since the value of y can be determined, by either of the 
formule hereafter given for this purpose, the value of x will also 
1>e known. 

And ifb^O, or the ortginal equation be of the form 

the reduced equation will be y — 3a*^ + 2a' + 27c « 0, or 

y-3o^= -2a'-2Tc, 
Mrher^ the YaltM of ju being fiiuad «s above, we ab^l iuw 
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Examples. 

1. It is required to exterminate the second term 
of the equation a? + 3ax* = h, or c;? + 3aj?* — 4 =0, 

Here a?=:;s— — =z — «, 
Then< 3ar'= +3a;s*-6a*;8 + 3a* 

Whence z^ - 3fl'« + Sfi* — ft = 0, 
Or »' — 3a*jK = i — 2a% 
an e,quation in which the second power {z^)^^ of 
the unknown quantity, is wanting. 

2. Let the equation o^— 12i?* + 3a:= —16, be 
transformed into another, that shall want the se^ 

cond term. 

Here x=^z + 4, 
r {z + 4y = z' + l2z^ + 48z + 64 
Then< -12(;s + 4)*= -12z^-^q6z-192 
I +3(;2 + 4) = +3z +12 

Hence js'-45;s-116= -l6 
Or x*-452J = 100 
an equation where «% or the second term, is want- 
ing, as before. 

3. Let the equation j?* — 6x*= 10, be transformed 
into another, that shall want the second term. 

Ans. y* — 12y='26 

4. Let y — 1 5y* + 8 ly = 243, be transformed into 
an equation that shall want the second term. 

Ans. ar* + 6a? = 88 

3 7 9 

5. Let the equation ^4-7<3?* + g^— Tq = 0, be 
transformed into another, that shall want the 
second term. Ans. y + — y = j 
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*i45 



Of th^ soUUhon of cubic equaiiom. 

Rule. 

Take away the second term of the equation^ 
whet! necessary, a$ directed in the preceding rule. 

Theti, if the ntimbers in the given equation be 
substituted for a and h in the formula given below, 
to which it id found to belong, :the result will 
give one of the roots, as required. 

1. a? -itax^b 



m 



•4 + ^(*5)- + (i)' + '«4-'(5)--^(|)' 



or 



^>'¥^'-^:^y 



2. ^ — IM?»fr 



X = ^ 



^+<|)'-(iy+K|)-v(|y-©' 



or 



v|+v(|).-(f)-+j=5 



1 






,r = i 



v-|+v(|>-(f)'-^'-+<5)*-0' 



1 

-a 

3 



c^-^^^-^'^'^q:^*- 
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Where it may be observed, that when (~)% in the 

second and third forms, is greater than (-)*, or A(f 

greater than 27&*, the solution of the equation, by 
these rules, is impossible ; the question, in this in- 
stance, falling under what is usually called the ir- 
reducible case of cubic equations {y). 

Examples. 

1. Given 22?^— 12a?* + 36x = 44, to find the value 
of X. 

Here s? — Gx^ -\' 18a? = 22, by dividing by 2. 
And, in order to exterminate the second term, 

Put ar = ;s-|.- = ^-»-2, 

{z + 2)' = 5;' + 6z^ 4- 1 2« + 8 
Then -6(2 + 2)*= -62^-24^-24 =22 
18(2 + 2) = 182 + 36 . 

Whence 2^ + 62 + 20 = 22 
Or 2^ + 62 = 2, 
And, consequently, by substituting 6 for a, and 2 
for J, in the first formula, we shall have, 

3 ,2 , .A 216.. .3,(2 ,A 216v, 
^ = ^{5 + ^/(~ + — )}+Vl--^(i + — )] = 



H ' 27 



Vl + V(l + 8) -f Vl - V(l + 8) = Vl + ^/9 + 
•l/l--v/9 = Vl+3 + Vl~3 = V4-V2, 



{y) It may here be observed, as a remarkable circumstance in 
the history of this science^ that the solution of the case aboye 
mentioned, except by means of a table of sines, or by infinite 
series, has hitherto resisted the united efforts of the most cele- 
brated mathematicians in Europe, aUhougb it is well known that 
ali the three roots of the equation are> in this case, real ; wbereas» 
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Therefore a?= 2 + 2 = ^4 - V2 -f 2 = 2 + 1 .5a7401 - 
1.259921 =2.32748, the answer* 

2. Given a:^ — 6j? = 12, to find the value of w. 

Here a being equal to 6, and b equal to 12, we 
shall have, by the second formula, 

Xx=V6 + V(36-8) + 3/|g^^''(3g__g)p 

v6Tvi8+77(g:^ 

^(6 + 5.2915) = ^11-2915 + V(ni^=2.2436 + 

^;^ = 2.2435 + ,8957 = 3.1392 

Therefore a? =5 3.1392, the answer* 



in those that ar« resolvable by the abore formuls^ only one of 
the roots is real. See corresponding Art. Vol. II. 

Certain equations^ of ail orders, haying a particular relation of 
their coefficients, may also be resolved by formulae similar to 
those above given for cubic equations. 

Thus, in any equation of the following general form, 

* +^^ + 2.3.n« ^ 

2. 3.4.i|3 
one of tbe roots, or values of the unknown quantity, will b« 

■ ia 



"v,w((5)%(,-n-,|,^j^„).,(f)., 

If, for instance, x^ + ax* + -zci^x =^b, we shall have, by means of 
this formula, 



/^. 



Bat these equations seldom occur in the r«solution of problems. 

L 2 
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3. Qixen a?* - ar 3(= - 4, to find the yahw of j?. 
Here a being m2^ and b^4, w^ ahall have^ by 
the third formula, 

^=V{-2+V(4-|,)}«J/{3^V(4-^>} = 



V{- 2 +^(173205) }-il/{2 + ^(l.7320&)} = 



V-2 + 1.9245 - V2 + 1.9245 = V- -0755- 



V3. 9245= -.4226-1.5773= -S 

Therefore arc= — 2, the answer (;5). 

Note. The other two roots of the stations given 
above, which are omitted in the answers, may be 
determined as £ollo>ws: 

Let the root, £[>ond by the commoA formula, be 
denoted by r, and pat all the terms of the e(jna« 
tion, when brought to the left hand side, =0; then 
if the equatifMi, so foimed, be divided by x + r, 
according as r is positive or negative, there will 
arise a quadratic equation, the roots of which 
will be the other two roots of the given cubic equa- 
tion. 

Or if,, ku^ead of the operation here mentioned, 
there be put 

(z) When the root of the given equation is a whole number, 
this method only determines it by an approximation of 9b in the 
decimal part, which suificientJy indicates the entire integer ; but 
in most instances of this kinc^i it9 y^AviK may be more readily 
found, by a few trials, from tlie equation itseUl 

Or if> as in tke alKi\'e ^xsimple^ (b^ v«}iies of 



Digitized by VjOOQIC 



CUBIC E«lx)AtW«S. 14^ 



a = \^{±lb + Vilbr±da)'} 



the three roots of any cubic equation^ of the follow- 
ing general form, mfty be exhibited as below: 

a + ^= first root, as found by the rule, 

- i{(X' + 0) + i(« - ^)\^ - 3 = second root, 

- 2 (a + 3) - i(a - 0)^ ~ 3 = third root, 
Wliere it may be observed, that although the 

twc last df thfe^ ro<rt^, in tltdif g^ttefal f6f Ai, have 
an imaginary apj)earatie^, y^t, by stibstituting par- 
ticular numbei*!! for £t atid bf tbey will dom^ Out ifi 
^ f eal form, in all ca^iS Whete they ou^ht t6 do 
io(a). 

4. Giv^tt A?'- 154? :« 4, to find the thte^ foots^ or 
values of x. 



-M2 + ~V3J and ^ 3^(2-^V3) 

be determined according to the method pointed out in the note to 
Art. (I), C«6 fi, thd result will be fdund ^qM td -2; ks h 
ought. 

{a) U the Gm iMie/ gtvet lt& t)l« sbot^^ Not^, far fihding; &fl the 
three roots of the equation 

when it falls under the irreducifefe c'Jise^ it may be observed, that 
if r btt made to denote the first root, or that found by the common 
formula, the other two roots, or values of x, will be 



r 



r T 

where ^ - in to be taken when r is positive, and + ~ when it is 

negative. 

Th« tlm« rule is ahd eqtfdfly appftafcfe' tCrtH^t*^ali6<i 
•' :r3Wi, o*a:'-*t=^(H ~ 
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Here x is readily found, by a few trials, to h% 
equal to 4, and therefore 



4X*- 


■15* 




4«»- 


.l6x 






X- 


-4 




X- 


-4 



iff 

Whence, according to the first part of the rule, 

a;^-}-4a?+ 1=0, or a?* + 4a;= — 1; 

the two roots of which quadratic are —2 4-^^3 

and — 2 — a/3 ; and consequently 4, — 2 4- V3, and 

— 2 — V3 are the three roots of the given equatioa. 

Or, putting a=15 a^d 6 = 4, we sbs^U liave 



V2 + >/-121 = 2 + ^/-l, and 



\vhich, in conformity to the general principle before mentioned^ 
will be founds like other cubics, to have three roots. 

F^r one of these roots being obyiously }, v^-e shall baye« as 
above. 






x-1 

x-1 

Whenc^i. lince ^- 1 and x- 1 are each «0, it is plain, that 
a'+x+l=5Q; or «• + *«- 1. 
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ir2-A/~121 =2-a/-1, 
as will be found either by cubing 2 4- ^^ — 1 and 
2 — -v/ -. 1 ^ or by the rule given in the note to Art (i), 
Case II. 

Whence a-h3 = 2 + ^/-l + 2--a/— 1 = 4, 
^2(« + ^)^-f (a-0)A/-3= -.24-V-lx V-.'Sa 
-2 + V3, 

-2-V3; 
nnd conseiquently 4, — 2 + 'v/3^ and — 2 — ^/3 are 
the three roots of the equation, as before found. 

5. Given J?^ -f 3^* — 6a? = 8, to find the root of the 
equation, or the value of\r. Ans. x=jj 

6. Given 0?^ 4- ^^ = 500, to find the root of the 
equation, or the value of x. Ans. x==7«6l7 

7. Givenar* — 48j?*= -t200;, to find the root of 
the equation, or the value of x. 

^ Ans. 0^=47.9128 

8. Given a?* — 6a? = 6, to find the root of the equa- 
tion, or the value of x. Ans. a: =s V4 -f ?/2 

9. Given a^ + Qx=^6,to find the root of the equa- 
tion, or the value of x. Ans. jp;= V9 — V3 



And as the two roots of this last equation are 
^t^l^^S and -.|-.lV-3, 
it follows, thAt the three roots of the equation x*— 1 =^ 0, or, which 
is the same thing, the three cube roots of 1 are 
1> -5 + ^^-3, and -I-|v-3. 
And in the same manner it will be found, that the roots of the 
equation r* + 1 = 0, or the three cube roots of — 1 , are 
-1, +J + iv'-3,and -i^|v-3. 
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10. Given ar*-22*=84, to find the root of the 
equation, or the value of x. 

Ans. x=2 6.162277 

11. Given a?*^ I 7j?* + 54^*360, to find the wot 
of the equation, or the value of or, 

Ans. J? =14.954068 

12. Givem^-.fir*=4, to find the throe roots of 
the equation, or the three vaJues of a^ 

Ans. -2, I+a/3, andl-v'S 

13. Given a?* -9** 5, to find the three roots of 
the equation, or the three values of x. 

Ans. 3.246550, -^3.669664, and -.576886 

Of the solution of cubic equations^ hy the tables 
^ sines and tangents i 

Cubic equations may often be more resdSy re-» 
solved by means of the foUowing trigonometrical 
forraulee, than by the method before given; par-r 
ticularly when they fall under what is usually called 
the irreducible case, m which the ccuamon method 
is known to fail. 

1. a:^-}-ai?= ±*, 



2ar ^a 



Put -^v^j == tan. Zy and VrHan.^^ = tan. u, 

2 (I 
Then .r= ±-V- x cot. 2m 

Where the upper or under sign i^ to be taken ac- 
cording as J is positive or negative. 

This form has two cases, according as -jrv^ 

less or greater than radius r, or 4a^ less or greater 
than 274'.. 
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In the first of these cases^ or when 4«*3c27i% 

24fr A 



Put -jT-v^j = sin. %y and Vr^ tan. \% = tan. w, 



Tiien 0?= ±-^^3 X cosec. 1u 

Where the npper or under sign is to be taken as 
above. ^ 

iKt the second case, or when 4a'3;27J% 

IX ^ 36r .3 * 

iTit ---v-= cos.;^;. 
2a a ' 

Then J? will have the three following values ; 
-v- t-^jx cos.-, 
j?= T-V- X cos. (6o^— «) 

a>ae +-Vj X cos. (60® + z) 

Where the upper sign is to be uset fallen h is 
positive^ and the under sign when it is negative^ 
as in the other c^aes*. 

EXAMPUIS. 

1. Given oi? + \%x^^^ to find tlie only real valwr 

Here ^-v/Szs 2rv6« tan. %y 

Consequently, by formula 1^ we shall have 
Log. 6 • . . . a.778i&i3 

ilog. 6 . . . . 0.3890756 
IiOg. 2 . . . . 0.3010300 
Log. r . . . . 10.0000000 

Log.tan. « . • . 10.6901056 

Therefore «=578'' ^V 4f', and^^^SgP 13' 63^'. 
Secondly, ^r*tan.^«=tan.«/, 
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^ Whehcfc 

Log. r* . . . 20,0000000 
Log. tan. ^5j . . 9.9119523 

Sum ... 3)29.9119523 

lj,og. tan.^w . . 9.9706507 

Therefore w = 43° 3' 55'', and 2^ = 86'' f h(f. 
Thirdly, W- x cot. 2u=-V6 x cot. 2w, 

^Thence 

^lo^.G . . . . 0.3890756 

Log, 2 . • . . 0.3010300 

Log. cot. 2w . . 8.8301834 

, Sup .... 9.5202890 . 
'Leg. r / V , . 10.0000000 

Lbg. a? . . . .1.6202890 

Consequently *?=s.3313139, the positive root of 
the equation, as was require^t 

2. Given a?^ — 3j?= 1, which is an equation falling 
under the irreducible case, to find its three roots. 

HerC; taking tl^e radius r=l, we shall h^ve, 

cos. « = — v^- =s . 6 = COS. 6o^ 
Whence 

x = 2^/|x COS. 1=3 COS. 20''== + 1.8793852, 

30= - 2V| X COS. (60^-|) = - 2 COS. 40° = 

-1.5320888, 
^=^ 2V| X COS. (eo^^ + 1) = - 2 COS. 80^= . 
-.3472964. 



Digitized by VjOOQIC 



CUmQ EaUATIO^fi. 15S 

And in the equation a?* — 3 a? = — J , the three roots^ ' 
or values of a:, are —1 •8793852, 1,5320888, and 
-,3472964, which are^th^B negatives of the foots pf 
the former equation. 

3. Given a?' — 2ar= — 2, to find the root of 
th^ equation, or th^ value of ^. 

Ans. x= — 1»7693 

4. Given 0:^ — 3000?= -1000, to find the root of 
th^ equation, or the value of x. 

Ans- a? =3.472964 
5% Given a? — 9^ = 9, to find all the three roots, 
or values of x. 

Ans. 3.411474, -2.326682, and -1.18479|r 
6. Given V — a?* — 2a? -f 1 = O, to find the three 
roots of the equation. 

A 1 2 . 3 

AnSt 2 'COS. -z^, —2 cos. rr, and 2 cos. -t. 

Where 9r =5 180^ 

()f the solution of cubic equations hf converging 

series. 

This method, which, in some casesy will he 
found more convenient in practice than either of 
the former, consists in substituting the numeral 
parts of the given equation, in the place of the 
literal, in one of the following general formulae, 
according to which it may be found to belong, 
and then collecting as many terms of the series as 
are sufficient for determining the value of the 
unknoTrn quantity, to the degree of exactness re» 
quired. 

1. af + ax=b. 
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^2(27A»+4a»)^ * 0.9'^276«+ 4a3^ a.9.l2.la'^27A«+ W'' 
2.5.8.11.14. nr 27^' V&CI 
^6.9.12.15.I8.2r276«+4d3>' 'l* 

Or, 

^ 2» . ' ^.5. 275^ V 8.11 . 27> ^ v 

^'" 3/2(27 6»+4fl3) ^ "^ 6.o'^27A*+ 4rf»>'^ ^ 12.15^27^+ 4^^* 

"*^lS.2lWv4fl'^^^^-^- 

In which case^ as ivell as In all the foUowvng 
ones, A, B, c, &c. denote the terms immediately 
preceding those in which they are first found. 
2. .r' — aj?= ±b . 

Wliere -i* is supposed to be greater than --a^, or 

— a. o^/h - ^ ,27^^-4a3v 2^_ /HI^lzl^S* 
^- ±3^211 ^q{ ^^y, y''T!^lQ\ 276^ ^"^ 
2.5.8.11.14 / 27^^~4fl|g >,3g^ ^ 

Or, 

. «3>f * 2 .27i«-4a\ 5.8 ,27i*-4«jv 

11.14.27^»«-4a3. 
l5l8(-i^F-)^&^-J- 

In which case the npper sign mnst be taken when 
dispositive, and the unMder sign when it is negative; 
and the same for the first roots in the two following 
cases. 

Where ji* is supposed to be less than — a% or 

. -^>f^ . 2 .4d5-27ft\ 2.5.8 Aa^-21b\^ , 
*^ -2-^^2^ ^S.e'^ 27^»' ^ 3:6.9.12^ 27^'» ^^ 
2.5 8.H.14 / ^^^"2'7^\ 3_ gj. 1 
3.6.9.12.15.18^ 27^' > -&C.,. - 
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Or, 

^= ±2V-{1 +-(-^^)A-— (-^^^)B + 

Which series t^nswei^s' to^ the irreduciUe case, 
^nd must be used when 2a^ is lesis than 27b*. 

And if the root thua fcmad be put »=r, the other 
two roots may be expressed as follows : 

_ ^r ^^(4fa;>-27^'} , 2.5. 4o'--27»^ . 2.5.8.11 
^ "^2- 9i/2b* ^ 6.9^ 210^ ^"^6.9.12.15 

' 27^ ^ 3.6.9.12-15.18.2P 276« /*^-i« 

Or, 

_ -r y(4Q»-275*) , 2,5. 4i|3-275« 8.11 

^" **"2~ 93^26' ^6.9^ 27A'» ^*^'*" 12.15 
.4fl?-27&». I4.17.4ri3-27^>\ o 1 

Where — ^r, or -h^Vy must be taken according as 
b is poaitive or negative; and the double sign ±1 
most be affixed to the other branchy as usual, 
4. a:' — tfx=±6 

Where-i* is still supposed to be less than —a', or 

^^ 3/2(4a3-27l»)^ 6.9'4'a»-276»^ "^ 6.9.12.5 

( ^^ )^ 2-5.a.U.14.17 . 276' .3 ^ 
^4a»-276«^ "^ 6.9.12.15.18.21 Ha3- 276'^ '^^ 

Or, 

^ ^ 26 2.5. 276' V 8.11 

^'^ "^?/it4«*-27/>^)^ -6^^403-276'^^ 12.15 

Ha»-276'^^ 18.21 Ha3-27^-'^^^-^- 

Which iii3ria& aUo answers to the irreducible 
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case, and must be used when 2a* is greater than 
27h\ 

And if the root, thus found, be put = r, as be- 
fore, the other two roots may be expressed thus: 

27^ ., 2.5.8.11.U 276' .3 ^ 

^4a3-276«^ "^ 3.6.9.12.15.18.21 ^4a»-276«>' ^^* 

Or, 

-r . 6 4a3-27i%^ , 2 . 276« v 5.8 

_27^. 1M4 27^ . . 

W-276»^*"^ l8.2lW-276^>'^^^•J• 
Where the signs are to be taken as in the latter 
part of the preceding case. 

Examples. 
1 • Given a;? + 6a? = 2, to find the real value of x. 

Here a = 6, and 6 = 2, 
Whence 

276*+4a»"'27 x 4 + 4 x 216"" 1 + 8""9' ^^^2(276» + 4a3)"" 

4 4 4 _ 2 3/ri _ 3^48 

V2(4 X 27 + 4 X 216) "" 2^27 + 8 x 27 "" 6^/^ "" 27 "" 27 * 

And consequently we shall have, by formula 1, 
1 : 1.0000000 

gxi . .^ . . .020576X(A) 

m-A^ 0011177(B) 

IH^xIb . . . . .0000782(C) 

If xic ... . . .0000062(d) 

ggxlp 0000005(e) 

30.33 9 ■ ^ ' 

1.0217787 
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. Lc^- 1,0217787 . . 0.0093570 
Log. V648 • . . 0.9371916 
Colog. 37 ... . 8.5686362 

N"* .32748 T.5151848 

Therefore a? = .32748. 
2. Given a?* — 9^^= 12, to find the real value of ^. 
Here a = 9, and 6= 12, 

Whence 2V— = 2 V6, and- 



2 -'^^^"•" Q'jb^ 27x144 

144- 108 _ 36 _1 
144 '~144""4 

And consequently, by formula 2, 

1 1.0000000 

-Igxi -.0277778(a) 

^IS^i^ .... -.0025720(B) 
~lSi^i^ >• • • -.0003667(c) 
-ilS^i^ .... -.0000619(D) 

-iS^i^ • •"• • --00001 14(E) 

29.32 1 «^«««.»™/ \ 

"■33:36'' 4* • • • • jOOOOO^(f) 

Sum, . . . . . -.6307920 
Comp* . . . . . .9692080 

Log.969208 . . . T.9864137 
Log. 8 V6, or log. V48 0.5604137 

N* 3.532334 .... .5468274 
Therefore «s3.522334. 



Digitized by VjOOQIC 



l66 



CUBIC i$d0AYt6M. 



3. Givett4f-^12W?=15, to find the tlUM 

of J?, 

Here a— 12, and 6=1 5, 

Whence 2il/|-2Vf = ^6o, and ^^— = 

4.128-27.15^ _ 256-;a25 _ 31 
27.15' "" 22f5 ""225 

And consequently, by formula 3, 

I +1.0000000 

. + 0.0163086(a) 
. -0.0007812(b) 



■^3.6^225 • 
5.8 31 

9.12 ^225^^ • 

11.14 31 
■^15.18^^5® 

17.20 SI 

21.24. ^ 225^ 
. 2^.26 31 _ 
^ 27.30 225 

Sum of + terms 
Sum of — terms 

Difference . . 



Log. 1.0t4»ft37 
Log. V6a . . 



N° 3.971963 



+ 0.0000614(c) 
-0.0000057(D) 

+ 0.0000006(E) 

.+ 1.01 53706 
- .000786^ 

1.0145837 



.OO6288O 
.5927171 



.5990051 



Therefore the J^st (or affirmative) value of ^ is 
3.971963(r). 



Again, 



4a3-27i»« ^t 



4/4a^-g?^ _ a/837 _ a/9 X 93 a/93 



J and 



276» 



225 
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m 



Hence 1 



6.9 ^ 235 • 
8.11 31 
"^.12.15 ^2J5^ 
14.17 31 
18.^1 ^Sffi5® 
20.23 31 

26.29 31 



Stun .- . . . 

Ldg. -/^3> . . 

Cokg. V45d . 

Colog. 5 . . . 

Last number . . 

Result . . . . 

Or 



- .6267480(A) 

+ .OOt8017(«) 
-.0001563(g) 
+ .000101*3(6) 
- .00€(DOtd(fi) 

.9749111 



<.^89694 
0.9»424i4 
9.11659»9 

9.6226787 

±0.408949" 
- 1.577032 



Whence the tWo negative vaines of x are 
- 1 .577©«a» artd -- ^.394930, 

4. Give» ;^-fo?=2, to find tfce tlSree values 
of a?. 



Here 



a,^4a»-276*) ^(4.63-27.4) 3^(4.8-4)" 



6*^ 3^ 24 



;& 



27 6» 



4.27 



4«>-27^ 4»6i'^37.4.~8-I~7 



M 
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Hence, by foimnla 4, 
1 

2.5 1 



6.9 ^ 7 



8.11 1 

+ 1515^7^ 

14.17 1 

"18:21 '^ 7^ 
20.23 1 



24.27 ^ 7^ 
26.29 1 
'30.33^7 



Sum 



1.0000000 
- .0264650(a) 

+ .001 8476(b) 

-.0001663(c) 

+ .0000168(d) 

-.0000018(e) 



+ .9762414 



Log. .9753414 
Log. 2 . .' 
Log. V49 . 
Colog. 31. . 



N". 339870 



1.9891130 

O.301O30O 

0.5633987 
.8.6777807 



1.5313314 



Coasequently one of the negative, roots is 
-.339870 (r). 
Again, 5/1^= Vi^:^= V(6' - 27) = VI89 ; 



and 



272^'^ 



Hence 1 



2 1 

"^5:6^7 • 

5.8 1 

^9.12^7^ 
11. U 1 

+ 1511'^ 7» 

17.20 1 
._ ,_. X — c 

21.24 ■'T 
■23.26 1 

^ 27.30 ^ 7^ 



+ .01 58730(a) 
-. 0508398 (b) 
+ .0000684(c) 

- .0000066(d) 

+ .0000002(e) 



Sura 1.0150952 
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Log. 1.01609552 
Log. VI89 

N° 2.431741 

Therefore - 
Last number 

Result • . 
Or . . . 



.0065070 
•3794103 

.3859173 

+ .169935 
±2.431741 

+ 2.601676 
-2.26I806 



And consequently +2.601676, — 2.26I806, and 
— .339870 are the three roots required. 

5. Given op* + 90? = 30, to find the root of the 
equation, or the value of x. 

Ans. J? =2.180849 

6. Given x* — 2a? = 5, to find the root of the 
equation, or the value of a?. 

Ans. x = 2.0945514 

7- Given jp' — 53a?= — 16, to find the root of the 
.equation, or the value of a?^ 

Ans. x=» — 6.472136 

8. Given 3? — 2^x^36, to find the three roots or 
values of x. 

Ans. 5.765722, -4.320684, and -1.445038 

OF BIQUADRATIC EQUATIONS. 

(k) A biquadratic equation^ as before observed, it 
one that rises to the fourth power, or that is of the 
general form 

J?* H- 00^ + 6x* -f ex -h «Z = O, 
the root af which may be determined by mesilis of 
^ M 2 
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the following fomrolffi ; subatitatitig tlie umabers of 
the given equation^ with their prc^r sigQ9> in the 
places of the literal coefficients a, b, c, d. 

Rule i* 

Find the ralue of z in the cubic equation 

;^ + (»ac-i^-rf)*=-^ + i(c*+rfo»)-^(ac+8rf) 

by one of tbe fonner rules ; and kt tiM root, tbu» 
detenninedj be denoted by r. 

Tbm find tbe two ralues of x in each of tbe 
following quadratic equations. 

^+(5« + V{^a» + 2(r-3A>})ap=,^(r4.i*) + 

md they will be the femr roots of the biquadratic 
equation required* 

OVjif the equation be of the more commodious form 
a?* + &i?*H-ca? + rf=0, 
to which it can be always reduced^ by taking away 
its second term, the rule will be as follows : 

Find the value of z in the cubic equation 

and let the root thus determined be denoted by r. 
; Then find the two values of cc^ in eadi of the 
follawing quadratic equations, 

a?* + (V{2(r-|i)})a^=-(r + ift)-fV{(r+l&)'-.rf} 
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and they will be the four roots of tbe biquadratic 
^qaation required. 

Or the fbnr roots of the gtrca eqoatidti^ in 
this last case^ will be as foUews : 

x=+i^{2(r-l6)}+^{-^-|-V[(r + ii)»*./(]} 

(*) 

Examples. 

1. Given the equation a?* — 10x*-f35je^— 60a: + 
24 = O^ to find its rootB^ 

Here a= —10. 6 = 35, c= —50, and <?=24; 
Whence^ by stibstituti&g tltese number* in the 
cnbic equation 

we sh^l have 

, 13 35 
12 lOB' 

which equation, being solved according to the rule 
before, given for that piurpose^ gives 

(6] fiiqaadratic equstions, in certain particular cases, are re* 
ducible to quadratics, as may be readily sbowti from the demOO- 
sUatioQ of tbe general rule, givea in Vol. II of Ihe preseniHork; 
but as socli equatioDfi seldom occur in practice, and are of little 
importauce as an object of investigation, any formal eoumeratioa 
of tbe methods that ttifgbt be given kit result liig tbtoi would be 
uooecessary; particularly as it can be easily discovered, from 
the relation of the coefficiently^ whether any given numeral equa* 
tioa ii of this kind or not. 
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<2 = l{V(35 + 18^/-3)^-V(35-18V^5)} 

But, by the rule for binomial surds, give^ in the 
Note to Art. I. Case II, 
^ V(36 + 18^-3)=5 + i^-3, 

AndV(35^18^/^3=^-iv-3; 

Therefore. ;^=i{^ + iv-3+|~i^-3}=^ 

And if this number be substituted for r, - 10 
fpr a, 35 for b, and 24 for dy in the two q^uadratiq 
ecjuatioQS 

V{(r + ii)«-rf} • 

• ^{(r+lby-d}, ' 

they will become, after proper reduction, 
a:* — 3a:=-2, and a?*-7a?= -12: 

3 13 1 
From the first of which a?=- ± V7=^±;; = 2 or 1, 

7 17 1 

And fi'om the second x=-±V7=;r±-=4or3; 

Whence the four roots of the pren equation are 

1, 2, 3, and 4, 

2, Given o?^ + 1 2a: - 1/ = 0, to find the four roots 
of the equation. 

Here a = 0, i==0, Cr=12, and rf= — 17; 

Whence, by substituting these numbers in the 
cubic equatio)) 



Digitized by VjOOQIC 



we shall have 

• . ; «'+ 17^=18, 

Where it is evident, by inspection, that 2 = 1. 

And if this numher be substituted for r, foj b, 
and — 17»far,rf in the four expressions for x, given 
above, they will become 

X- -iy2 +V-i + V18= -iV2 +V-i + 3V2 



^X^2-^-i4-V18= -^A/2-A/-iH-3V2 



2 



^ ar= +^v'2-^/~i-V18= -^-'^A/2-^/-i-3v'2 
Which are the four roots of the proposed equation; 
the two first being r^al,and the tivo letter in^a^inary. 

Rule n. 
The roots of any biquadratic equation of the 
form 

may also he determined by the following general 
formulae first given by Euler; which are remarkably 
for their elegance and simplicity. 

Find the three roots of the cubic equation 

«' + 2a2'-f(a*-4c)2 = i* 

by either of the former rules, before given, for this 

purpose; and let them be denoted by r', r'\ and r^^\ 

Then, we sh^U h^ve 

When b is positive 

x^il+Vr'^Vr'^ + Vr^''} 
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Wh^p i is peg^tive. 

Wlwe it H tP b§ obftfTVQd, that if the thwo 
roots of the cubic equatioA, r', r^\ t"\ be all Teal 
an4 positive^ th^ four roOt^ of the proposed equa- 
tion wiii^ also^ be real; and if pne of th^se roots 
be positive, and the other two imaginary, or both 
of them ]^egative, and equal to each otherj> two of 
the roots of the given equation will be r^al, aiid two 
imaginary;^ whi^^h are the only cases that produce 
real results. 

3. Given a?* — 25a?* + 6ox — 36 = 0, to f|nd the 
four roots of the equatlQA* 

Whence, by substituting these values for their 
equals, in the cvibie equ^^tion above given, we shall 
bave 

»^-2x2&x^^^(»5»-lr4x36)aw6€i% or 

The three roots of which last equation, as found 
by trial, or by either of the fornjer rules, are 9, 16;^ 
and 25, respectively; whence 

a?=i(-^9-Vl6~'/25) = |(-^3-4-5)« -6 
^=2(-'^9 + '/l6 + V25)==i(^3+4 + 5)=-f3 
^=i( + ^SI-^l6 + ^25)^i( + 3,-4 + 6)=+2 
a?=x( + v9 + Vl6->/25)^|(^.a + 4-5)=+l 

And consequeijktly the four roQts of the proposed 
equation are 1, 3, 3, ai^ --.& 
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Examples for Practice, 

!• Given a?*— dSa?*-^ 80a? + 504=0, to find th^ 
four YooU, QT yjalue^ of x. 

Ans. 3, 7 3 —4, and —6 

2. Given a?*-i-2j:' — 7^*^8a?^ — 12^ to find th^ 
fonr roots^ or values of J?. 

Ans. 1, 2, —3j and —2 

3. Given a?*-8j:'+ 14a?* + 4x=?8, to find the 
four roots^ or valpes of 4r. 

^^®- t l+^^3, 1-V3 

4. Given a?* — 1 7a^ — 20:i? — (? = 0, to find the four 
roots, or values of x. 

Ans. I ^2 + a/2, ^2^V2 

6. Given a?^ — 3a?* — 4a? =3, to find the four roots, 

or values of a?. Ans. \ ? ? .«^ ? ? ^« 

6. Given a?*- 19a?' + 132a?^- 302a? + 200=^0, to 
find the four roots of the equation. 

. ( 1.02804, 4.00000 

^^^- 16.57653, 7.39543 

7. Given a?*-27a?' + 162a?* + 356a? --1200 = 0, to 

find the four roots of the equation. 

- A / 2.O56O8, -3.00000 
/^^^- t 13.15306, I4.79O86 

8. Given a:^^ 12a?*+ 12X-3 =0, to find the four 
roots of the equation. 

. f .6060I8, -3.907378 

^^^' t 3.8^8083, -443277 
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9. Given a:*— 36j?' + 72a:-36=0, to fiad the 
, four roots of the equation. 

An. / 0.8729836, 1.2679494 

• "^- t4.7320606, -6.8729836 

10 Given a?*- Sx' + lSir*- 17^+12^0, to find 
the four roots of the equation^ which are ajl ima- 
ginary* 

OF THE REpOLtmON OF EQUATIONS BY APPROXIMATION, 
OR THE METHOD OF SUCCESSIVE SUBSTITUTIONS. 

(s) EauATiONS of the fifth power, and tliose of 
higher dimensions, cannot be resolved by any rule 
or a}gd!)raical formula, that has yet been dis* 
covered; except in some particular cases> where 
certain relations subsist between the coefficient^ 
of their several terms, or when the roots are rational, 
and^ for that reason^ can be easily found by means 
of a few trials. In these cases, therefore, recourse 
must be had to the following method of approxima- 
tion, which is universally applicable to all kinds of 
numeral equations, whatever may be the number of 
then* dimensions, and, though not strictly accuyate, 
will give the value of the root sought, to any re^ 
quired degree of exactness (c). 
" ' ■■ ■ '■ ■ -^^ ■ I I I I — 

(c) The first attempt to determine the roots of equations, by 
approximation, appears to have been made by Vieta, in his 
treatise deNumeros a potcstatum ad^ectarum ResoltUione, where he 
follows a process similar to that now used for obtaining the roots oi' 
numbers; which method was afterwards improved by Harriot* 
Oughtred, Pell, and others, who rendered it something more simple ; 
bat the multitude of operations that were required to be performed^ 
i&nd the uncertainty of success in a great number of cases, occa> 
jioned it to be entirely abandoned before the end of the seven- 
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Rule. 

Find, by trials, a number nearly equal to tlie 
root sought, which call r; and let z be made to 
denote the difterence between this assumed root, 
.and^he true root x. 

Then, instead of x^ in the given equation, substi- 
tute its equal r ± z, and there will arise a new equa- 
tion, involving only z and known quantities. 

Reject all the terms of this equation in which 
» is of two or more dimensions ; and the approxi- 
mate value of z may then be determined by means 
of a simple equation. 

And if the value, thus found, be added to, or 
subtracted from that of r, according as r was as- 
stuned too little, or too great, it will give a near 
Talue of the- root required. 

But as this approximation will seldom be suf- 
ficiently exact, the operation must be repeated, by 
substituting the number, thus found, for r, in the 
equation exhibiting the value of z; when a second 
correction of ;s will be obtained, which, being added 

teenth century. Since that time Simpson (in his Select Exer- 
cises) and several later writers^ have employed different methods 
for the same purpose; but the rule given in the text, which is 
that of Newton, as improved by Ralphson, will be found as com- 
jmodious, and easy in its application, as any that has yet been 
proposed. 

Its chief defect, which likewise attends the other methods here 
inentioned»is, that it does not show the progress made in the ap- 
pro^fimaiion at each operation; and that, when some of the roots 
are nearly equal to each other, they may be passed over without 
teing perceived; both of which circumstances have been 
jparlicularly noticed by Lagrange; who has given a new and im- 
proved method of approximation, *in his late work de la Resolu* 
tion desE'qttations Numeriqucs, to which we must refer the reader. 
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to, or subtracted from r, will give a nearer value of 
the root than the former- 

And by again substituting this last number for r, 
in the above mentioned equation, and repeating 
the same process as often as may be thought ne- 
cessary, a value of x may be found to any degree of 
accuracy required. • 

Note. The decimal part of the root, as found 
both by this and the next rule, will, in general, 
about double itself at each operation ; and therefore 
it would be useless, as well as troublesome, to us^ 
a much greater number of figures than these in the 
iseveral substitutions, for the valines of Vf 

Examples, 

1. Giv€n x^ + x^ + x^QOy to fead th^s Talue of »^ 
by approximation* 

Here the root, as found by a few trials^ i$ nearly 
equal to 4. 

Let therefore 4 s=r, and r-i-z^x^ 
x^i=^r'-]'3r'z + 3rz* + s^ 
Then o?^ = r^ + 2r;s + iS* =90, 

xsz r -^-z 
And by rejecting the terms z^ -f • 3rz^ + ^% as smalj 
in comparison with z, we shall have 
r' + r* + r + 3 r'5S + 2r;2 -f ;s = 90 ; 

90-r3-r*~r 90-64-16-4 6 

Hence z= . . ^ — —= — j- — - — - — = — = ,10 

3r' + 2r + 1 48 + 8 -v 1 37 

And consequently ars=4.1, nearbf. 
Again, if 4.1 be substituted in the place of r, in 
the last equation, we shall have . 

at being but little susceptible of that luod of coocise elu^idatMO^ 
which belongs to a performance lil^e the present* 
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3rV2r+l 50.4.3 + 8.2+1 "^ . 

And consequently j? = 4 .1 + .00283 = 4.10283, 
nearly. 

And; if this number be again substituted for r, 
in the same equation, a still nearer value of the 
root will be obtained^ and so on, as far as may be 
thought necessary. 

5. Given a?* -l- 20a: =100, to find the value of x 
by approximation. Ans. j:==4.1421356 

3. Given o?^ + go?* -l- 4.r = 80, to find the value of 
X by approximation. Ans. x=2.4721359 

4. Given aJ*-38r* + 210a;* + 538a? + 289 = 0, to 
find the value of x by approximation. 

Ans. jr=; 30.53565375 

6. Givena?* + 6x* - IOjt* - 1 1 2x^ - 207a? -110 = 0^ 
to find the value of x by approximation. 

Ans. 4.46410161 
TTic roots of equations, of all orders, can also be 
determined, to any degree of exactness, by means 
of the following easy rule of double position ; which, 
though it has not been commonly employed for 
l3u3 purpose^ will be found, in some respects, su- 
pcorior to the former, a& it can be applied, at once, 
to any mnrednced equation, consisting of surds, or 
compound quantities, as readily as if it had been 
brought to its usual form. 

Find, by trial, two numbers as near the true root 
as possible, and substitute them in the given equa- 
tion instead of the unknown quantity, noting the 
rtsidte «h«fc ftr«L obtaiood from each. 
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Then, as the difference of these results is to the 
difference of the two assumed numbers, so is the 
difference between the true result, and either of 
the former, to the correction of the number be- 
longing to the result used ; which correction being 
added to that number when it is too little, or sub- 
tracted from it when it i^ too great, will give the 
root required, nearly. 

And if the number thus determined, and the 
nearest of the two former, or any other that appears 
to be more accurate, be now taken as the assumed 
roots, and the operation repeated as before, a new 
value of the unknown quantity will be obtained 
stni more correct than the first; and se oii, pro- 
ceeding in this manner^ as far as may be judged 
necessary (rf). 

Examples. 

1. Given a^^-fx^ + a^sslOO, to find an approxi- 
mate value of X. 



{d) The above rule for Double Position, which is by far the 
most simple and commodious of any that has yet been -devised 
for this purpose, is the same as that which was firsjt given jit 
p. 3 1 1 of the octavo edition of my Arithmetic, published in 1810.- 

To this we may farther add> that when one of the roots of an 
equation has been found, either by this method or the former, 
. the rest may be determined as follows: 

Bring all the terras to the left hand side of the equation, and 
divide the whole expression, so formed,' by the difference between 
the unknown quantity (x) and the root first found; and the re- 
sulting equation will then be depressed a degree lower than the 
given one. 

"Find a root of this new equation, by app«)XJinat]on,^iii'.^^ 
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Here it is sodn founds by a few trials, that the 
value of J? lies between 4 and 5. 

Hence, by taking these as the two assumed num- 
bers, the operation will be as follows: 



^Pint Sup. 




Seccmi &tp. 


4 . 


. J? . 


. 5 


16 . 


.' «• .. 


. 25 


64 . 


. x> . 


• 125^ 


84 


Results 


165 


165 . 


. 5 . 


. 100 


84 . 


. 4 . 


. 84 



Therefore 

71 : 1 :: l6 : .225 
And consequently a:=4 + .225 = 4.225, nearly. 

Again, if 4.2 and 4.3 be taken as the two as-> 
sumed numbers, the operation will be as follows: 



first iDstance« and the number bo obtained wilibe a second root of 
the original equation. • 

Then, by means of this root« and the unknown quantity, de- 
press the secopd equation a degree lower, and thenc^ find a 
third root ; and so on, till the equation is reduced to a quadratic ; 
when the two roots of this, together with the former, will be the 
root$ of the equation required. 

Thus, in the equation x^- 15j:*+ 63x«50, the first root is 
found, by approximation, to be 1 .02804. Hence 
x- 1.02804.)x3- 15x«+ 63x-50(a:»- 13.97196jf + 48.63627 =-o: 

And the two roots of the quadratic equation, x^^^ 13*97 I96x « 
-48.6^627, found in tb# usual way, are 6.376i3 and 7.39A43. 

So that the three roots of the given cubic equation x'— 15x'^• 
63x«50,are 1.02804, 6.57653, abd 7.39543; their sum being 
« 15, the coefficient of the second term of the equation, as it 
ought to be when they are rights 
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I Firm Sup. 
4.2 

17,64 . 
74.088 . 



»' 
»» 



Steond S^. 

AS 

18^9 

79.607 



95.928 Results 102.297 



Therefore 

• 



102.297 
95.938 

6.369 



. . 4.3 
. .4.2 

\ .1 



102.297 
100 



2.297 : .036 
And consequently ;c= 4.3 — .036=4.264, nearly. 

Again, let 4.264 and 4.265 be the two assamed 
.numbers; then 

Firtt Sup. Second &9>. 

4.264 . . X . . 4.265 
I8.I8I696 . . x* . . I8.190225 
77.526752'... a* . . 77.581310 



99.972448 


Results 100.036535 




Therefore 


100.036535 


4.265 100 " 


99973448 


4.264, 99.972448 



.064087 : .001 ;: .027562 : .0004299 
And consequently 
X = 4.264 + .0004299 = 4.2644299, venf marlff. 

2. Given (^'— 15)* + a:v/a?=90, to find an ap- 
furoxiiaate value of x. 

Here^ by a few liial»^ it wiH be goon found^liiat 
the value of ^r lies between 10 and 11 ; which let, * 
therefore, be the two assumed numbers, agreeably 
to the directions given in the rule. 
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m 



Then 



First Sup. 

25 .(ia?^-15)' 



31.622 



xVx 



56.622 Results 



Hence 



121.122 
66.^22 

64.6 



11 
10 



Second Sup, 
84.64 
* 36.482 

121.122 
121.122 

31^122 : .482 



And consequently a? = ll — .482 = 10.618 
Agaiuj, let 10.5 and 10.6 be the tw:o assumed 
numbers, ' 



Then 

First Sup. 
49.7025 
34.0239 

83.7264 



(4^-- 15)* 

Xy/X . 



Second Sup. 

66.830784 

34.511699 



90.341883 
83.7264 



Results 90.341883 
Hence ' \ 

10.6 : 90.341883 
-10.5 . 90v 



^ 6.6154^ : .1 ::* .341883 : .0051 679 

And consequently 
a?= 10.6 ~. 0051679 = io.5948321,t;erywcar/y. 

3. Given 0?* + 10jr* + 5x=26oo, to find a near 
» approximate value of x. Ayis, a: = 1 1 .0067i3 

4. Given 2x^ - l6a^ + 40x* - 30a? +1=0, to find 
a near value of x. Ans. a? » 1.284724 

* 5. Givenj?* + 3a?* + 3a?^ + 4a?" + 5x=64321,tofind 
' the value of i?. Ans. 8.414455 

6- Gyren V?^;^ + 4x* + VlOx"" ^ lOx = 28,^ to find 
the value of a?.. , ^ * Ans. 4.51 0661 

VOL. I. r N* 



Digitized by VjOOQIC 



^l^ • RECll^itAt^l. ^)(}ATMSS. 



x7. Given ^^^1440;* - {a^ + 20)* + ^196^* - (i?^*24)' 
= 1 14, to find the value of a?. , Ans. 7,123883 

OF RECIPROCAL EQUAtlONS. ' 

(t) Ai.*ftoti*H »0 g^nferal lid^jA^ has hitherto 
heen dkcoKrcfped, for solving eqnfttftcois bigher than 
those of tht ILth powcfr, there ^Me, «iot*withstand- 
ing, sonfT^ ^articnlar eqtfSttions^ 'crf ail 'Orders under i^ 
iktt 10th, >t'h^ai, 6ti account of ^t telfetions sub-. 
sistirfg%6t^ee1fi their coeffieifeYrti^, Way^be Wsolved,^' 
lyjr*flfe'«nfll^s iShtft Ikavfe^^^dready^ehft*- the ' ^ 
first four orders. ' *' 

This is particularly the case with what hW^ fceen - 
usually called tedprtfcal equations ; whidh -ate such "^ t 
that the coetefdCtitS oi theh- ^evef aft tetnfs feffta the * .*,,| 
same numei^a) ifeefrtes, whStli'fer taken jfoYWardfe or 
backwards ; or that remain of the same form wheili 

the reciprocal of the unknown quantityy or -, is » 

substituted for«?; NCOGocpt that the terms are ^en .^ 
reversed. . Thus the l^aticte^ • . 

Atid A 

m^ alw£tys Ve transformed into others of a degree \*» 
■wWch is deiibtefl %(y Ifeilf tlfe gxponeiit 'of the *, 
\i^itpbi^er ^Off the unkntAvh ^qftfa^itrty, ff ^Ibfe 5to 
-'efvfen liiltobet', cTr'by h^ iftirft feXpdtierit t^en dl- 
ftiitii^dd'bjr 1/if it be an odd ntniibtt^, ^ht irtefh&d .. . 
of YfedcJlving ftiteto, as fer tts T;o ^e ^h 'driter, in- ^ 
"<^fvely,beihg as follows (e). ' , 



HI t,v^ 



^ Fr^m ^fhft property of equations of-^is^Ml^itidlt ^^S 






4 I 
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If 



/i^Tien Mc index of the highest term is an ♦ "* / 
even number. * ' * * i • 

1 • If die eqnabiio^. be of the Mh pow^r^ as' ^ 

^ a?* +pjr' + qj^ +px + 1 ^0, find the two values of z ^ 
' in the f^qoatifm ^ +2?^ +^ - 2 =0^ ^^4 l^f #ei» be 
denoted by r an4^^ ; theflL the root? of the two qua- 
dratic equations x^ — rx+l = 0, anjd x* — 7^x+ 1 ==0, 
1 , ' ; vjjl be the four roots of the equatiop proposed. • ^ 
♦ / y if* Jif if be pf the 6th ppwer, ^s 

|,\v ./• find the three values pfz w the cubic equation ,♦. ' 

* ^ %* +/?«• + (y — 3);^ + r — 2p pP^ and let theuL be de- V « '• 
^l \ * "iioted by ^, r^, r^'^} ^en the rpots of the three 

V. * *': j^i\adra^tic ,equa;tions a?* — rx + 1 = 0, x^ —fx +1=0, ^ » 

^ ^ VV?^ ^*-"^''^+?=9j vyj be the sij roots of the •' 

* prpppsed eqviatio^. • . 
J^ • ^ # 3. And ?f it bf of the 8th pojyer^ as ^ '^ • 

find the four values of « in the luquadr^tic equa^ * * 

* / tion«*+;?«' + (3'-4).?^ + (r-3/^« + 5^^ ^ * 

^nd let tl?em be denoted by.r, r', r"^ r'''; then the 






1 • • * 

changed by sub^kuting ^fof x, k-fellowsy that if any quanliisy 

.j9^be(0i)epf th^ roQis, r- wjll alpo b,e f ,rpot; and cpi^qu^ntly as 

,r^l \^.^\m^j& a, root of .tbe .e^fi^tkfn jsrl^Qn Xh^ J^^tn^^r pf i|9 
d|giej}9Joi^ is,odd».it js.plaia that qvery reciprocal e(}uatipn of (he 
2mth;,9r 2m +1, ordeir, .can always be reduced to another of the 
f»th order ; fq^f a demonstration of .yrhich> and other particulaj:!* 
see the MisccdJan^a Analyiica of SyeMwrxt, pag0.i7U and 
iWjffjpf's^efJit^^lfBiHii^ioBB, C.3 ; a^^^ 
«(T|ip.y<(l II/of;t^^pr^«ntBerfpiy^ ; . 

" '^2 






•5. 
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N 



1 



roois of the four quadratic equations^ a?* — rx + 1 = O, 
,^ * ' js«'^rV+l=0,a?'-r'^a?+l=a0^andx*-r'''j:+l=O,^ 
^ ' ' * «vill be the eight roots of the proposed equation. 

^ 'When the index of the highest term is cat add * ^ 

number. 

1 . If the equation be of the 3d power, as 

x'+;?x'+7?x+ 1 =0, 

• where one of its roots is eA'idently — 1 , find the 

'^ ^ value of f in the simple equation % +/? — 1 =0, andr 

let it be denoted by r; then the roots of the qua-' 

• ^ * dratic equation oi^ — rx-Yl^ 0, will be the other two \^ i, 

,. ' roots of the proposed equation. f .J 

2. If it be of the 5th power, as ^ /j 

x^ -itrpx* + qx^ + 9X^ +/?a; -t- 1 = 0, * V 

#^;. where one of its roots is also —1, find the twa ' 

values of 5: in the equation z^ + {p-. l)^ + ^—p — I =0, 

• and let them be denoted by r and r'; . then t^e roots 

» • ^ • of the two quadratic equations x^-^rx-\-l =^0, and * ' J 

#• a?* — r>+ 1—0, will be the other four roots. of th^t \ ♦ ; 

^ proposed equation. 

'/ ' ♦*• 3: If it be of the 7th power, as 

* . *•• ^here one of the roots is —1, as before, find the 
^ ^ three values of z in the cubic equation -^ 
* yH-(j»-l)2' + (j-J»-2)« + r-^-g-pl=:0/ 

and let thera be denoted by r, r', r"; then th« 
roots of the three quadratic equations x* — rx -f 1 3=ft>, 
.\ V-r'j?+l=0, and a?'-r''x-M =0, will be the 
,otli«r. six i:oots of tiie proposed equation. 

3. And if it be of the gth power, as 
^ .r*^ + jra?^ + qx^ 4- r^ + 50?^ + ^a?* -f ra?* + ja;^ + jpx-fl = 6, 

wliere on% of the roots is - 1, as it is in all tW 



\ 



i 









^- - K 



•^• ^ ^ .r. 
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odd powers, find the four values of z in the biqua- 
^ dratic equation ' * 

^-r--9 + p+l=0, ^ ^ 

and let them be denoted by r^^^ r'\ r^''\ then the 
^ • roots of the four quadratic equations x* — rx + 1 = 0, 
^^ — r'x+ l=0,a:'-r"XH-l=0,andx*~r"'a:+l=0, 
f^\^ * will be the other eight foots of the proposed equa- 
tion. . 

\ * • * Where it is to be observed, that, in all the cases * 
. -• ^ here mentioned, the coefficients j», 9, r, ^, of the 
\ ,. ' original equation, may be either positive or negative ; ^ 
r but the first and last terms must be positive. 



Examples. 

' 1. Qiven x* + 4^^ — I9X* + Ax +1 =0, to find the 
four roots of the equation. , 

Here j» = 4 and g= -^19, ♦ 

Hence «* -f j?;r =2 — q becomes x* + 4^ = 2 + I9 = 21, *' 
Where the two values of i are +3 and —7; 
Consequently df^^Sx^s — 1 , and x* -i- 7i? = — 1 , 
. Fr&m the first of which equations ^ = o± o^^f * * 

• ' • 7 3 * -' 

And from the second x= —:^±-V5 ;* 

Therefore the four roots of, the proposed equa* 



• tion are, , 



. » 



3 1 ,^ 3 1 .^ 7 3.^ , 7 3,^ 

2-^2^Vi-"2^^^ -2 + 2^^^ and -^--^6. 






2. Given X* - 110?* + . 170:^ + 17^*- 11^+ 1=0, to 
find the five roots of the equation. * 
Here/?= — 11^ andy=17, 
t ;i.' / -. Hence 

** * • «*+.(;)r-l)«=»l+2>-g becomes ;s*-. 124?= -27, 

r 



^ 
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Whfert Ae t^ro valiitts of IK a« & iftd 3, 
Consequently ^' — 9x= — 1, and jf^lix^ — 1; « 

From the first of which equSttidhs a?=-±-\/77i 

* And Ifroih Afe setond x=fe|±i/5 5 

Therefore the five roots oJF thfe proposed cqua-' 
•* tion are .• 

A'bfe. It the coefficients oT either of the orders 
of equatioVis, feeAtioned in the rale, be in part ; * 
literal, and so consfitnted as to render the diffisfttnt ' 
terms homogeneous^ its roots may be as rea^y de- 

4 termined^ by means, of the ;sknple substitution of a \ 
new unknown quantity> as if they" were -enticely' 
numeral. 

^ Thus, let the equation be 

^ whefe the igiv^n tmd tmknb'mi ijtantiliQS j^iA be * 
sub^ituted, aReimrtel&jr> for :ea£h ^Mher^ insrtbout 
. ^c}ian^ng its forni* ^' ♦ 

- Then, Txy putting x = a%y we shall have ' ' • 

which, according to the first equation giyen-vbove, 
will hate.fbr its roots 

and consequently ^e %\a ^odts dfthe ^ttipdlsdl .. 
equation ar6 *' •■: 

• *' r -^ •• MX* , ■ '* 

• • Digitized by VfrQPQlC • • 
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^ ■> . • ' . • . . ' •■ 

^ ^ 4. Giveftx* — 4aif + 5/?^V— .4a'a? + a^=Q, to find 
► * the four roots of the equation, 

. ^/5. Given or^ - 21 jr* + 37^?* + 3^^* - 21a^^ 1 = a, to , . ' 
find the five roots of the equation. ^ . ^ . 

. Ans. -I,|±i^3, and^ii^347 ' V,. 

6, GiTen 7a?^ -r 26a?* — 26d? -t 7»= O, to find tjie .4-; 
roots of the equation. . \ 

' Anij. The cmly reaJ roots are i^± a/3 , • . 

7. Given 2Ji'-13aV-13aV + 2a^ = 0, to find • 

3 1 • ^ 

Ars* file only peal roots* are>—a>a(|±^V5)^8n^ 
OF BINGMIAL EQUATIONS, OR SUCH AS A«E 

or THE FORM ' \ 

(v) EauiATiON^ of tbift load may be^ redacec) to ^ 
a more simple form, by putting ^=fljy, and then 
. cjividing the resi^lt by a"* i in which case we shall ' 
bSrVe 

a^y ± a"* =»:Q^ or yP ± 1 ^ Q, 
whefe the sevei^l v-alues of y are the roots' of — 1," 
or 4- 1 ; and consequently th,ose of a? are the same/ 
toQts njHltipUecJ b^y a- 

Wfee^ey a^ir ^h^ fy^ af; th^se fprgw^ «'" + t ^Q, -^ 
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, 1 84 BINOMIAL EQUATIONS. 

^ (using J? instead of y,) is a reciprocal eqnatioii^ 
wanting all 'the intermediate terms, its solution 
may be readily obtained froni the rule given in the ' 
last article, by making the coefficients, jp, q, r, ^, 
each equal to 0, and finding the result accord- 
ingly. 

It therefore only remains to determine the se- , 
veral roots of the equation 

x'"'-l=0, ora'^s], 
which, for the first ten orders, may be done as 
follows (/), 

R<TLE. 

When the index of the Jirst term is an even 
number. 

1. If the* equation be of the 4th power, as 
a?* --1 = 0, where two of the roots are, Evidently, 

1 and — 1, find the values of x in the equation ^ 
«* + 1 = 0, and they will be the other twt) roots of 
the proposed equation. 

2. If it be of the 6th power, or a® — 1 == O, where 
two of the roots are 1 and — 1, as before, find the 

(/) The circumstance qf unity, in the equathtas here treated 
of, having a number of roots besides 1, appears, at first, some- 
thing singular; but, though the expressions, by which these 
roots are denoted, are, for the most part, imaginary, and for that , 

•' reason might be thought of no importance^ they are, nottvithstand* * 
ing» of great use in many of the higher branches of analysis, par* 
ticularly in what is frequently called the arithmetic of sines, 
where the employment of symbols of this kind leads to many cit- 

' rious and interesting properties of the circle, and other curves, 

' * which could not be easily derived in any other way. 

It ^appears, from the above rule, that, in the present state of 

* Algebra, we are able Jo find all the roots of the equation 
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values of X in each of the equatidns x* + x + l^O^ 
' and a?* — ar+ 1 ssO, and they will be the other four *• * ' 

•roots of the proposed equation. h - 

3. If it be of the 8 th power, or a?'— 1 =0, where * * *^ 
two of the roots are, also, 1 and — 1, find the two ^ j; 
values of z in the equation ;2* — 2=0, or x*=3 2, ^ ^• 
and let them be denoted by r, and r'; then the i 
roots of the three quadratic equations a?*+l=:0, - * V 

^* — rj?+ 1 =0, and x* — r'x + 1 =0, will be theother ^ : 

six roots of the proposed equation. 

4. And if it be of the 10th power, as x^®— 1 =0^, • ^- > 
where two of the roots are 1 and — 1, as they are f^ 
in all even powers, find the four roots of the equa* *4 ' 
tion ^*~3;s* + l =£0, and let them be denoted by . 
r^r', r^% r'" \ then the roots of the four quadratic 

^equations a?* — rjr + l=0, a?* — /^?^ 1=0, a?'— ' ** 
a-'^aj+'l ==0, and ae* — r'"a?+ 1 =0, will be the other 5* ^ «» 
\^ eight roots of the proposed equation. 

TThen the index of the Jirst term is an odd number. ^ 

1. If the equation be of the 3d powtr, as * « 

jj^ — 1 = 0, where one of its roots is, evidently, 1, 

\ ' , '. •' '■ V 

♦ j:««— 1=0, when m is pot greater than 10, as the reduced equa- ^' 

tion. In that case, never exceeds the 4th order ; but the next , - % 
. higher equation/x^^«-l>«0, is irresolvable, as the solution of it 
leads to an equs^tipn- of the 5th power, the roots of which cannot . 

« be gerterally obtained. « ^ 

But, although the algebraical calculus is confined within the * Jk 1. 

limits here mentioned, the rodU of any binomial etjuation what- ^ ' ^^ 

. ever, of the kind . * , '< 

* jf'^dsl^O, or a:*±fl««0, ^ "* 

can be expressed, universally, by means of the division of the * ^ 

circumference of l!he circle into m 6qual ^arts; as is shown in . * ' . 
the corresponding article. Vol. II, of the prcfeent work, '. \-'* 



k ' 



t* 






k//' "^ • '-.■ '^ ^ -. _^ ^ \ , Digitized by Google 



1 



ff 



find fhe vaT»es of ar in the qvadzeijic Q^pvttbft. 
. ^ i;^ ^x 4- 1 »€!, and tbeywiU bethel other two loo^ \ ' 
'.»* \ * of the proposed equatioiw ■ . \ 

\^ 5. If it ba of thft 5th power, « a?"^ 1^0^ wb4Sre 
' one of itSi root^ k 1, as b^fore^ find the two ^aliEies: 
of% m the eqBation z^^ ^ -^ 1^%^ and let them be^ 
denoted by r and r' ; then the roots^ of the two qiMin 
\ • dnrticeqnation&af-^rx-f l^sO^and jc*— y^-H^s^C^ 
^ wiU be the otlier fonr roots of the proposed eq|iiiition. 
• > 3* If it be ofthe Tthpower, orar^^l«vQy where . 

; one of its roots is alao 1 , find the tlrree vahiea of T^in 

^e ecjoation a;^ + 2*— 3z--l«5 0, and let them bo . ' 
denoted by r, t'*^ t^' j then the voots of the thron 
qnadratic equations a?*— rxHr 1 ;oO^ a?-.Vj?+ 1 »0, 
and i* — r^'x^ + 1 «0, wiB be the other %i% roots of ti^ 
'* . purposed equation. 

^ Z^-* 4. And if it be of thei gth power^ a$ «^-»l ==3 0, 
' where one of its roots is Itkewisal, as & is in aU tho ^ 
Add powers^ find the four valxie^ of % in thie e^fr 
•* • lion «* + »'-3«*-2« + l=a, and let them be de-» , ,* 

noted by r, r', r^', r''^; then the roots of the four 
, qnadratic equations a?* — rr + 1 =s O, «* — r^x +1 = 0,* | 

0?^-/^'^+ 1 = 0:1 and a?*-r'"^+l=0, Tvill be the ^ .*. j 
other eight rootJSf of the proposed eqnatiQU* 
To thift we may also add> that^ siacft twQ of thci ** ' t 
A Tahies pf Xy in every ease of ertB powers, are +1 * * 1 

/ , and — 1;, if the first menibor gf an ^qqation of the • 

kind a?*"- 1 ^Q^, be divided l)y a?'- Ij the q^Qtk^^ti •' 
"^ will be . • , ^ 

',-' '..' a?^-* + a;*"-* + a*^''+ . • , . j^^ + jc^-f 1=0. 

* ■ ■ 

t ^ And because one of tl>^ valw^ of J?> ip ^vcory ^ 
•* case of the odd powers, is 1> if the fiy^t wif^^ber ^. . ' 

' ' ' * - •* • 3. ' * ^ •' ♦ . ' 
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»I7 eqMtkm of liie kind x^^-l se, be ditided 
by ;r— 1, the quotient will be 

^ Both of which are reciprocal eqttatioos^ having aH 

the coefficients ^fdldrtfe^raitemm « 1^ and conse- 

< . quently each «f them is feMlDTable by the method 

employed in ike Wt artide^ . , 
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1. It is t^eqoii^d to find the H^Pdt roots of the 
♦, . equation x^—ls^). , ^ 

# Here, the index of x beSng an odd number, one 
i>f the roots is !• 

I • And^bytheBef^ondpait^ihende^ \ * 

^ ' . dj^+aj^-l*"©, or^'-h^j^s — 1. • ',^ V* - . 

^ Whence, iby qnailiiatics^ i .^* ^ 

Gcmsequently, ^ * 

h -i-hi^-3, and-i-iV-3, / ^ ;♦ . 
tte the H9«t« mtight» * V^ , 

V AndifitWMi»eti(qtii»edti»fitidtiie<Sireerootsof 
^'; ^ thee^pradon^+l^Q, . - 'i * 

We shall JiaTOj in ibis casc^ one of the roots ' ^ 

* 4 And^by dividing j(?+l by it +1, there wfflanse . 
* "* /• ' • ^•— a?+l=0, or Of*— Ar= — 1. 

»♦ * Whence, as ^>akte, ' "' 

/v . " Therefdre, * ^* n 

, \, Ctft^he foots iswtoght; • , ^ 

^ * .'.•..•.':'. ■'• . .•'. • ■ * ^ 

p 1 .*".,,•. • Digitized by CiOOQle 
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' * 

.- ^ a* It is required to find tbe five roots of the equa^ 

tioii ^*--l=0. 

Here 5 being an odd power, one root of the 
**; given equation is =!• 
* . Therefore, by the rule, , 

%• ! ;&*-*-«— 1=3=0, or. «* + «=!, >vhere 

^=-i + >/(^ + l)= ^^ + iV6 = r, and 



% 






Whence, also, 

4?-rx + l=0, or a:^-(-^ + ^>/5)x= -I. 

And consequently. 



4. 



In like manner, 

a;^-.r'a?+l=sO, or ai* + (f + §\^5)«== -1. ^ / 

Wherea:=-::|(l+^5)±>v/{^(l+y5)*-l} = -- / ' .i 



m 



^ .• Therefdre the five roots. ar^ ' i 

* %" 1, f(-l+A/6)±i(>v/10 + 2'v/6y-l, and ' 

". -|'(i-i->/6)£:^(^10-2V5y^l. 
** 3* It is required to find the four roots of the ^ *^ 
equation ^* -r 1 = 0, . , K • 

' « vAns. +1, .— 1,^+a/— 1, and — a/— 1 ' , 

1 V. ^ 4. It is required to find the five roots of the 
4^ * equatidn a?' + l=0. * ' h. 

* . ^ Ans. -• 1, f (1 + v'S) ± ^(a/10-2a/5)V - 1, and , ^ 

:\ •; * i(i-v6)±^<vio+2V6y-r .T 



. ' ' ' ^atJATI0>7S THAt HAVE EaUAL ROOTS. 1S9 

5. It is required to find the sbc roots of the 
. equation x^ — ^i® = O* 

Ans- a, -a, a(-i±iA^-3), and a(,|±.§^— 5) 

. . 6« It is required to find ih^/*eight roots of the , 
equation Jj® — a' =s O. 

Ans* a, — a, a\/ — 1 / -r- «\/ — 1 > a{^VS ± ^ - 2), 
:. anda(-ri:>^2±^/^2) 

7- It is required to find the ten roots of* the i 
equation x*^— a*®=0* 

OF EQUATIONS THAT HAVE EQUAL ROOTS. 

(u) BESIDES the several classes of equations, * 
before treated of, there are others of a different ' 
kind^ that are. equally susceptible of being reduced 
to those of lower dimenisions, the most useful of , 
them being such as have two or more equal roots, | 
with the same 'or contrary signs; in which casec 
the methods of. resolving them, as far as to the * 
* 4th order, inclusively, are as follows : . » 

Rule. 

1. If a quadratic equation, of the general form - 
jc'^^ax + b^ 0, have two equal roots, with the same 

sign, they will be each = -T-|a. And if the equal 
\ roots have contrary signs^ the equation must be ^ 
the form x* — 6*=0; in which case, x= ±Vb\oT 
■f b and — 6. 

2. If the cubic equation x' + ax* + Jx + c = O, has 

' two er^ual roots with the same sign, each of them . 
^ will be a root of tlie equation 3x* 4- 2ax -f i = 0, and • 
' the remaining root will be = — a — twice one of the 
•^ equal -^roots. Aad^ if. they i^ve cbntrary signs,- we 
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dban hwe, iaiSiat ease» i^ ;pm:^ wA tlm ropti spight 
will be V-^, and -v"--, and ike vmmmagrpmt 
willbe^Btf. 
a. Mi^foiqwdnMsk iifiaiiDix 

' has two #qii^ Foots, <iHtli the swie si^ aach of 
Hicm Trfll he a Wdt-rf the equation 

and the other two roots wiU he fosatiA (mm ^ 
equation 

r being one of the equal roots before found. 
And if the eqmd roots httve contraiy ^gas, we 

fih^n have a{))C — aS) — ^y and;c= I'/--, ^ fee- 

&ve ; the other tmo j^oto Iwnjg &?ind £cQW the * 
equation 

4. Abo^ if the biquadrati<:: *"*' 

has three equal roots^ with fhe same sign, each of 
them will be a root of jftw equation Qx^ -f Sax = — 5, • 
And if two of the three ^ipsl^ ^oote Jjiaye contrary 

asiathclastioase^i^. •> 

A * i I 1 1 II III I ' ll, —.i^n * i» ■ ■■■■■'* >i. M 0»t M ^ »■■■,; ■.„■ >i. - • ■.1*.,.^., , n »i» * . 



' ^^ |§^) The inmSe ^^utioti^ Here ginetf, thight htrtre ibcftii ^dfy 

^ * * * ' extended to equations of the 5th, 6th, &c. pow:tr; bitjt ikn vthpse ^ 
r" . .|f . »abo?^ the 4th^d(Bgr«fe. vthie «0X|^iPWioo& (or the .e(^uai. rt^ts, <when ^ * ^»^ 
'^ » the^.have tl)e same sjgn^ fire too QQmDlvcated to be of any prap- ^ 

tical use. JluTes might also have Been introduced for dqtermiii- 
-ioy g]pffenVt)y' mtans o f tRcM^tiimis <rf'the codflScientt aiene* * 
t«l)fdblierior0CAtMy-giiieir(^ v ^ 

^ / ■< r I . ..•' •. . - • , ■ • " • ' •.. * 
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. 1. Supposing diat two 6f the roots of the eqna- % 
tion a^ + Ji^—33x + 63 = O, are equal to each other^ 
and have the samt sign. It is required to determine '^ * - 
them. • v». 

Here a bei^g = 1^ and 4= —33^ we shall liave; 
^y the rait, 

Wwctice . * ^ . -g 

11 

The fmrma: irf^vbtok (S^ hein^ snbstitttted for x, 4 
in tlite original equation, is found to suoceed. i i- \ 
Whence, two of the three Foots are, eadi =3 ;'. • ^ ' y * 
. aiid die r^maiaiiig ifioot m: — 7* * . ^. . 

2« Siqfiposiiig that two oftlie roots of die equation ^^ 

4ire equal to each other^ and have the s^me sign; ' - ^' 
* it is required to determine them. 

Here 4r hehig ^^ i^:^ —:-, jc*a= ^^ and irfssc -^ .|f e j 
shall have, by the tlfle, ^# < 



i» 



» 



be moM fcttdtly ^ne, liy ^tfuUiig the ^root 0f ihe ^uadcatic equa* 
, tion to which 4t is reductSle* and then seeing whether the root, * * . \. « 
thus obtained, be'a rootoNhe original eqUiitidh, ' ..***, 

' 'InHllCaies/tJf lhhte!ifl,4foweter, ttiway'be of »tiae ^ %tiw,f . , ,.^ 
that an equation cannot have eqaal roots when tbfciMUvnBilid / 

'the-ooefficieiU'of the Itfst hut one, are. prime to each Qthei;^; but ' ^ . ^• 
the reverse of this is not alwaVs^true, ,.-«.'•'/* 
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I^ EaUATIONSl THAT EAV^ EOUAL KOOTI. 

^ * ... 

Or, by transposition and simplifying the terms, , *! 

. lis 376 . * - 

459 1377' ' ^ 

The two roots of which equation are - and — tit « 

And, by trial, the first"of these, -, will be ibnnd / ^ 
to be a root of the original equation proposed ; 
whence the two roots required are each =j 

• 2 * 

And, since r = -, we shall have, by the rule, , ^ 

,14. 3 2 4 ■ , > 11 1' • , I 

(- + -)^_-j — L».r=o, or X + — x^ — -: 

. *^ '\, the roots of which latter equation are — -,and — s . -i * I 

Whence the four roots of the given equation are , 

'^ ' . 2 2 1 J 3 - . J 

>/ . • ; * s'3 -3'^^^-:2 • • \ J 

.} * ' \ '3. It is required to determine whether the equation 

x^-\'llx' + igx*'- 99x- 25V= o, "^ * 

^ has equal ropts, and, if so, what they are. 
r ; * Here, since 

*• a=ll, b=19, 0= -99, and rf= -252, 

-. ^ ■ .' we shall have, by the rule, ♦ 

a(ic-a£0=ll(-19x99Vll x252) = 
• ., 11(-1881 + 2772) = 9801 = 99* = C*V 

. whence the equation has two equal roots, with con- 
*, ^?^_ signs. . . ..! : ' 

-P,. . And consequently ar = ± v^ --= iiV'^^+Vg^S * 

* *. ' • * ' « • • * * » 
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aiftd -^3; m^ch tWD roots will be fomd to answer 
^ llie conditions of the qnestion. 

Also> since r^±3, we shall have, by the rulc^ 

or a;* +11^= —28; 

Tht mots of which equation are --4 and — 7> 

• Whence the four roots of the given equation ara 

3, -3, ~4, and -7. 

• 4. Supposing that two roots of the equation 

a^--46x— 128=0, are equals aiid have contrary 

signs ; it is required to determine them. 

Ansi — 4, - 4, and 8 

h. Given the equation x^ 4- 5-iJP* — j^x — — = o, to 

find whether it has e<|pial roots^ aild^ if so, what 
they ajpe, . Ans. ^, — ^, and — 5^ 

6. Supposing th^ equation j?* + Sar* - 1 40?* - 1 2x + 
40 = O, to have three equal roots, two of which have 
the same sign$ it is required to determine them^ 

Ans. i2, 2.-2, and —6 

7. Supposing the equation a?*-iij7^-^a? + 
*-~=stO, to have two equal roots, with the same 

800 

sign ; it is required to determine all its four roots. 

Ans. -1, -i, i and-^ 

OF EXPONENTIAL EQUATIONS. 

(x) An exponential quantity i^ that which is to 
• be raised to some unknown power, or which has 
a variable quantity for its index; as 

^ ' a% 0*, sfy^ or x*, &c. 
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And an exponential equation is tliat which is 
formed between any expression of this kind and 
^.oine other quantity, whose value is known ; as 
(f=bi jf = a, &c. 

Where it is to be observed, that (f=by when 
converted into logarithms, is the same as a; log. a^ 

log. b; or j?= . ; and af^^a is the same as 

0? log. a? = log. a; in the latter of which cases, the 
value of the unknown quantity x may he deter- 
mined, to any degree of exactness, by the method 
of double position, as follows : 

RULEr 

Find, by trial, two numbers as near the number 
sought as possible, and substitute them in the given 
equation a7log.x=:log.a, instead of the unknown 
quantity, noting the results obtained from each. 

Then, as the difference of these results is to the 
difference of the two assumed numbers, so is the 
difference between the true result, given in the 
question, and either of the former, to the cor- 
rection of the number belonging to the result 
used; which correction being added to that 
number, when it is too little, or subtracted from it, 
when it is too great, will give the root required, 
neurit/. 

And, if the number, thus determined, and tl>e 
nearest of the two former, or any other that ap-* 
pears to be nearer, be taken as the assumed roots^ 
and the operation be repeated as before, a new 
value of the unknown quantity will be obtained 
still more correct than the first; and so on, pro- 
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ceeding in this manner, as far as may be thought 
necessary (A). 

Examples. 

!• Given of = 100, to find an approximate value 
of jf. 

Here, by the above formula, we have 
J? log. a? = log. 1 00 = 2, 
• And since x is readily found, by a few trials, to 
be nearly in the middle between 3 and 4, but rather 
nearer the latter than the former, let 3.5 and 3.6 
be taken for the two assumed numbers. 

Then log. 3. 5 = .6 440680, which, being multi- 
plied by 3.5, gives 1.904238= first result; 

And log. 36 =.5563025, which, being multiplied 
by 3.6, gives 2.002689 for the second result. 
Whence 
2.002689 3.6 2.002689 

1.904238 3.5 2. , 



.098451 : .1 :: .002689 . .00273 

For the first correction; which, taken from 3.6, 
leaves J? = 3.59727, nearly. 

And as this value is found, from trial, to be 
rather too small, let 3.59727 and 3.59728 be taken 
as the two assumed numbers. 

Then log. 3.59727 = .5559731, which, beingmul- 
tiplied by 3.59727, gives 1-9999854= first result. 



(A) Functions of the kind here treated of were first introduced 
into some of the higher branches of analysis by John B«rnoalti, 
who published a paper on this subject, in the Leipsic Acts for 
]697 ; but the denomination of exponentials was giren to them 
by Leibnitz. 

02 
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And log. 3 .5a7;j8 =F..6 5^9743, wl»icj)>, bcia| .mul- 
tiplied by 3.59728, gives 1.9993953 =r,seCQB4re8Hlt. 

. '^y^he^ce . ] \ , ir 

1.9999^53 3.59728 2. 

1.99P9854; 3.59727 1.9999953 ; ;; ' .' • 



.0000099 : .00001 r: .X)006047 :*.0(»bb474747 

Forthesecond cofrectionV which, added to '3.59728, 
gives X = 3.59728474^47,'^ A^ft-eme/y near the truth, 

2. Given of =3 2000, to find aji approxiiliate value 
of X. Ans. x:=rAJ^if^^Q263 

3. Given (6^)* = 96, to find the approximat;ieyalne 
ofx. ' Ans*: X =1.8626432 

4. Given af =123456789, to find the ATtfoebf ap, 

Atl9;»»;6400268 

5. Given a?' — a? = (2x — 0;*)% to find the yaltje of ^. 

Ans. ap= 1.7*47933 

OF THE BINOMIAL THEOREM, . .. 

(y) The binomial theorem is a general algebrai- 
cal expression, or formnla, by whiekoany^power, 
or root of a given quantity, consisting of two terms^ 
h expanded into a senes ; the foi:m of wliict, as it 
was first proposed by Newton, being^as follows^ 

ir •i-r^ «-p*(l + ~Q + -(■~r=-}QT+H-;r^K^'-;r^T^^ 
n n^ 2n ' n^ 2/» '\ .^i!^ ', . "* 

. . : . OV I ..:< -J tit .:^> 
(P + pa)* =* P'* + — AQ + BQ + CQ + Da^c. 

Wh^re p is the first term of the binomial, a the 
second term divided by the first, ~ the index of the 
power, or root^ and a, b, c, &c. the terms iiQinedi-' 
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ately preceding those in which they are first found, 
inclading their signs + or — • 

l^ich theorem may he readily applied to ^ny 
particular case^ by substituting the numbers, or 
letters, in the given example, for p, a, m, and n, 
in either of the above formulae, and then finding 
^e result aocordmg to th? rqle (t)« 

}• It is. required to convert {a^-^x)T into an in* 
finite series. 

Herep=a% ^=^,, ^=^, or m=l^ and 11=35 
whence 

n 2 i efi 2a ^ 

m'--n ^1 — 2 X « ^ 3^ _ 

M-211 .1 — 4 a!* X 3i» 



PQ.= y — ■ V — - 

m-3» _ l-6 Sx*. X ^ 3.gj:* __ 

m-^ft 1-8 S.5x* a: 3 5.7j:^ 

5n *** . 10 2.4.6.S«^ a« 2.4.6.8.iOa? *^^ 

&c. &c. 



(t) This celebrated theorem^ which is of the most extensive 
use IB algebra, and various other branches of analysis, may be 
otberwbc expressed as follows : 

a » mx mm^nx^^ m»i-wm-2» x^ . . 
(a + xY « a« [1 + -{-) + -.-;r-- (-)• + -.-;r— -V— ^ (-?^c-1 

* ' •'■ 11 V » 2ii a fi 2n Sn V -^ ' 

m 

Or (a + x)»- 

♦ '' n a-f^ » 2» « + « n 2n ^n # + « -■ 
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Therefore (aV^r = 

Where the law of formation of the seve^'al terms 
of the series is sufficiently evident. 

2. It is required to find the value of v * ' ^ or 
Its equal (a+i)~% in an infinite series. 

b m • - 

HereT^a^ a=s-, and -2= -l 2, wjHa?— tjand 
9ir=l 3 whence , 

pr=(tf)? ==«-•= j = A^ 

H I , a* ^ a' * 

W-271 -2-2 S&* S 4M 

«»-3»^ -2-3 4&> 4 5^ 

4» 4 ' a* a a* ^ 

&C. &C. , . 



Or (a 4- af)»" « 

And if the reciprpcals of th« same expressions be req[uir6<i« 
they will he • . ... 

1 1 m.x^ mm + nx « «» + » m + 2».t _ , 

1 . ' " 



Or 



* (a + rt)* 
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Consequently ^_-^= ---+—-— + -^&c. 

3. It is required to find the value of — — ^j ^^ 

its equal (]^{a^ — a?) " % in an infinite series. 

Here 
p==ft% ^=>_^ «nd-»^; or m=s — 1 aBdn«:2; 
whence 



n 2 o a' 2a=» ' 

m-n __-l-2 X ^__?^_ 

i«-2n ___-i-4 3x* X ^ S.Sjc' _ 

«i-3» —1-6 3.5a:» x S.5.7x* 

4ii 8 2.4.6a^ o« 2.4.6.8a« ^ 

&C, &C. 



Or- 



(a + a?)" 



It may here also be observed, that if m be made to repr^ sent 
any whole, or fractional number, whether positive or negative, 
the Brat of these expressions may be exhibited in the more sim« 
pie form 
, * . w{m— 1) . m(«— l)(w — 2) 

m(m-l)(m-2) . , . . . [OT-^(n-^l)]fl*j''"' 

1,2.3.4.. f^ 

Where the last term is called the general term qf the series, be- 
cause if Ir 2, 3/ 4f &c« be substituted successively for n, it will 
|:i>e all the rest. v 
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Therefore 

1 _1 V X ^-(^\ 4- JLL^-^ 3.5.7 .x<.o 
. ._ >t a aV''^ 2.4' 0?^ "^ 2.4.6 ^07^ "^ 2.4.6.8^a!>^ ' 

And 

a' l.Xv a /X'v 3.5 /a*v 3.57 /A#i. 

X 

4. It is required to find the value of (8 + 1)% or- 

i/9, in an infinite series. 

I fti 1 

Herep=5:8, a=-, and- = -, or m==l andn=*3; 

whence 

p»=:(8)»=8' = 2=Aa 
in _1 2 1 _ I _ 

^2;^Ba-.~^ X — X - =: -^^^^^rC^ 
m-2n 1-^6 1 1 _ 5 _ 

-^^ca=~^x -:376^x23*-s.6.9.25'^^^ 

3!»-3n 1-9 5 1 5.8 

-Das=:-t— X ■■ ^ ^, X -=; 



471 12 3.6.9.2' 2» 



»i-4n 1-12 5.8 I 5.8.11 ' 

5» 15 3.6.9.12.2" 2^ 3.6.9.12.^5.2*3 *^ 

&C. &C. 

Therefore V9=F 

_2 ^ji 5 5.8 5.8.n . ^ 

- "*" 3.2» S.6.2* "*■ 3.6.9.2'^ 3.6 9. 12.2"* "^ 3.6.9.1 2. 15.2»» ^* 

5.' It is required to find the vahte of V2y or 

-/(I -fl), in an infinite series. 

.11.3 3/5 3.5.7 ^ 

^^®- ^+ 2-2:4 ■^2i;:6 ""2X61-^ 2.4.6.8.10^^^ 

6. It is required to find ^he value o£ (8 — 1)'''^ 
or V7; in an infinite series, 

11 5 5.8 



Ar^s. 3. 



3,2' 3.6.3* %Q.9,V 3.6.9.12.2''^ 

5.».U 



:&c. 



3..6.ft.l2.15.2« 
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7. It i« recjmred to ftut^ the yalue pf (aHjo?)"^, 
in an infinite series. 

8. It is required to find the yalue of (a±ip", 
in an infinite series. 

9. It is required to find the yajue of (a — 8)"^, 
in aja infinite series. 

10. It is required to find the value of (a + J?)*, 
in an infinite series. 

Ans. a"^{i + 35-g-;+gv-9iIir* + 5Mi:T5^ 

11. It 18 required to find the value of— — r, in 
an iQfiniite series. 

Ana. ^ii*+2a"*"2lS"*'2.4.6fl?"*"2lX8fl*"*'*^"* 

12. It is required to fiad the valiie of " T, m 
an infinite series. 

. 4.,, — r , Ox* _ 2.5x3 , g.5.8x« _g . 

IS. It 18 i^uired tQ find the val^e of (1 -^x)^ 
in an iofipi^e aerieis. 

- 2x 2.S1* 2 3.8x» 2.3.8. 13x^^ 

AM. 1 -7— 5:Io'"m6:T5"' 5.10.15 20*^*^ 

14. It is required to find the value of --■ — r 
in an uvfiAite series. 
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15. It is required to find the value of i—^)'^, in 
an infinite series. 



OF THE MULTIPLICATION AND DIVISION OF SERIES. 

(z) Any two series may be multiplied or divided 
by each other, by substitiiting the numbers, or let- 
ters, of the given example, in the place of their 
corresponding terms, in the following general for- 
mulae^ and then finding the result accordingly {k). 

Ao + Ai^: + A«a?* + AsX* + A4X*&C. 
Bo + BiX + BgX* + BjX' + B4JP*&C. 





AoBo + A,B„ 


X + AjBo 


a^ + A,B„ 


3? + A4B0 


X' 




+ AoB, 


+ A,B, 


+ A»B, 


+ A,B, 




'ro(l* = 


+ AoB, 


+ A,B» 


+ A»Bg 






+ AoB» 


+ A,B, 












+ A<,B« 





&C. 



And if Bo=Ao, B, = A„ &c. the fqrmula for the 
square of the upper, or following, series, 

At> + A ,1? + A^ + A^X^ + A4a?*&C. 

will, in -that case, be as follows: 



{k) In the mode of notation here followed^ it is to be ob- 
9eryed, that a^, a,» a,, iare the coefficients of the fleteral powers of 
X, 8p taken, that the inferior figures 0, 1, 2, 3, &c. by which 
they are denoted, shall always s^gree with the indices of the un- 
known quantities that are attached to them ; by which means, 
the law of the continuation of the terms is, in all cases, rendered 
obvious, and a conformity between the cpefQcieats and powers of 
X constantly preserved. 
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Square = 



Aq + AiAo X "h AjAq 


a;*.+ AsAo 


3? + A^\^ 


• +AoA, 


+ A.A, 


+ A4A, 


+ AsA, 


+ A,A, 


+ A.A, 


+ A,A« 


+ AoA, 


+ A.A, 








+ A0A4 



a?*&c. 



Also 



^o' = 



Ao + A^X + A^ + A^S? + A4a?*&C. 

1 + B,a: -f Bg^* + n^a? + B4J?*&c. 



Ao + A, jiT + Aft 

— BiCo| — B^Cq 

-B,C, 



— B3C0 

— BgC, 

— B,Cg 



05* + A4^ 
-B^Co 
-B,C, 
•^ BjC^ 
--B1C3 



X*&C. 



And if Ao, in the upper series, be taken = 1 , and 
the rest of the terms be put =0, or made to va- 
nish, we shall have, for the reciprocal of the 
lower series, or 

1 



1 + BjX + B.pc" + u^r* + \3^kc. 


1 "" BiCq X — BjCq 


X^-BjCo 


iXr —— b^Cq 


-B,Cj 


-BgCi 


-B,C, 


-BiCa 


-BgC, 






-B,C, 



x^hc. 



Recip* = 



Where it is to be observed, that, in each of the 
two latter series, Cq denotes the first term, c, the 
coefficient of the second term, Ca that of the third, 
and so on, according to the order Cj, C4, &c. (J) 



(/) The first termft of tbe denominators of the two last exam- 
ples, given above, are, for the sake of simplicity, taken equal to 
unity ; to which form any series can always be readily reduced ; 
as is obvious from the following instance, 

a <». 6x + c JT* 4- ^ 4- f X* & C, = « ( 1 + -ic + -x* + -a;' + -:r4 ) & €• 

^ a a ax' 
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Examples. 
1, It Uf r^nired to find the product of thetwb series 

l-f^a?+^a?'4-jaj^+^j?* and 

* 3 5 7 9 lil 

Hcr^ Ao= 1^ Ax = 2* Ae«^&C. OQ^ 



*•&€, 





Whence 




'4 


..i 


^4 




1 


I 


1 


1 


""3 


■•a 


9 


12 




1 


-i^ 


1 

+ I5 




, 1 


1 




"^7 


""14 








-J 



8. It is required to divide the series 
by the series 

Here Ao^I^ a,=-, Aa=— &c. ; and 

^1=*^^ Bt=5-, ^*T5 ^* 
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1 1 1 

Ag-BgCo-BiCj — jQ-j-t-^ — ^ — C, 

121 1 .1 I 1 ^ 

A4 "" B4C0 — BjCj — B«C« — B1C5 — _, ""/;"^io is"*" 



1260 6 12 15 



Therrfore, 1 _ ^x + ^a;' - yas' + gX*&c. = quotient. 

3. It is required to multipij l+-^x + -^+~af-i'] 
^x^ + ^x'&c. by l+iT+ia^ + ii'+i»*+^«'&c. 

4. It is required to find the square of l~-x+] 

3^ 4 5 O 

5. It is required to divide x + -af+-^x' + -;^x* + 
jx'&c. by * -|a* + ^a? - i** + \x^&,c. 

• Ans, l+«+ia!»+^a!» + ^a*+^«»&c. 

6. It is required to find th« reciprocal of 1 + ^a; + 

Ans. l-lx-^^'-^^-^-^^S^C' 
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n 



OF THE MULTINOMIAL THEOREM. 

(a) The mnltinomial theorem is a general ex- 
pression^ or formula^ for determining any power or 
root of a given quantity^ consisting of any number 
of terms ; the form of which is as follows (m) : 

(Ao + AiT-l-A«a:^ + Asa:* + Avr*. . . . a^)" = Ao* + 






+ 2mA,B9 
+ (m-l)A,B, 






4a, 



^c. 



+ SmAjDo — + ^nA^B^ 

JA, 

+ (2m- 1)a,b, + (3m- 1)a3B. 
+ (TO-2)AjBa +(2m-2)A,B4 
+ (m— 3)AiB. 

Where Bo=Ao*; and Bi, Bg, b,, &c. are the coef- 
ficients of the terms immediately preceding those 
in which they first appear. 

And 'the manner of applying the theorem to any 
particular case, is by substituting the numbers, or 
letters, in the given example, for Aq,, a„ a^, &c. and 
m, as in the binomial theorem, before given. 

Examples. 

1. It is required to find the cube of the series 

1 + J? + a?" -h 0?^ + a?* + a:^&c. 

(m) This theorem was first given by Be Moivre^ N° 230^ Phil. 
Traos. 1697, who also pointed out the law of its terms; but the 
formula was afterwards much simplified by Euler, in his Calcul 
Differentiel, c. 8, part ii ; where it may be found, in a form 
nearly similar to that in which it is here proposed. Arbogast, 
also, in his work entitled Du Calcul des Derivations, p. 12, et 
seq., has presented the same theorem under a very simple and 
commodious form ; but the mode of notation, wbich he has em« 
plqyed for this, purpose, is incompatible with the plan of the pre- 
sent performance. 
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Here Ao=l, Ai = 1, Aft=l&c. andm^S. 
Whence 

Ao'"=l'*=±l=Bo 

aiiA,Bo = 3 X 1 X l=3 = Bi 

2wA,B^ + (m- 1 )AjBi 6 + 2x3^ 
i =:-^_ = 6=B, 

3»«AjVff2«i-l)A,B,+ (w-2)a,b,._9+ 15 + 6 

3 J =10=B3 

4lilA^B^+ (3m-l)A3Bj4-(2m-2)A2Ba+ (w^3)aiB3 , ^ 

— J ; =15=B, 

&c. &c. 

Therefore 1 + 3a? + 6a?^ + 10a?' + 15a?^ + 31a?*&c. = 
required cube. 

2. It is required to find the cube root of the 
series 1 -f gX + ^ + -a?" + -x* -f -x^&c. 

Here Ao= 1^ a,=-, a« = -, As=-8^c. ; and »i = - 
Whence 

1111 

f»AiBo=-X-XY = -=B| 
giyiA^B^+(OT^l)A,B, _l 2 1\_ 1 _ 

2 ""s'q 18''""'i2'~®^ 
SjnAgB^-f (2>w- Qa^b, + (m-2)A^B^ _ ] A 1 L^— ^ -. 

4»tA^Bo+ (3ffl- l)AaBt+ (2m— 2)AaBa+ (w-3)a,B3 __ 433 ^ 

4 ""7944"~'^* 

&C. &C. 

^ Therefore 1 + «a? + —a?* + i^rro?^ + Trrrx^&c. Ans. 

12 o48 1944 

- 3. It is required to find the square of the series 

A , 2^ 23 5 44 . 121 \g 

Ans. 1 — * -Jr 4- — Xr — X 4- — a^*otC# 

AU9. X 3* ^45 105 315 
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4. It k required tb find tlie sqoate of tlie seriei 

Ans. 1 +2a? + 3x'H-4a7* + S4?*&c. 
6. It is required to find the sqnare root of the 
eeries l+x^a^ + s? -f ^&c. 

6. It is required to find the square of the series 

Ans. / - 2y + 3/ - 4f + 5y'°&c. 

7. It is required to find the 5th power of the 

jseries 2x^ + 3x^ — 4x^ + bx^ - 6x "^ &c. 

Ans. 32x^^240x^^i20x'^ +11200?'^' - 

2400jr "^ etc. 

8. It is required to find the square root of 

1 

1 - ^^ + ^- ^ + ^JC^&C. 

OF THE REVERSION OF SERIES. 

(b) Reversion op series, is the finding the 
value of the root, or unknown quantity, contained 
in an infinite series, by means of another infinite 
series^ in which some other quantity only is con-* 
tained ; the method of doing which is as follows ; 

Rule i. 

If the series consist of all the powers of th^ 
unknown quantity, as ax + ijf + ca? + lii?* + ejf^&e, 
ssy, substitute the particular values of the coeffi- 
cienta^ ivk the given examj^e^ for a^ h^ c, d, &c. in 
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the following formula^ and the result will be the 
value of X required. • 

(14ft* - Slaft'c -f 3flV + Ga^'bd^ «'^)S- (-*2ft* - 

&c. (n) 
Where it is to be observed, that, if y be a large 
humber, the series will often diverge^ and conse-^ 
quently, in that case^ be of no practical use; 

Examples. 

i. Giveii ar + -+^ + --+-&c. = 2;^ to find the 

Value of X in terms of z. 

■ * ' ■» « ■ ■ " ■ \ ■ . .1 ' ■ ■ —..i-i, 

(») The formula for the conversion of series, here given, wa» 
'one of Newtoii's first improvements in analysis, which he Irans* 
mitted, in 1676, in a lettet* to Olilenburgh, at that time Secretary 
to the Royal Society, with directions to have it communicated 
to Leibnitz ; which letter, together with another on the same sub^ 
ject, was aflerwards printed In the Commerium EpistolicHm of 
Collins, 1722. 

Arbogast, in his work before quoted, p. 240, has given tne 
reverted series in a form which renders the law of ltd continuation 
sufficiently obvious ; but as the syinbols which he employs are 
made to denote the operations that are to be performed in derit* 
ihg thie siiiccessive. coefficients of the several terms from each 
other, instead of the coefficients theiiiselves, His th^ofeni cannot 
be Exhibited iii thi^ place, for the reasons already mentioned. 

It may be farther observed, that the reverted series has been 
computed and verified in numbers, as ii appears, for the fir^t 

iiine, by Rubbiani, an Italian analyst, as far as to ~~, or to tiH 

fl^th tisrm inclusively. See Trigonometrie de Cagnt>ii, p. 4d^ 
id ^it, where the aeries is given to the extent abov^tntotionedi 
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Herea=l, b=l, c=^, 4=7, e=|&c. anclyj=«. 



2' " 3' • A' 
, Whence 

a 

^(5y-5a&c + a^rf)= ^(^-^^ + 1)= -5j 
- (426* - 84ai'c + 28a* Jc* + 26a''b'd'-Ja'cd-'7a"be+ 

^J^"^ M6 2"^9'*"4 12 10 "^'d^ 720 

&C. &C. 

Therfefoife 

* "* 2 ^2.3 2.3.4. ^2.3.4.5 2 3.4.5.6* ^^' ' 

2. 'Given j? — j;*-fa?' — j^^-t-a?* — a?^ + a?^&c. = ;^, to 
£nd the value of x in terms of 2. 

Am. a?=a4-i^* + «^ + «* + «* + «^&c. 

J-,, I* X* dt* X* a:* T^ 

3. Givena;-j + - — - + j-'g + ^&c. = «, tofind 
the value of a? in terms of 5:.. . . 

• ^^^2 ^2.3 2 3.4 ^ 2 3.4.5 

jr* y3 jji <^ ' 

4. Giveni?-- + -7-g- + — &c.=y, to find the 
value of X in terms of y . 

Am. x^Hy+f +^+|:+^+|&c. 

.,. Given 3,.?4$.g.g.g.|l>e.^., 
to *ffiid the value of y in terms of i^. 

. :. V 4e3 7fc« 14^5 4522J6 -7 14.82' ^ 
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Iftbfi senes coiisifit of ^he odd powers of the 
unknown qoantity only, as ax + bo^^cx^-^dx^ -{- 
mshkc. ^y^ s^bstit^ie tjbe paistictilw ^rsdues bi the 
coefficients^ in any given e:ikWicp3fi^ far ii> by c, d^ 
&c. in i)^ iollcmitig /orp^n, mA the result will 
bp the value of :p, as required* 

(55** - 55«iV H- lOa'kd + 5aV - a'e)^&c. 
Where it is to be observed, that, in this case^ 
as well as in the former, the giv^ and reverted 
series must be bo^ pf the j^fiipe foxm, pr ,^hi9rwj$|i 
they are w^ conv^i^tibk ipto ej^ch other. 

Examples. 
1. Given x jc^'h- a?* -* a *^ 4. 

1. viiYcii a, 2^* -r 2.3.4.5* 2.3.4.5.6.7 ^ 

^ ' a?^&c. = z, to find the ydue of x in 

4;w^s pf «. 

Here 

, WJtienfip 

.-=1 

p ■ • 

+ (36'-.ac)=,(-^-j^-=J=~5 " 

^ ^ ' ^ 1.8 5040 90^ ?.f;6.T 

+ (556*-6Aayc+10c'&£i+,5aV,-o'.e) = (-^r» 

n 1 1 .1 X _ 3.5.7 

864 "^ 802* 2880 362jM0' "" 2>*.6tai» 
P 2 



Digitized by VjOOQIC 



SI 8 REVERSIOK OF SERIE9. 

Therefore 

2. Given jr -f- ar* -f jj* + 1? + aj*&c. =y, to find th# 
value of J? in terms of y. 

Ans. a:=y-y* + 2y-5y'+14y*&e. 

3. Given x--+y-y+---+^. = 2J, to 

find the value of x in terms of z. 

A 1^ 2 \ 17 - . 62 ,« ^ 

Ans. ^ = ^ + 3^ + l5«* + 35Y^^ + 2835^*«W- 

4. Given a? + 4a?' + — x'-i--^j:^ + -?^a?&c. = *. 

^6 24 5040 72576 * 

to find the value of x in terms of %. 

* Ans. x^% — ^'h — 2»*-- «^H »*&c.(o^ 

4^m. u. A ^A» -r ^^A 5040 72576 •^^•V/ 



RUJLE III. 

When two series are equal to each other, as 
ax + 6j:*+ C3^ +£ir* + er*&c.=c^ + %* + 7y + 8y* + 
«y*&c. and it is required to find the value of the 
unknown quantity in one of th^m, in terms of the 
unknown quantity in the other, substitute the par- 
ticular values of the coeflScients in the given exam- 
ple, in the place of the known letters, in the fol- 
lowing general formula, and the result will be the 

root, or value required. 

*"^— ■■ I II I I — ■ I I I 1. I i .1 II ■■■■ ■ I ■■ 

(o) It is something remarkable, as hM been observed by 
JMaseres, Saipu Logarithmici, Vol. Ill, p. 47 9, that the com- 
plicated series, in Example 4, which is the log. tan. (45®+-r), 

should have its several terms the same, except with regard to the 
signs, as those of the reverted series j this being the only instance 
of such a series yet known. 
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AEVEaSION OF SEEIES. jll3 

2bAC - SCA^B - rfA*)^ + (« — 2ftBC - SJaD - 3CAB* — 

3ca'c - Adx'B - eA*)^ + (?- 26bd - fee*- sJae - cb'- 

6CABC - 3CA*D - 6rfA V - 4rfA'c - 5eA*B -/a')^&C. 

Where it is to be observed, that a, b, c, &c. are 
the coefficients of the first, second, third, &c. terms. 

The same form may also be rendered equally 
applicable to the case in which the odd powers 
of X and y only are concerned, by putting each of 
the coefficients of the even powers a= 0. 

Examples, 
1 • Given x — ^ H s? x* H x* &c. = 

^23 2.3.4 2.3.4.5 

5y + 3^ + 4-^' + jy* + qV^^^' *o ^^d X in terms of y. 
Here a=l, 6=^5, c=— , ^^-^lli&c,; and 

* = 2' ^=3' y=4' ^==5' ^'^• 

J Whence 

a=-=:A 

-» , 4 1 1 1 n 

e-feA«=3+5^-=-=B 

f , 1 11 1 11 

y-26AB-CA' = j + ^-- = - = C 

1381 
J-jB*-2feAC-3CA'B-rfA*=^g|5=D 

IJ4S 
9 -^ 2bBC - SfeAD - 3CAB*— 3Ca'*C -- 4rfA*B -r CA* = ^ ",-r , 

&c. &c. 

Therefore ^^^y + ^^' + M^^^Mi^'-^isra^^^ 
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il4 iNDET»i*f<i»Ati €6Evntiii^r8. 

a. Given x+^* + i?' + ** + a?''dpc.=;s5^ + -/ + ^ + 
ii/* + — y*^9' *^ *^^ * ^^ terms oft/. 

5^ + ^^&c. to find X in terms of 3/, 

Where a^ b^ c, &c, are the foregoing terms with 
their proper signs, 

OF THE METHOb OF INDETERMINATE 
COEFFICIENTS, 

(c) This. is a species of investigation^ whifch ii 
frequently used for obtaining the development of 
fertain fractional and other expressi6ns> without 
having recourse to the operations of division^ or 
the extraction of roots ; the method of perforn^ing 
which is ^.s follows : 

Rule. 

Assume a series^ or other expression, with un- 
known coefficients, for that which is required to be 
found; then, having multiplied it by the denomi^ 
nator of the given fraction, or raised it to its pro* 
per powers, find the value of each of these coeffi- 
cients, by equating the homologous terms of the 
two expressions, or putting such of them as have 
no corresponding terms, ^qua^ tQ Q, as the caset 
may require. 
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£kambi.£s. 
1. Let it be required to find the development of 
, according to the ^bove n^ethod. 



o'+fc'x 



Assume 



a'-^k^x 



= A + BX + CJ?? + Dor^ + Ea?*&c. 



Then, multiplying tjjij^ right haind side of t)i6 ecma- 
tion by a' + b'^, ^pd transposing a, we sJiaU haye 



O = Aa' + Bof \ X + ca' 



0?^ + Da' I a?^&c. 



And by putting the first terpi^i an4 the coeffi- 
cients of tl^e sever^il powers of Xy each = 0^ there 
will arise the foUo^ving equations : 



Aa'— a=o 




Bfl'4-A6'=0 


Or 


Da' + cJ'=0 





4 
a' 



B= — -^ 
G = - -B 

D = - -C 

a' 



&C. 



&C. 
6' 



Hence -r-rr = -/ — -AO? jBO?* — -;Ca?^&C. 

Where it is obvious, that each coefficient, in parting 
from the secpnd inclusively, is equal to that which 

li^ecejd^^ it, i^ultiplied by — - : which law genders 

it unnecessary to take a greater number of equations, 
or to push the calcul^ttion farther. 

2. Required the development of , ,,^ — r^, ac- 

cc^diag to the same method. 

A ssume /V ^j, ' ^ - A + 9^ + ex" + D^&c. 
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INDETERMINATE COEFFICIENTS. 



Then multiplying the right hand side of the eqna^ 
lion \t^cf + b'X'\'C'3fj apd transposing a + bxy ye 
shall have 



0=Aa' + Ba' 

r-a + Ab' 

-6 



x + ca' 


x* + vaf 


+ Bft' 


+ c6' 


+ AC' 


+ BC' 



ar*&c. 



And by putting the coefficients of the several 
powers of a? = 0, there will arise the equations 



Aa -a=0 




^=5 


Ba' + A5'-6 = 


Or 


*' c 


pc' + cb' + n€'==0 






&«^: 




\ &c* 


Whenci 




^— o "'"'■ 



Where each coefficient, in parting from the third 
inclusively, may be readily deduced from the two 
that precede it. So that if p, a, », be any three 
CQiisecutive coefficients^ we shall have 

Ra H-€tft +PC =0; QrR=? — -,Gt jP. 

* a' a' 

3. Givien (a:*+p)'-(ya[? + r)* = a?* + CKr*+ftx + c, tQ 
find th^ indefinite coefficients p^ q^ and r. 

Here, by squaring the terms on the left band 
side of the equation;^ and collecting those that are 
alike, we hav3 . 
^* + ( 2jp — 9*) a?* — 12 qrx + />* — r* = a?* + aa:* + Ja: + c. 

And consequently;^ by equating the homologous^ 
tenns. 

..V. . . ', 
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VANISHIK6 FRACnOKS. Slf 

Or 






2p— a=5* 



Where it is plain, that the product of the first and- 
third of these ec^iiations is equal to \ of the square 
pf the second ; or 2p* — ap^ — 2cp -^(^0 = ^b\ 

Hence the value of p may he found by a cubic 
equation^ and then q and r from the former equa- 
tions, 

4. It is required to convert r^— into a series by 
the above method. 

Am. -(i+- + _ + ^+ — + &C.) 

5. It is required to convert "** > into a series 

by the above method. 

Ans, l+3a? + 4x* + 7a;^ + ll^*+18a?* + 29x*'&c. 

6. It is required to convert -" ^ « ^^^ * series 

l)y the same method. 

Ans. 1 + X + 5j? + ISa?' 4- 41a?* + 1 21x* + 365j?*&c. 

7. It is required to convert V{1 —a?) into a series 
\>j the same method. 

• .^* *"'2 2 4 ""2.4.6 2.4.6.8 ""2.4.6.8. 10 

8. It is required to find, according to the above 
method, the several roots, or values of x, in the 
liquation a?* — 60;^ + 13x^ — 1 2a? = a, by means of a 

3 1 

ijuadratic. Aps. a?=~±v'{-±V(a + 4)} 

OF VANISHING FRACTIONS. 

(d) Vanishing fractions^ and other simila;r el^* 
pTessions, i^re 6uch^ as in certain cases, become 
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2ia V^NiaHlNG FI^CTION*. - 

equal to - ; which symbol;^ though apparently nu- 
gatory, or of no value, must i^ot be r^^jected as 
useless, being of frequent occurrence in sever^ 
algebraical and fluxional investigations, where it 
will often ^ be found, from the nature of the sub- 
ject, to denote some fixed, or detexminate quan- 
tity (p). 

Thus, if a be made to represent the first term of 
any regular geometrical series, r the ratio, and n 
the number of terms, we shall have, by thje rule 
in Art. m, p.gi, 

— ^^za + ar + ar^ + ar^ + ar^-i-. • • . ar^''^ + ar'"^ 

r— 1 

- Where the left hand number of the equaiiop^ is 
an universal expression for the sum (s) of the series, 
whatever may be the values of a, r, and n ; ^s will 
appear by dividing the numerator by the denomi* 
nator. 

Let, therefore, the ratio, or multipUerr, b^ takeji 
=^ 1 ; in w^hich case, its power r', or 1", will, ako, 
= 1 ; and the expression for the sum will be 



. (p) The idea of fractions of ihis kind iSi*&t prigii^gted about 
the year 1702, in a contest between Varignoa and Rolle, two 
French mathematicians oi considerable eminence, concerning 
the principles of the Diflereati^kl Calculus, of which Roile was a 
qjtreqopus oppo9er. Among other arguments against the truth 4>f 
this doctrine, w^ich had then been recently introduced, he pro* 
poced an example of drawing a tangent to a certain curve, at th|» 
point where the two branches intersect each other; and as tha 
fractional expression for the £ubtangent« according to that me- 
thod, had both its numerator and denominator equal to 0, be 
regarded such a result as absurd, and adduced it as a proof of the 
^liiacy Qf this mode of solution. But die xny^strrjr wwjiqpii 9ft.T 
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a — « Q -r . 

g-fcr ==- . 

l-l 

Btit wlmi r»l, the original series becomes of 
tbe form 

s = tf 4-'a4-tf + ^-l^ &c\ ^ ••• to w terms; 
«f which the sura is, evidently, ==iia; and, there-r, 

fofe, in this case, it follows, that 3= wa. 

And in the same way it might be shown, that 
this symbol is the representative of various other 
quantities^ according to the nature of the expres- 
sion from which it is derived ; but it will be here 
fiufficient to observe, that the true value of aHy 
fractional expression of this kind may be readily 
<>htainadp as follows. 

Rule, 

1. If both the terms of the given fraction be ra^ 
tional, divide each of them by their greatest com* 
roon measure; .then, if the hypothesis which Js 
fooled to reduce the original expression to the 

■ ■■ ■■ I ■ .* * ■■ . — ' ' .. . . . * .. — . ■ ■ ' I 

erwards explained by Jofao BernoulHi^ and, upon tbe renewal of 
tbe dispute^ Btill farther by Saurin, who showed that -, in the cast 

kere iu«iidoRed> had a real valQe.«!-See Montuda, Hiat. Math. 
Vol. Ill, p. 114, 

These fractions were also the c^use of a violent controversy 
between Waring and Powell, in 1760, when these gentle- 
men were 6andi()ates for the mathematical professorship at 

X — X* 

Cambridge; Waring maintaining that tbe fraction , given 

I ~— X 

Ri the fieeond «s3aaiple »f this article, h -=4 ^hen x=s= 1, 4ind 

PowefL (or rather JMaseres, who is commonly thought to have 

conducted the dispute,) that it was =*0: afull account o4^vi4iich 

may be seen in the pamphlets that passed between them at the 

time above mentioned^ 
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fonn -, be applied to the result^ it will. give th^ 

trbe Talne of the fraction in the state under consi- 
deration. 

2. When any part of the fraction is irrational, 
observe what the unknown quantity is equal ta 
when the numerator and denominator both vanish^ 
and put it = that quantity + or — i; then, if this 
be substituted for the unknown quantity, and the 
roots of the surds be extracted, to a sufficient num« 
her of places, the result, when i is put =0, will 
give the true value of the fraction. 

Examples. 

1. It is required to find the value of the fraction 
" , when X is equal to a. 

Here, if we put a?=a, there will arise ■ ^^ -=x 

But, by division, — — ==a? + a; and if J? be now 

put = a, we shall have ]] = ^^ 5 whence -,or the 
given fraction, in its vanishing state, is ^ Sa% 

2. It is required to find the value of the frac^ 

tion Y^, wheE^ x is equal to 1. 

Here, as before, if we put a:= 1, there will arise 
1^ = ^. But, by division, Y^=x + a?* + ^+x*; 

where, if x be now put = 1, we shall have 737= 4; 
which is, therefore, in this case, the true value of 
the symbol -• 
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TAKISItlKC rRACTIONS, 221 

d. It is reqiured to find the value af the express 

sum y =5-^ — Z — > when x is equal to a. 

Here^ if x be taken ^a + i, according to th<( 
rnle^ we shall have 

' 3^= i ' 

And, by extracting the square root of a* + ol, 
and then dividing by f, 

Whence, putting the indeterminate quantity 1 = 0, 
there will arise 

Whidd is the true value of the expression in the 
case proposed. 

4/ It is required to find the value of the fraction 

" " ■ - ' , when 0? 2= «• 



Here 



1 • ^ 

mfm— l)(m— 2) ,/ \« * «. t 

1 . 2. 3 "(^•-^) + . . . . -f mflT*'. 

And if we take a? = a, both in the original ex- 
|>ression and in the quotient, there will arise 

where it is to be observed, that, by this hypothesis, 
all the terms of the quotient will vanish, except 
the last. 

Wheiice the undeveloped fraction, which, in the 
iBupposed case, takes the form -, has, for its true 
value, the definite quantity mi^'\ 
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5. tM tbere be ti^en^ ffs aootbfif extonpW of 
this kind^ the following equation 

where p and a are supposed to be certain fonetkniflt^ 
or combinations of x, which do not become O for 
the same value of x. 

Then taking x = a, the expression^ according to 
this hypothesis^ will become of the form 

P xO 

But by considering the indices m, w, qf the pro- 
posed fraction, under each of the relations 

w 3: w, ?M = n, wi 3: w, 
we fihall have, by division, the three foUowii^ 
results : 

p(x— a)*-" P p 



y^ — 2 — * s'^o' y 



And consequently, by now taking x=a, Jthor^ 

will arise ♦ 

__PxO __p __ P 

Whence, agreeably to the subjoined note, the 
value of the .symbol -, in this case, will be no- 
thing, finite or infinite, according to rtbe Donditions 
above m^irtioned. 

6. It is required to find the value of the fraction 

/]] , when X is equal to a. Ans, 3a* 

7. It is required to find the yalae :of the ^x- 

. 1 — X* 

pression , when x is equal to 1. Ans. n 

8. It is required to find the value of the ex- 
pression -^37-^^ when x is equal to a. Ans. 3a 
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0. It h required to find tbe Talne of tlie ex- 

pression -r-* — 7- — , when x is equal to 1. 

2 

10. It is required to find the yalae of the ex- 
pression ^(^^^a*) ^ when x is eq^al to a. 

Ans. -7-- 

11. It is required to ^nd the value of <he ex- 

pression -^ : \ - — — wben x k equal to a. 

Ans; -— 

Note. In addition to the above article, it will 
here be proper to show the signification of some 
<Jther operations and symbols, which often occur 
7n the solution of problems: as, for instance, 

1. If O be rtiultiplied, or divided, by any^ finite 
"ifiuantitj^, -ftie product, or quotifeut, will be O'. 

Thus O X a = O, or - = 0. 

2. If any finite quantity be divided by O, the 
quotient will be infinite. 

Thiisg, orj=oo. 

3. Adding or subtracting any finite quantity, to^ 
or irom, an infinite cjuafitity, makes no alteraition 
in It. . 

Thus 00 ±a= 00 . 

OP FJjSURATfi AND POLYGONAL NUMBfiRS.^ 

(e) Figui^afe numbers ^ *are such '^s arise -fritai 
taking llhe successive sums of the series of natural 
numbers 1/2, 3, 4, &c. ; and tlien the successive 
sumir of these last^ and so on : and polygonal nunx- 
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bers^ ar^ those which are fonised of the snccedsive 
sums of the terms of any arithmetical progressrion^ 
beginning with unity ; each of them being usoall jr 
divided into orders^ according to the scale of their 
generation; which^^as far as regards those of the 
first class^ may be shown as follows : 
, Ord&r. Figurate Number*, General Tcrms^ 

1 If 2y 3y 4, 5, 6&C. n 

n{n+l) 



4 
&c. 



1,3, 6, 10, 15, 21&C. 
1, 4, 10, 20, 35, 56&C. 



1.2 
n{n+ l){n + 2) 

1.2.3 
(n+l)(n + 2){n+J) 



123.4 
&C. 



1, 5, 15, 35, 70, 126&C, 

&c. 

Where it is to be observed that the general 
terms, here given, are so called, because if 1, 2, 3,' 
&c. be respectively substituted, in each of them, for 
,n, we shall obtain the several terms of the series. 

And if, instead of the natural numbers 1, 2, 3, 4, 
&c. which give triangular numbers, an arithmetical 
series be taken, the common difference of which is 2, 
the sum of its successive terms will be the series of 
«quare numbers ; if the common difference be A, 
the series will be pentagonal numbers ; if 4, hex- 
tigonal ;' and so on : thus, 
' Arith. Series, Ord, Poh^onal Numbers. 



1,2,3, 4&C. 


1 


1,3,5, 7&C. 


2 


1, 4, 7, lO&c. 


3 


J, 5, 9, 13&C. 


4 



&c. 



Tri. 1, 3, 6, lo&c. 
Sqrs. 1, 4, 9, l6&c. 
Pent. 1, 5, 12, a2^€. 
Hex. 1, 6, 15, 2§&c* 



Gen,TermSm 
n(n^ 1) 



2 
n{2n + 0) 



2 
n(3n-i) 



2 

n(4n ^2y 



2 
&C« 
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FIGURATEvAND POLYGONAL NUMBERS. 225. 

Where the number denoting any order is the 
common difference of the arithmetical series^ from 
which the poly^nal numbers, belonging to that 
order, are generated. 

In like manner, if we take the successive sums of. 
the several polygonals thus obtained, and then the 
successive sums of these last, and so on, a great va- 
riety of other orders of series of this kind may be 
readily obtained (9). 

Hence, also, in general, if n be made to denote the 
number of terms of the series, a figurate number 
of any order w, may be expressed by the follow- 
ing formula : 

n n+1 n + 2 n + (m— 1) 

12 3 m 

And supposing n to be the number of terms of 
the series, as before, a polygonal number of the 
order m — 2, or one that has the number of it$ 
sides denoted by m, may be expressed by 

{w-2)»*-(wi-4)n 



{q) The manner of representing polygonal numbers, by 
placing points> considered as their units, in the form of triangles, 
squares, &c. which first gave rise to the appellations they now 
bear^ may be seen, by those who are curious in such matters, iti 
Malcolm's Arithmetic, p. 397, and in £uler's Algebra, Vol. T, 
c, 5; but the truth is, that this fanciful mode of illustration has 
no necessary connexion with the subject in question; being one 
of the figments, still remaining, of the old Pythagorean doctrine 
respecting the mysterious nature of certain numbers and figui^s* 
which, together with many of the uncouth terms that are usually ' 
attached to it, ought to be wholly abolished. Besides which, it 
may be remarked, that, except those of the second order, the 
numbers usually called figurates, are not susceptible of this kind 
of representation ; but arise solely from the expansion of a bing- 

VOh. I. ft 



Digitized by VjOOQIC 



826 FIGURATE AND POLYGOHAL NUMBERS. 

So that fignrate numbers^ of any order, may be 
always determined, withont computing those of the 
preceding orders, by taking as many factors, in the 
first of these formulae, as is denoted by i», or the 
number of the given order, and making n equal to 
the terhi that is to be found. 

And a polygonal number of any order, or num- 
ber of sides, may be readily ascertained from the 
second of these formulae, by substituting the num- 
ber denoting that order for m — 2, or the nmnber 
of sides of the polygon, for m, and taking n equal 
to the term required. 

Examples. 

1 . Required the 1 5th term of the second order 
of figurate numbers, 1, 3, 6, 10, 15, &c. 

Hei-e m being ^2^ and ^=15, we shall, have, 
by the 1st formula, 

n(n+l) 15(15+1) 15x16 _„ _ , ,^ 

^ = = — —16 X 8 = 12(y, 

2 2 2 ^ 

the term required. 

S. it is required to fhtd the 20th term of the 5th 
order of flgurate numbers. 

Here fh, being =5, and n—20, we shall have 

niai into a series of the several terms of which they are the re* 
ipective coefficients. 

With respect to the tlie«retical part of this sobject, it may be 
observed, that the nth term of any order of fignrate numbera is 
equal to the (»— l)th term of that ord«r, plus the icth tenii of tbc 
preceding order ; which principle contains the whole doctrine of 
these nvMnbers ;. and leads to an easy demonstration of a ge« 
neral proposition mentioned by Fermat, in bis Notes on Dio- 
lihaatos, p. IG, nrhich was considered by him as one of his prin* 
cipal discoreries. 



Digitized by VjOOQIC 



n 11^1 n^2 m+S fi + 4. 20 21 32 23 24 

42504, the term reqnirecL 

3. It is required to find the 12tk tenn of the 
fifth order of polygonal numbers^ beiag thoee 
called heptagonal, or such as would be represented 
by a figure of sev^i sides. 

Here m being =7> ^i^d n= 12^ we shall have, fafy 
the second formula^ 

(CT-2)w«-(m-4.)n __ (7-2)x U4-(7-4)x 12 _^ 

^ ^ 5x72- 

3x6=360—18 = 342, the tcarm ve^ired. 

4. It is required to fiad the 13th term of the 
gih ordev of figuvate enmbefSi. An& ^93930 

&. It is revived to find the 3i&b term of that 
order of polygonal numbers^ which is denoted by a 
figure of twenty-five sides. Ans. 14526 

6. It is required to find the first seven terms of 
the €ih order of filiate numliers. 

7. It i« required to fiud the firat twelve ta:ms of 
the order of polygonal numbers called nonagonal, 
or siich as are denoted by a figure of nine sides* 

OF THE INDETERMINATE ANALYSIS. 

(f) In the common rules of algebra, such ques- 
tions are usually proposed as require some certain 
Of definite ansv^r ; m whkk case, it is necessary 
that there should be as many independent equa- 
tiooB, e^Q|ires3iii{^ their conditions, as there are un- 
known quantities to be determined ; or otherwise 
the prablcm wafnld not be limited. 

But in other bnoiches of the scknce, questioBfl^ 
fp^Hjeotly arise th«l inwly^ a greater nomber of 

G^ 2 
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unknown quantities than there are equations to 
express them ; in which case^ they are called inde- 
terminate or unlimited problems ; being usually 
such as admit of a great vaiiety of solutions ; 
although when the answers are required only in 
whole positive numbers^ they are generally confined 
within certain limits^ and may be determined as 
follows : 

PROBLEM I. 

To find the values of the unknown quantities 
30 and y in the equation 

ax±byi = Cy 
where a and b are given numbers which admit of 
no common divisor, except when it is, also, a di- 
visor of c. ^ 

, Rule. 

1. Let wh. stand for a whole or integral number, 
and reduce the equation to the form x=*^^-^ = wh. 

2. Make'^^=:-^^, by throwing all whole 
numbers out of it, till d and e be each less than a. 

3. Find the diflerence, orsum, of-=~^, or some 

multiple of it, and — , or any other multiple of it 

that comes near the former, and the result will be 
a whole number. 

4. Take this, or any multiple of it, from one of 
the foregoing fractions, or from any whole number 
which is nearly equal to it, and the result, in this 
case, will also be a whole number. 

6. Proceed in the same manner with this last 
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result; and so on, till the coefficient of y becomes 
equal to 1, or ^^^=iwh.=^p. 

6. Then will ^ = ap±r; where p may be any 
whole number whatever, that makes y positive ; 
and as the value of 1/ is now known, that of x may 
be found from the given equation (r). 

Note. Any indeterminate equation, of the form 

is always possible when a, i, c, are prime to each 
other, and C3:{i(a— 1) — a} ; but the quantities 
X and y, in this case, can only have a determinate 
number of values. 
Whereas, if the proposed equation be of the form 
aa:^bt/=i ±c, 
it will admit of an infinite number of solutions (s). 



(r) This rgle is founded oja the obvicfus principle^ that the 
STim^ difference^ or product, of any two whole numbers, is a whole 
number ; and that, if a number divides the whole of any other 
number, and a part of it, it will also divide the remaining part. 

{s) That the coefBcients a and by when these two formulae are 

possible, should have no common divisor^ which is not, at the < 

same time, a divisor of c, is evident; for if a — md, and b^me, 

vre shall have ax ± by '^ mdx ± mey ^ c ; and consequently dx + 

c c 

^«— : but d, e, x, y, being supposed to be whole numbers, - 

must also be a whole number, which it cannot be, except when 
m is a divisor of c. 

Hence, if it were required to pay 100/. in guineas and moi- 
dores only, the question would be impossible; since, in the equa- 
tion 21a: + 27^ = 2000, which represents the conditions of the 
problem, the coefficients, 21 and 27, are each divisible by 3, 
whilst the absolute term 2000 is not divisible by it. 
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ExAMPLfiS. 

I. Given 2X4-3^ = 2^3 to determine jc aiid^ in 
wbok positive nuinl^ers. 

Hence, since x must be a whole number, it follows 
tl4at — — mu&t also be a whole aumber. 

1 —V 

Let therefore ~^^wh.=p; 

Then 1 — y = 2p, or y = 1 — 2p. 

And since 

a:= 12 -3^ -h^^= 12 - (1 - 2;?) +/? = 12 + 3^- 1, 

We s5>all have a? = 11 +3jp, aady^l— 5/i; 
Where p may be any whole number whatever, that 
wUi render the ^aliibes of x and y in tiUese two eqfia- 
tions positive. 

But it is evident, from the value ofy, that jp must 
be eitber O or negative ; and, conseqinently, from 
that of J7, that it must be — 1, — 2, or —3. 
Whence, if jp = 0, |?= — 1, p^ —2, ^= — 3^ 
Tlien /^=ll>^-8, ^=^,^-2 

\y^^^ y-^^ y'^^yV-7 

Which are all the answers in whole positive 
numbers that the question admits of. 

2. Given I9x=14y— 11, to find x and y in 
whole numbers. 

Here x = --^ — = wh.^ and also -^ = ivh. 

Whence, by subtraction, —^ ^ — = ""^To"" ~ *^*' 

Also, -^-x4 = -^~=2/ + 2-f^=M;A. 



Digitized by VjOOQIC 



INBETfimMIVATX ANALYSIS. 231 

And by rejecting y + 3, which is a whole Bumber, 
Therefore y»l9j» — 6, 

19 Ip 19 v' • 

Whence, if j^ be taken = 1, we shall have x^Q 

and y=13, for their least values; the number of 

solotion^ being obviously indefinite. 

3. Given 3 J? 5=8^ — 1 6, to find the values of x 

and y in whole numbers. 

Here j? = -~ — = 2y— 5 +~^ = ii;A.; or-^— --s=i«jA. 

Also fci X 2=?^y^*=y +^ = M^A. 

And, by rejecting y, which is a whole number, 
there will remain *2--— = ii?A. =j9. 

Therefore y = 3jt? -h 2, 

. . 8V-16 8(3/7 + 2) -16 24.p ^ 

And, if /> be put =1, we shall have x=8 and 
y = 5, for their least values, the number of answers, 
as in the former question, being evidently indefinite. 
. 4. Given 2\x-\-\*Jy=^ 2000, to find all the possible 
values of x and y in whole numbers. 

Here x^^^^^^^^^b +^^^=ii;A.; 
Or, omitting the 95, -^^^wh\ 
Consequently, by addition, -^ -f "^^ — ^-^^y-^ wh. 

Also, -^x 5 = -4p- = l +-^=i«A.; 

4" + 20v 

Or, by rejecting the whole number 1, —^ — ^tvK. 
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J7 = 92 


75 


58 


41 


24 


y — A 


25 


46 


^1 


88 
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And^ by subtraction, -^ - "^^^ ~^r ^ ^^* "^-^ * 
Whence y = 2 Ip + 4, 

* J 2000- 17jf 200O-17(21j5 + 4) ^^ ,^ 

Where, if ji be put = O, we shall have the least 
value of y = 4, and the corresponding, or greatest 
value of J? =92. 

And the rest of the answers will be found by 
adding 21 continually to the least value of y, and 
subtracting 17 from the greatest value of j?^ which 
being done we shall obtain the six following results: 

7 
109 

Thege being all the solutions the ^question ad- 
mits bf. 

Note 1. When there are three or more unknown 
quantities, and only one equation by which they 
can be determined, it will be proper first to find 
the limit of that quantity which has the greatest* 
coefficient, and then to ascertain the diflerent values 
of the rest, by separate substitutions of the several 
values of the former, from 1 up to the extent re- 
quired, as in the following question. 

6. Given 3a?-f5t/ + 7;s= 100, to find all the dif- 
ferent values of x, y, and ^, in whole numbers(f). 



(*) When the proposed equation is of the form ax^-hf-^cz^d^ 
it may be observed, that if any of the coefficients^ a, h, c, be 
negative^ the equation may be put under the form 

ax+hy = d+ C2, 
ftom which, by means of the indeterminate quantity z, an indefinite 
number of values may be given to the second side of the equation* 
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Here each of the least integer values of x and y 
are 1^ by the question; whence it follows^ that 



% = ■ 



100-5-3 100-8 



7 "^•^^• 



7 7 

Consequently z cannot be greater than 13, which 
is also the limit of the number of answers; though 
they may be considerably less. 

By proceeding, therefore, as in the former rule, 
we shall have 

^ = ^ = 33^y-2^ + f—^wh.-. 

And, by rejecting 33 —^ — 2;^, 

l-Sv-z , 3v . l-2y-2 y+\-z , 

Whence y = 3jo+2— 1; and, putting J9 = 0, we 
shall have the least value of y=«— 1; whete z 
may be any number, from 1 up to 13, that will 
answer the conditions of the quesrtion. 

When, therefore, ^ = 1 we have^ = 0, 

100-7 



And 0?=- 



:31. 



And by taking z = 2, 3, 4, 5, &c. the corre- 
sponding values of x and y, together with those 
of z^ will be found to be as below. 

2= 1 2 3 4 5 ( 

' .1/= 1 2 a 4 i 

a? = 31 27 23 I 19 15 11 

Which are all the integer values of x, t/y and iz:^ 
that can be obtaineid from the given- equation. 
Note 2. If there be three unknown quantities, 



and consequently, also, to x and y in the first. And if in any 
equation of this form, a, b, c, have a common divisor, while d 
has not, the question, as in the first case, becomes impossible. 
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and only two equations^ exteiminate one of these 
qnantities in the nsual way^ and find the yalnes of 
the other two from the resulting equation, as before ; 
then, if the values, thus founds be separately sub- 
stituted, in either of the given equations, the cor- 
responding values of the remaining quantities will 
likewise be determined. 

6. Given x— 23/ + % = 5, and 2ar-f y — «=a7, to 
iind the vahies of a:, y, and z. 

Here, by multiplying the first of these eqiiations 
by 2, and subtracting the second from the product, 
we shall have 



.2y 



or 



5' 



wk.szp. 



And consequently 37—3 

Whence tf = 3p. 

And, by taking /? = 0, 1, 2, 3, 4, &c. we shall 
havey = 0, 3, 6, 9, 12, 15, &c. and 2 = 1, 6, 11, 
16, 21, 26, &c. 

But from the first of the two given equations 
a: = 5-f2y — i5; 
whence, by substituting the above values for y and 
)£, the results will give a? = 4, 5, 6, 7> 8, 9> ^^^ 

And therefore the first six valiiee of ^, y, and z, 
Sire as below : 



X = 4 


5 


^j 


7 


8 


9 


y = 


3 


6 


9 


12 


15 


s = l 


6 


11 


16 


21 


26 



Where the law by which they can be continued 
is sufficiently obvious. 

7. Given 3x = 8y - 1 6, to find tlie least values of x 
and y in whole numbers^ Ans. a? =8, y == 6 
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& Given 14« =s 5j^*f 7, to find the least valoes of 
jpSLodf/ in whole numbers. Ans« x«3, ^^7 

9. Given 27^^ ^^^ — ^^^ to findtheleast valnes 
of X and y in whole nnmbers. A&s« x = 48^ Jf = 19 

10« It is required to divide 100 into two sndi 
parts, thai one of them may he divisible by 7> and 
the Other by 11. 

Alls. The only parts are 66 and 44 

11« Given 1 ix + 5y = 254, to find all the possible 
vadnes of x and y in whole nnmbers« 

l^= 9, 20,31,42 

12. Given 9x4- 13y = 2000, to find the least 
value of X land the greatest value of y in whole 
jaiiffliber^. Ans. x=7, t/^l4Q 

13. Given IJx^ ig^-f 21:k=400, to find all the 
answers in whole numbers which the question ad- 
mits of. Ans. 10 different answers 

14. Given 5a? + 7y + 11;2 = 224, to find all the 
pc^stble values of ir, y, and z, in whole positive 
niunbers* Ans. The number of answers is 59 

15. It is required to find in how many different 
ways is it possible to pay 20/. in half-guineas and 
half-crowns, without using any other sort of coin? 

Ans. 7 different ways 

16. A person boQgbt as many ducks and geese^ 
tc^ther, as cost him 2Ss. ; for the geese he paid 
4s, 4(1. a piece, and for the ducks 2s. 6d. a piece; 
what numbfer had he of each ? 

Ans. 3 geese and 6 ducka 

17- A person, in exchange for a number of pieces 

of foreign gold, valued at 17^* 4<2. each, received 



Digitized by VjOOQIC 



236 INDETERMINATE ANALYSIS. 

a certain number of guineas under 50^ and I^. oTer; 
what was the sum exchanged? Ans. 49L Ss, 

18. I owe my friend a shilling, and have nothing^ 
about me but guineas, and he has nothing but 
louisd'ors; how must I contrive to acquit myself of 
the debt, the Ipuis being valued at 17*. a piece^ 
and the guineas at 21^.? 

Ans, I must give him 13 guineas, and he must 

give me 16 loui» 

19. Forty-one persons, consisting of men, women^ 
and children, spent, among them, 40*., of which 
each man paid 4s., each woman 3*., and each child 
4rf.; how many were there of each? 

Ans. 6 men, 3 women, and 33 children 

20. It is required to discharge a debt of 351/. 
with guineas and moidores only, so that there may 
be the least number of pieces of each sort; and to 
find what the whole will amount to, when paid every 
way the question admits of? 

Ans. N° of ways 36, and whole amount 12636/« 

21. How many gallons of British spirits, at 12*., 
15*., and 18*. a gallon, must a rectifier of com- 
pounds take to make a mixture of 1000 gallons^ 
that shall be worth' 17*. a gallon? 

Ans. 111-J.at 12*., 11 li at 1 5*., and 777^ at 18*. 

22. In how many different ways can a refiner mix 
three kinds of silver, of 11^, 134, and 174- penny- 
weights fine per ounce, so as to form a mass of 75 
ounces of 15 pennyweights fine per ounce? 

Ans. 8 different ways 

23. A person bought 100 head of cattle for 200/. ; 
viz. oxen at 20/. a piece, cows at lO/. a piece, calves 
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M 4/. apiece^ and sheep at 1 2. a piece; how many 
of each sort did he purchase ? 
> Ans. The question admits of 10 different an^wers^ 
one of which is 4 oxen, 1 cow, 5. calves, .and 

90 sheep 
24. It is required to determine in how many dif- 
ferent ways it i3 possible to pay lOOO/. in crowns, 
guineas, and moidores only? 

Ans. 70734 different ways 

PROBLEM II. 

To find such a whole number, as, being divided 
by other given numbers, shall leave given re-^ 
mainders. 

Rule. 

1. Call the number to be determined x^ the num- 
bers by which it is to be divided a, 6, c, &c. and the 
given remainders yi g*, A, &c. 

2. Subtract each of the remainders from x^ and 
divide the differences by a; and there will arise 

, — 2. &c. = whole numbers. 

a ' a ^ a ' ^ 

3. Put the first of these fractions - — = )». and 

substitute the^ value of x^ as found from this equa- 
tion, in the place of x in the second fraction. 

4. Find the least value of p in this second frac- 
tion, by the last problem, which put = r, and substi- 
tute the value of a?, in terms of r, in the place of x 
in the third fraction. 

Find, in like manner, the least value of r, in this 
third fraction, which put = ^, and substitute 
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the value of x, in tenng of s, in tke fmurth frao 
tion, as before ; and s« on, to the last ; when tbe 
value of X, thus iVmnd^ will gire the whole nmn- 
ber required. 

Examples. 

1 . It Is required to find the least whole nnmher, 
which, being divided by 17, shall leave a remainder 
of 7, and when divided by 26, shall leave a re- 
mainder of 13. 

Let x= the number required. 

Then — -- and ■ ^ = whole numbers. 

17 2o 

And, putting — -=p, we shall have x= 17p-f 7^ 
Which value of j?, being substituted in the second 

^ . . 17j!) + 7-13 17»-6 , 

fraction, gives i5:-^=~^-=«^*- 

# 
But it is obvious that -— is also =w/u 

And consequently -— ^^^=:-^i--=:M?A. 

^ 9p4.(5 27»+18 p+^S J 

And, by rejecting;?, there remains ^^^=zwk. = r. 

Therefore p^26r— 18 ; 

Where, if r be taken = 1, we shall have;? = 8. 

And consequently x= 17^4- 7 = 17 x 8 + 7 = 143, 

the number required. 

2. It is required to find the least whole aatober, 
which, being divided by 11, 19, and 39, shall leave 
the remainders 3, 5, and 10. 

Let a; = the number required. 
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Tlien — ~, — -, and — — = whole numbers* 

And, putting -— =ji, we shall have 1?= lip +3. 

Which value of Xy being substituted in the se- 
cond fraction^ gives — y— =trA. 

And^ by rejecting jp, there will remain -^—-^wh* 
Also by mulf ^ X 6 = l^=i?^- 1 =t.A. 
Or, by rejecting the 1, — ^j- — = wh. 
But — is likewise =tt?A, 

Whence -r^ yr — =^-r^^tJohy which put =r* 

Then we shall have 
l^ssigr— 5, and x=ll(19r-5)+3=5=209r-52. 

And, by substituting this value of x in the 
third fraction, there will arise 

Or, by neglecting 7^ — 2* we shall have the re- 
maining part of the expresrsion -^j- =^wk. 

But, by multiplication, 
6r-4. , 30r-20 r-20 , 

r— 20 

Or, by rejecting r, there will remain "-^5~=^^* 

which put =^. 

Then r= 29^ + 20; and, by taking ^=0, we 
«hjall haver =20. 
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And consequently 
x = 209r-52 = 209x 20-52 = 4128, 
the number required. 

3. To find a number, which, being divided by 

6, shall leave the remainder 2, and when divided 
by 13, shall leave the remainder 3. An§. 68 

4. It is required to find the least whole number, 
which, being divided by 39, shall leave the re- 
mainder 16 y and when divided by 56, the remainder 
shall be 27. Ans- 1147 

5. It is required to find the least whole number, 
which, being divided by 7y 8, and 9, respectively, 
shall leave the remainders 5, 7, and 8. Ans, 17^7 

6. It is required to find the least whole number, 
which, being divided by 3, 5, 7^ and 2, shall leave 
the remainders 2, 4, 6, and 0, respectively. 

Ans. 104 

7. To find three numbers in the proportion of 5, 

7, and 9, which, being severally divided by 11, 13, 
and 15, shall leave the remainders 1, 2, 3, respect- 
ively. 

Ans. ITie three least.No* are 2685, 3759, & 4833 

8. It is required to find the least whole number, 
which, being divided by each of the nine digits, 
1, 2, 3, 4, 5, 6, 7? ^> 9> shall leave no remainders. 

Ans. 2520. 

9. A person receiving a box of oranges, ob- 
served, that, when he told them out by 2, 3, 4, 5, 
and 6 at a time, he had none remaining ; but when 
he told them out by 7 at a time, there remained 5 : 
how many oranges were there in the box ? 

Ans. 180 
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. 10. A person havings by accident^ broken a 
hamper of eggs, offered to pay for them on the 
s]pot, if the owner could tell how many he had ; 
to which he replied, th^t he only knew there were 
between 300 and 400, and that, when he counted 
them by 2's, 3's, and 5's at a time, there always re-l 
mained 1 ; but when he counted th^u by 7*8 at a 
time, there remained nothing: what number of 
eggs had he ? Ans. 301 / 

11. It is required to determine in what year of 
Christ the cycle of the sun was 8, the cycle of the 
moon 10, and the cycle of indiction 10; or, 
which is the same thing, t<t find the least whole 
number, that, being severally divided by 28, 19, and 
15^ shall leave the remainders 8^ 10^ and 10; the 
wholOk of these periods or cycles being 28, 19, and 
15 years respectively, Ans* In the year I667 

PROBLEM III. 

Of compound indeterminate equations* 

Equatiotis of this kind, not higher than the 
second degree, which admit of answers in whole 
immbers, are chiefly such as corfsist of the products, 
or squares, of two unknown quantities, together 
with the quantities themselves ; being usually, at 
far as regards the plan of the present performance^ 
of one of the four general forms given in the fol- 
lowing rule. 

Rule. 

1 . If the equation be of the form xi/-ax + bif + Cj 
we shall have, for its solution in whole numbers, 
y=a + ^-£^; where x — i must Ije a divisor of 
ab + c. 

VOL. u K 
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2. Tf the 6^nl0lioa b« of the fidnn ^^'i^^aif+ 

Z^+r, i^e shall have ^= ~a?-hd-A + — ~^-; 

lyhere ^ — 5 must be a diybor of c + i(a — i)* 

3. If the eqoatioa be x^ =^' +- «y -f *, ^v« Hbaii 

tffid n must be even numbers, and n h^ so taken 
ttiat 8;^ may be a divfeor of a*— 45. 

4. And if the equation be x^ — ay^-^'by^&y we 

shall bare ^ = ^— -» and jk = c f r*|/ ; where n sfiurt 
be som'e whole itumbef bet\tEc*eri \^a atid ^ (?/). 

1. GJ\-*A j^yt^^S-'Sc-r-Sy, to find the several 
Vfthies <>f i? a<>jd y in whole wufrtbers. 
flere^ by the fii-tH: form, «= —2, A=s: ~3, & tf = 42. 

Whence y= ^2 + -— v*= -2f — r. 

Whe#e k i« |)lainy that « inu»t be sech a num- 
^l^ ^[Iiat^ wbeor added to 3, it &haU be a divisor' of 
4S« Bi^t th« divjisors of 48, that will giv^ fjuo* 
tients greater than 2^ are l6^ 12^ 8^ 6, 4> and 2. 

. (tt) A variety of other formulae, besides those giveft abo^ey 
are equally susceptible of rational results, either in whole num- 
fters or in fractions; but in general the artifices and train of 
reasomng that are rtjquired to be used. for this pofpose, (fependP 
upon. principles which could not be conveniently expf^tifttld in fii 
work like the present. We must therefore refer those who are 
desirous of farther information on this curious and interesting 
ssub^eet to the notes of Lagrange, at the end of Euter^s Algebra, 
oi te tfee 'Esmi m¥ Ift Theorie din NoniWes, by Legendre, ^ 
edit, where they willfind almost every branch of thie Indetermi- 
nate Analysis treated with great perspicuity and elegatice. See, 
also, for this purpose. Art. h of the present performance. 



Digitized by VjOOQIC 



And consequently* the iategral values of the two 
unknown ((liautkie& arfe^ 

a:=l6-3, or 13 | =12-3, or 9 | =8-3, or SJ 
= 6-3, or 3 [ =4-3, or 1 

s=— -2, or 6 1 =—-2, OF 10 

Whidln are all tbe aodWersr in irhok positive 
fiumb«r& that the qfoestion admits ci* 

2. Given j?" -f o^ = 2a? + 3y + 29, to find the va- 
lues pf X ^nd y in whole positive numbers. 

Here, by the second form, flf=2, 6 = 3, & c=29. 

Whence y= — a?— 1 +*- , ' '= ^x—l -f — *• 

Wher6 it i^ plain, that x must be such a number, 
that, when ditoidished by 3, shall be a divisor of 26^ 
But the deteral divisors of 26 are 1, 4, IS, and 26, 
the only ones of which, that will render the est- 
preision positive, are 1 and 2. 

therefore a7=i+3 = 4|^=2 + 3==5, 

*Andy=-4-l+;^ = 2ll--5-l+j^ = 7. 

Which ate all the answers, in whole numbers, 
that tht questiofi admits of. 

3. Given x^=^^ 20y, to flttd die values dlx a&d 
.y m wluAe positive mnnbers. 

Here^ by the third form, a = 20, and i = 0. 
Whence 

400 n-20 50 w , , 

Whcte it is plftin, that n ttmit he settle eyeti *ttill- 

ber which i» a divisor of 50. 

. Bm; the dnly ramfber of this kind, that will ^P% 

positive rci^ttlts, is 2. 

R 2 
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^. . Theiefwe 

. ^ = ^ + 1^10=16, and a:=:10-fl6~2 = 24. 

4. Given aj^ = 5y*— 12y + 64, to find the values 
of X and y in whole positive numbers. 

Here, by the 4th form, a= 5, &= — 12, & c = 8. 

Whence v = — r — - — =--^ — r-^ and a?= 8 + wy. 

Where it is plain, that n must be less than V5, 
and greater than f ; which numbers are only 1 and 2. 

rru r -12^16 . , -12-32 .^. 

Therefore y= ^^^ =7 | =— ^— ^ =44, 

And 0^ = 84-1 X 7 = 15 1 =8 + 2 X 44 = 96. 

5. It is required to find two numbers, such, that 
their product, added to their sum, shall be 79. 

Ans i l. 3. 4, 7 
^^'- I 39, 19, 15, 19 

6. Given o?^ + xt/ = 4<r + 3y -f 27^ to find the seve- 
ral values of X and 5/ in whole numbers. 

'^"'- t y = 27, 11, and 5 
^ 7» Given .r*=y*+ 1003/ + 1000, to find the twa 
least values of a? arid y in whole numbers. 

Ans. cT = 70 and y = 30 
8. Given ^^ = 50^ + 1005^+ 100, to find the va- 
-lues of or arid y in whole numbers. 

Ans. x= 190 and y = 40 

OF THE DIOPHANTINE ANALYSIS. 

(g) This branch of Algebra, which is so called 
. from its inventor, Diophantus, a Greek mathema- 
tician of Alexandria in Egypt, wdio flourished in or 
j_.aboUt the third century after Christ, relates chiefly 
to the finding of square, cube^ and other similar 
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numbers, or to the rendering certain compound ex- 
pressions free from surds ; the method of doing 
which is by making such substitutions for the un- 
known quantity, as will reduce the resulting equa- 
tion to a simple one, and then finding the value of 
that quantity in terms of the rest. 

It is to be observed, hoM^ever, that questions Of 
this kind do not always admit of answers in ra- 
tional numbers, and that, when th^y are resolvable 
in this way, no rule can be given that will apply ia 
all the cases that may occur ; but, as far as respects 
a particular clas$ of these problems, relating to 
squares, they may generally be determined by 
means of some of the rules derived from the follow- 
ing formula ; observing, tliat the possibility or im-- 
possibility of the different cases of it depend upoii 
the nature pf the coefficients a, 6, c. (x) 

PROBLEM !• 

To render surd quantities of the form v'(a + 
'bx 4- cx^) rational ; or, to find such values of x ^ 
will make a + fea? -h ca?* a square. 

(x) The subject here treated of, which forHis ooe of the most 
curious and abstruse branches of the Indeterminate Analysis^ 
has been amply investigated and exemplified, both by Diophan- 
tus and several modern writers on Algebra, whose works abound 
with inquiries of this nature; but as some of the most valuable 
of these performances have now become extremely scarce, and 
others are too voluminous to be brought into general use^ it is 
hoped that the following methodical abstract of this part of the 
science, which comprehends most of the methods hitherto known, 
for resolving problems of this kind, will be found acceptable to 
such readers, as may wish, by means of a ready compendium, lo 
acquire some knowledge of this interesting branch of the Ana« 
Jytic Art, 
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Rule. 
1. In the case where c = 0, put the remaining 
part V{a + bx) = », or a -f Jj: = w* ; and we shall have 

l^-!?Lzf J whej^ », hoth in this and the folia wing 

cases^ may he any number, either lateral or frac- 
tional, that will render the value of jc positive. 
- '2. in the case where fl = 0, p<it V(6^ -h cr^) = wr, 
^bx^ cx^ = wV, then, by dividing by 4?, and trans- 
posing the terms, we ghall hav^ n^x-^cx^^^bi and 

consequently x = ^r:^- 

3. When a is a square number, put it =d*, and 
make V(<#' + ij: + ca?*)=^tw; then^f + ^4; + a?''=^ 
d^i-Zdm^nW, or J + c*==a<i?i + nV; wd wnse- 

quently ^f^--^-. Or, if 6=0, /xf'^-^;^.^ 

4. When c is a square number, put it = e*, and 
make V(a+ J<r + eV) = «-f ei?;:then a + 5x + c^x*= 
«P + 2<?/Kr + e V, or a + ia?»'«* + 2eiwc; and conse- 
quently x=^. Or,ifi-0,a?=^l 

5. When neither a uor jC are sxpiare numbers, 
yet if the formula can be resolved into two simple 
factors, (which ft always can when b^ — 4c is a 
square, but not otherwise,) the irrationality of it 
jruay be taken away, by putting V{a-^bx + cx^)^ 
(t/{{d-^€x)(f^gx)}^n{d^ex); in whiich <;a8e we 
fthall have {d + ex) (/& gx) :^n^(d+ exY, o\f+ gx = 

n\d + ex) ; ajad consequently ^ ^ -^'^, Or, if 



^^"^^ ^'==^;?r;* ^»d if /=^o, ^s-^- 



dn^ 



err—g ^ ' g-r-^nr 

6. When neither of the above rules will apply, if 
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lim fiofjimiki caii b» jei^^ed int» tw39 paiti, ,on^ of 
/wbidh is a «<}iiai%5 aiul tii£ iith^ier the product of atiy 
t»va 4iaapiie fa>cto^N3^ tke irratioisaUty of it hkh^ be 
idisstrof «d,by putting A/(a ik-6ac^ cx^) ?*=</{ (rf -f «^)^ + 
(/+ ^x) (/t -f. A:a?) } = ((/ + ex) + w(/+ ga?) ; in • whi«li 
<ra«e we chall have (d-i^exY^if+gxXh^ka:)^ 

itr ^ a»i(€f +.ar) + «'(/ + ^yc) i aod coniwicffteBtiy « <*= 



Or,, if Ithe part^ i;a thif$ «as(e, which is fowil to he 
j| 6<|i9am^ he a JbfKwva qiiwitity, put ^/(a + fe? + c/t)^) ^ 

iBhali have d^ + {e^fx)ig+.hs)^d'' ^id$9(€±f$:)^ 
{e ^Jjoy, or g-^ hx = 2dn + (e +yi) ; and conse- 
quently, by transposing and uniting the difiereat 

7. These heing all the cases of the general for- 
mula that are resolvable by ^ any direct rule, it only 
remains to observe, that, in other instances of a 
^ifFere^it Mnd, if we can, by trials, find any one 
sjiflaple value of the unknown quantity that sai.tisfies 
<^ QpAdatipQs of t|^^ q^ietfi^n, an expression may 
be derived frem liiis that nvill fiiraish as manjf 
other values of it as we please. 

Thus^ let p b^ a value of J? so found, and 
naake a^hp^q)^^^^; the», by p^tting a? =^ 4- 3^, we 

a ^- bp + cp^A- by^^cpy + cy% or a + Ao? ^ cj?*= 9^ -f 
{h + 2cp)y + cy* ; from which latter form the value 
of y, and cpnaequexitly tjjat pf x, may be found as 
in Case 3. 
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Or, because a^^^—hp-^cj^^ if this valae be sub- 
stituted for a in the original formula a 4- ix + Gr*, it 
will become g^ + h{x —p) + c{x^ — j9*) = g* -i- (x ^p) x 
(b+cp-^ ex), which expression can be resolved by 
Case 6i 

NoterBj putting the general formula ^/(a + 6x + 
cx^) =y, we shall have 2cx + 6 = >v/{ 4cy + (i* — 4ac) }; 
where it is obvious^ that, if this latter expression 
can be rendered rationale the forpaer will also be 
rational; and as >/{4cy* + (6' — 4a)c)}, or the equi- 
valent form V{d^ + e), consists, in this case, only 
of two terms, the possibility or impossibility of re^ . 
solving the t}uestion, in this simply state of it, may 
be more easily perceived (y), 

Ekampl£S. 

1. It is required to find a number such, that if 
it be multiplied by 6, and then added* to 19, the 
result shall be a square. 

(y) ApiODg an infinite numbjer of formulae of Ihe kind here 
treated of^ that are irresolvable* we may reckon 3x*-f 2, 3x*^ 1/ 
5x^+3, 111* + 7, &c. which can never become squares, what- 
ever number, either whole or fractional, be substituted for or; 
though there are a great variety of cases, in which 4? may be as* 
signed, even in integer numbers, so as to render the form ox*^ 6 
a square. Put t^ie method of showing in what Way this can be 
done, as well as the finding of integral answers in general, re- 
quires researches of a very intricate nature, which do not admit 
of being discussed in a work like the present. The reader^ 
therefore, whq mshfs tq pursue this inquiry, is referred to the 
second volume of Euler's Algebra, where that part of the 8ubje(:t 
is treated of at considerable length. 

It may here, however, be proper to observe, that any eiq^res- 
sion of the form aa;*+ ^^i*, in which a and b have no coUkmiMi 
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tfCt x^ the required number; then^ as in Case I^ 
5a?+lQ=w% or ar^i-— ^ ; 
vrhere n may be any number whatever greater than 

Whence, if n be taken =5, 6, 7, respectively, 
ive shall have 

^ 25-19 ,, 36-19 ^^ 4<J-I9 ^ 

JP=— ^— =H, or— y— =3f, or— J— =6; 

the latter of which is the least value of x, in whole 
j^umbers, that will answer the conditions of the 
ijuestion; and consequently 

6x-i-J9 = .5x^ + 19 = 30+ 19 = 49, 
g square number, as was required. 

$• It is required to find an integral number such, 
that it shall be botli a triangular number and a 
•quare. 

It is here first to be observed, that all triangular 

numbers are of the form —5—; and therefore the 
question is reduced to the making — ^--^ or its equal 



divisor, and neither of them contains any square factor, is always 
resolvable, if we can find two whole numbers n, n', such that 

and — '. — , shall, also, be whole numbers: and that, if 

ah 

these conditions cannot be fulfilled, the question is impossible. 

See Essaisurla Theoriedts Nombrcs, by Legefidre, 2d edit. p. 41« 

If the coefficients a, b, in the general expression above given, 

should have square factors, as in the form a'Ttfjc^-^ fr'ny = z*, let 

«x « jr', and ny «y, and there will arise, by substitution, a'jf* + 

^y*:=2«; which being now resolved according to the rule, we 

4liall have, for the original equation, x « — and jf =* —; so that, when 

thus prepared, this case is equally possible with the former, pro- 
Tided a' and ^ be prime to each other* . . 
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^^ -^ a square. But since a square number^ when 

multiplied, 6r divided, hy a square number, is still 
A ai}uv£, it is the hime. tlung as si* k wec» reqnkeil 

to make 2x^ + 2x a, square. 

Let tlicrefoi-e Qx^ + 2":r = — -, agreeably to Case 2, 

then, by dividing by ^r, and multiplying the result 
by rfy the equation will become 2n*x + S//* = m*x; 

and consequently x = -r — --- . 

Where, if n be taken =2 and m =3, we shall 
have 

_ 1 ^V X 64+8 72 '^ 

0? = 8, . and -^-^ *x •~- =» — »»: 3^^ 

for the least integral triangular number that is at 
the same time a square. 

3. It is required to divide a given square num- 
ber into two such parts, that each of them shall 
he a squwfi number. 

Let a* = the square to be divided, x^ = one of its 
square part$, and (i^--ci^=^ the other; which is also 
to be a square. 

Theii, agreeably to Case 3, make a* — a?* = {nx — a)* 
= nV — 2iinx + a% and we shall hav^ 2aux^ 
«V + a?% or n*x + j?==2fln; and consequently j? = 

Hence {— — -)* and (~~~)* are the parts required; 

where a and « may be any numbers whatever, pro- 
vided n be greater than 1 . 

A. It i% required to find the least integral xvam^ 
h&t wcb> that if 4 times ite square be ^dded to 2% 
the result shall be a sc^ce. 



Digitized ^y VjOOQIC 



This being tlie same thing as to nuke ^ ^ ^ a 
square^ let 45?* + 2^ = (5x + »)* = 4a?* + 4«a: + ja% a- 
grepably to Case 4. 

Then 4nx + w' j= 29^ or 4«a? = 39 — ti* ; and coa- 

sequently jr= " ; where, if n be taken equal to 

jl^ we shall have j; = — ^= — = 7^ which is th^ 

only integral mimber that answers tbe conditions 
49f the question. 

5. It is required to find ^uch a value of x that 
«v/(6i?' +13^ + 6) shall be rational, and consequently 
6a? 4- 18a: +'6 a square. 

Here, if the expression be compared with tiie 
general formula a + ftj? + ex*, we shall have a = 6, 
ft = 13, and c = () ; and as neither a nor c are squares^ 
but i* — 4ac= 169— 144 = 25 is a square, we are 
sure that 6j?*+13x + 6 can be represented by two 
fectprs ; which, upou triaJ^ are fou»d to be (2a? + 3) 
and (3a: + 2). 

Let therefore V(6a?* + I3x + 6) «» V{u 4- 3) (3;i? + 2) 
?= -(3a; + 2), as in Case 5. 

Then there will arise(2a: + 3) x (3« + 2) = -^(3a? 4- 2)% 

lor 20? + 3 = -^(3^ + 2) ; aud consequently, by reduc- 

Where it appears, tihat, in order to obtain a ra^- 
iional asiswer, ^ must be less than ~ and greater 

than -. 
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Whence, if w = 6 and w=5, we shall have x= 

3x25-2x36 75-72 3 , , . j 

3x36-2x25 =" To8r^"= 5?- ^^'^ ^^^^^ required. 

6. It is required to find such a value of x that 
>/(13j?^ -f 1 5a? + 7) shall be rational, or 13x'* -f- 1 5a? + 7 
a square. 

Here, if the expression be compared with the 
general formula a-^bx^ cx^, it will appear, that as 
neither a, c, nor b^ — 4ac are squares, the question, 
if possible, can only be resolved according to the 
method pointed out in Case 6. 

In order therefi^re to try it, in this way, let it be 
separated into the two parts (1 — xY and 6 + 17^: 4- 
}2x\ 

Then, since 1>?"~4(6 x 12)^ which is equal to 1, 
is a square, the latter part may be divided into two 
factors^ whiph are (2h-3j;) x (3 + 4>); and conse- 
quently the original formula may be represented by 
(1 - a:)* + (2 -f- 3x) X (3 -f 4x). 

Hence, putting a/(13j?^+ 15a? + 7) = V{(l -j?)'-|- 
(2 + 3x) X (3 -I- 4x) } = (1 - a?) + n(2 + So?), as in 
Case 6, we shall have (\ — xy 4- (2 -l- 3x) x (3 + 4a?) = , 
(1 - xY 4- 2w(l - 0?) X (2 -f 3x) + n^(2 + 3a:)^or3 + 407 
= 2w(l — 0?) + w®(2 + 3a?) ; and consequently, by re- 
, -. 2« + 2»'^3 

auction, 0? = -;; T r-r. 

Where, takin ff n = 1 , we have x = ,"^ ' "^^ = i ; and 

° ^ 4+ 2 — 3 3 

.. ^' 93^* 9^9^9 9 
a square number as required. 

7. It is required to render tlie fonnula v'(7a?' + 2) 
rational, or to find such a value of x as will make 
7a?* + 2 a square. 
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■ Here it is soon found, that neither of the former 
rales will apply; but, as the expression evidently 
becomes a square when x= 1, let 0?= 1 +y^ and we 
shall have 7^* + ^ = 7y-l- 14i/-h9; or, by putting 

V(7;y*+14y + 9) = 3 + — , and squaring each side, 

Hence, by rejecting the two 9's, and dividing the 
remaining terms by y^ we have 7^ -f 14 = — -f ~, or 



ffi' 



7m'y + 1 4m* = &nm + r^y ; and conseJ][uently y =: 
-, and a:=l 4-- 



Where it is evident, that m and n may be any 
positive or negative numbers whatever. 

If, for instance, wi= 1 and w= 1, we shall have 

J7 = — -, or, since the second power of x only is con- 

cerned,x=: -, and ^x^ -j- 2 = — a square. 

Also, if w = 3 and m= — 1, we shall have a?= 17 
and 7^ + 2 ^ 2025 = 25^, a square number as before; 
/and, by proceeding in this manner, we may obtain 
as many values of x as we please. 

PROBLEM II. 

To render «urd quantities of the form v^(a -f ix + 
ex* + {Lx?) rational, or to find such values of x as 
will make c-^-bx-vcs^-^da? a square. 

This problem is much more limited, and difficult 
to be resolved, than the former, there being but a 
lew case« of it that admit o^ answers in rational 
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manhert i and in tltcfieiytlie tnles for dbtMHh^ ihem 
are of srcich' tt con6ned nature^ that wheii the ua« 
knoivm quftittky has mor^ tbmi &m y^*^ whcdi, 
bower^r,. Js not often the cwse, ther rest eant 6nly b« 
determiixe^d one at a time, hf repeating the opeFa- 
tion with the value last obtained^ as often as may 
he found necessary. 

1 . In the case where a = and 6 = 0,, put the re- 
maining part 4/{cx^ + €bf)^wc, or ca?* + dlr' == w V, 
then we shdH have c + dx^n*; and consequently 

n* — c 

Where w may be any number Avhatever greater 
than the square root of c# 

2. When a is a square number put it =€^> and 

make V{e^-^bx-\'cx^^dx^)^e']'^x^ at €? + h£ + 

Then, as the ftrst two term» on each »de of thb 
last equaKddD kx6 eqoaL, we shM have a^ ^dot?-^ 7^-^% 
or, by^ (fivfrfdtt and reductioti, Ad^x + >fc:5^ *= 8^} and 
consequentlyo? = ■ , ■; or^ when c = 0^ a; = ^,. 

And if, in the same case, we put e* + 6a? + cx' + 

— x-\ 

2e. ^ 8<^ 



dx^=={e + —X + — — — ) -, there will arise, by squaring, 



And dnw^e the firi^t thi^^ terms, Ofl feiidb side 
of the eqiwtioB, ntow- degtrey eafcb other, Mf% 
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shall have — q^^t^^ + . -jt = cte'; and conse- 

quently, by dividing by a^, and radacing the ^sult, 

3. These being all the cases of tbis fonxidla; 
thad admit o£ &aj dir^t rate, it is oid.y, Mc^mea^ 
to obsei'vej that, if we €ati find, by trials;^ as in the 
fdrmer problem, any one value of the unknown 
qtranr^fty that niakes the giveti expression a sqtijtne, 
dther values of it may be readily determined. 

Thus, let p be a value of x^ so fduad, and mak^ 
a -^ bp 'hcp'^ -^ dp^ ^ q^ ; tlien by putting ,» = 2/ +p, we 
shall have a + bx + cx'^ + dar^ = a-i- b{p ^y) + c{p-\-yY 
-^dfjp+yy^a + bp -h qr/ + dp^ + (A + 2cp + 3dp')y -{- 
(c + 3dp)y^ + dy\ or a 4- bx + cx^ rf d^^q^ -f (J -f 2cp. 
+ Sdp^)y 4- (c + 3dp)y^ + rfy^ ; from which latter form 
the Ttdtre of y, and consequently that o'f x^ may b^ 
found by either of the methods given in Case 2. 

It may also be farther remarked, that, if the 
given formula, in any case of this kind, can be. 
resolved ii^to factors, such that one of them shail 
be a square, ii will be sufficient to make the remain- 
ing factor a square in order to render the whole 
expression sor ; since a sqtiare, multiplied or divided 
by at square, is still a square. 



(2) In the first" of these methods the assumed root tf + — x 

is determined by first taking it in the form f+nx, and tb«i% 
«(}uaJLiDg the second teroai vf it, when squared^ witfa the second 

in'm of th<f ofiginafl fofmulst ; in which c*sfe n will b6 found ^^. 
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Examples. 

1. It is required to find such a value of x that 
V(3x*+ll^^) shall be rational^ and consequently 
3jc*+ \l3? 9l square. 

Let V(3a?* + 1 1 jr*) = nx, or 3a;* + llr" = nV, agree- 
ably to Case 1 . 
Then, by dividing by a?*, we shall have ^ + 1 la: = w*. 

And consequently j? = -— , where n may be any 

number, positive or negative, that is greater than ^/3. 
Taking, therefore, n^2^ 3, 4, 5, &c. re- 
spectively, we shall have ^=7Tj ttj T7> TT*^^^^ *^^ 
last of which is the least integral answer that the 
question admits of. 

2. It is required to find such a value of Xy that 
1 + 2x — x* -f jr* shall be a square. 



h ice'— 6* 
In like manner^ the assumed root ^ + — x-^ x\ in the 

second method, is determined by first taking it in the form 

« -f. ftr + m3^9 and then equating the second and third terms of it, 

when squared, with the second and third terms of the original 

h 4.CC*— 6* 
formula; where n will be found — — and ot = . 

The method of determining the factors of which any formota 
is composed, when it can be done, is to make the giyen expres- 
sion » 0, and then find the roots r, r', &c. of the equation, each of 
which will give a factor x— r, x — r', &c. ; and these are generally 
easily discovered, as we here seek only the rational roots, which 
are always divisors of the absolute term> or that which does not 
contains. 

Thus the formula 1 — a: — x'+ x* is^esolvable into the factors 
(I— x) X (1 + x) X (1— x), or (1— x)' X (1 +x); and by putting 
1 -f *•»% we have x = n^— l ; idiere, if n be taken equal to any 
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Hcte, 1 beiog a square, let 1 + 2j?— 0?*-^^?^ = 
{l+xf^i-^Hx + a^i agrecabljr to the first part 
of Cas6 ^ ; tlieny sincfe the first two terms on each 
aide of the eqpaation destroy each other, we shall 
have a?' — a?* = ;r*, or 0^ = 2x*; and consequently a? = 2, 
and 1 + 2a: — a?* + j;*=sl +4 — 4 + 8 = 9, a square, as 
required. 

A^sftii^ by ptttting w^y^Sy accordittg to CaseSy 
weshallhavel + aa?-j?* + r' = l + S(y-l-3)--(y + 3)* 
+ (3^ + 3)'»i6 + 233^ + 8y+y; and making this 

last exprssion 25 + 23y + By* +y = (5 + —yy-25 4- 
23^ + 7^0^% agreeably to the first part of Case 8> therd 

529 529 

will arise y' + 8y*=j^%ory + 8=-j--. 

xi/U 5^ ^_, 529 -800 271 j ^ . 

Wheni*. y^Too^^'^-^Too-^'-TGO' ^^ *=* 

^. 5371, 300-271 2^ ^ ^_j ,. ^ 

^ ^ for a second valu^ or a?; 



100 100 100 

which, being substituted in the original formula> 

u^-. ,' . ^ ^ ^ 1520289 /1233xa 

make81-f3a?-;i? + ^.^^^^^^(-^)«3square,a» 
\ was requiredf* 



number whatever, 1 — j— x*4 J:' will be a square j though, by 
any other mode of solutfon, it- would be difficult to find evea 
af4fiMrvattf«» dtjt. 

U may h»re, ako, be observed^ that there are but Afew questions 
in this prebleoi that can be determined in whole numbers ; se- 
veral of them, likewise, admit only of one answer, and others 
are toUilIy irresolvable, cither in integers or fractions. Thus, if 
it were required to make 1 4- ^ a square, the only positive value 
off that renders^ ttits po«»ibl^ is 2^ atid the teakifigof 30^'-^ 1 9 
square, is impossible. 

TOL. I. S 
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3, It is required to find such yalues of a: as Trill 
render tUe formula 4 + 6j? — 5x* + 3x* a square^ 

Here, 4 being a square, let 4 + 6x — ' 5ar* + Sa^ == 

(2 4- -xy = 4 -h 6x + -x^y as in the first part of Case 2 ; 

then, as the first two terms on each side of _the 
equation destroy each other, Ave shall have Sa?* — 

5a?« = jx^y or 3a: — 5 = 7 ; and consequently x = ^ ^ 

"=T2 = ^T2'^(^ ^i "^ 1^"^") = (^ "^ Yr = (i:)*asquajc, 
as was required- 

Or, by the second method of the same case, let. 

^ 2 10'^ 

~j?^ + -— o:*; then, as the first three terms on each 
side of this equation destroy each other, we shall have 
^^«_^=3x', or Hlx-H,3, or84U- 1392 = 
.^^ J ^1 1392 + 768 2160 , . . 

708; and consequently a? = — — — ="5jr» which 

is another value of a?, that, being substituted in the 
original formula 4 + 6^— 5a?* + 3a?', w^iU make it a 
square. 

4. It is required to find such values of x as will 
make the formula 3+x^ a square. 

Here it is evident, that the expression is a square 
.whenx=l; let therefore a?=l+y, and we shall 
have 3 + x^.= 4 _|. 3y + 3^ ^.^ ; and as the first term 
0[f this is a square, make, according to the first 

method of -Case 2, 4-f 3y-i-3y*+y = (2 + jy)*a= 
'* + %+j;5y*> then, because the first two terms oif 
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tbe different sides of the equation destroy eaelt 
other, we shall have y' + 3y' = Ygy% or y + 3=Yg; 

and consequently y = — - 3 = --^ "^ "Jq^ ^^^ ^ "^ 

, 39 16-39 23 i • t • ^ j i r 

■ = — — ; which IS a second value of w. 



16 16 16' 

3 4Q 

Again, let 4 + 3y + 33^«+/ = (2 + ^y + ^y)*>=t 

1 17 1521 

4 + 3y + 3y' + — y + j^y ; then, as the first three 
terms on each side of the equation destroy each other, 

u iiu 1521 4 117 5 , 1521 , 117 _ 

we shall have -^y' + — y' = y, or ;^y + 755 - 1 i 

J - 352 J , 352 1873 

and consequently ^ = 73^, and ^=1+^^=:^^, 

which is a third value of x. 

And by proceeding in the same way with either 
of these new values of x as with the first, other 
values of it may be obtained; but the resulting 
fraction will become continually more complex in 
each operation. 

PR0BL£M III. 

To render surd quantities of the form v'(a + &i?-f 
• €JP* + cte* + eo?*), rational, or to find such values of x 
as will make a + Ja? H- ca?* + (ilr' + ex* a square. 
* The resolution of expressions of this kind, iu 
which the indeterminate, or unknown quantity, 
rises to thjB fourth power, is the utmost limit of the 
researches that have hitherto been made on formulas 
afiected by the sign of the square root; and in this 
problem, as well as^ in that last given, there are 
only a few particular cases that admit of answers 
in rational numbers; the rest being either im» 

S3 
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I^osfiible^ or sfieli as afford only one or two ^impte 

solutions^ which may be found by iDspection(a)4 

\ Rule. 

1. In the case where a is a square number^ 
put it =^S and make ^*-f4x-fc^ + £fe' + cj?*= 

^ — ^ - ^ j:*; then, since the first three terms on each 
side of the equation destroy each other, we shall 
have ^ 04/6 '^ + 3/4 V = CTV<fa^; and con- 
aequently, by dividing by a?, and reducing the re- 
sult, X = ^y^7_Y)«^.!64^^ " • ^^^^^ '^^ ^^^^ ^'^^ 

any two of the coefficients &, c, li^ ar^ each 
=0. 

2. When e is a square number, put it ^g^^ and 

t 

(a) It may here be obso-yed, as ia the former prebfeln, that 
soflDe cases of tihis formala admit duly of » limited nutaaber of 
answers; and that others are i^hoUy irresoilvable* Thus the only 
y^lue of X, in the form 2— 3j:* + 2x*, that renders it a sqaare^ 
is 1; also the form l—x^^i-x* can never be a square, except 
when x — l or — 1 ; and the forms 4^— 2 and Jt*— a^+ I are im- 



Besides the nethod, given in the tcxt^ the^fbrmulatf^'^-*^ 

CJf^+ dx^ + ^x^ may be reduced to\th« preceding case, by putting 

1 b c d 2^ 

jp«-;forwhena + - + — + -j + ^is It squai^^ the prod«ct df il bjr. 

j^ *f' %/ %f *i 

y, or flj^ + ^y + cfjrdjf^t "^"^* ^^ ^ * square ; which is thl^. 
^^me «s tlie /ormer ekpression tnverted* 
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aince the fiist three terms an each side of 4lie equate 
tion destroy each jc^her, as bejfore, we shall have 

^ + «r = — |j-g — ^ ^^ — ^^ ^ ^^^ consequently, by 
transposition and reduction/ ^ = Jgflg=^^^; 

which form also fails in the same case as the 
former, . 

*3i When the first and last terms are both 
squares, put a?=/*° and e=^*, and make ^"^ + io? -f 

■ to Ay* 

£^)j?^ + ya?^+^V; then, since the second terms, 
as well as the first and last, on each side of 
the equation, destroy each other, we shall have 

€3^ -f da;* == {^fg + TTi)^ + -T^^ 5 ^^^ consequently, 

by dividing by x"^ and reducing the result, x^ 

■ !." > ^J","" . And bcicause g is fqijnd in tha 

original formula only in its second power, it may 
be taken either negatively or positively; and eon^ 

sequently we shall also have a: = — , ? ,-t — ; so 

that this mode of solution furnishes two different 
answers. 

Or, by making f^ -^-bx -^ €x^ '\' dji^ -{- g^x* =^ (f-^ 

^x + gxry =/« ^^jx^ {2fg + ^)x^ + dx^+ ^V, iU 
fourth terms, as well as thi^ first and last, on each 
side ^f the equation, will now destroy each other; 

and consequently we shall have i.r + cj?^==— i + 

X^fg-^ :^>\ ovb + cx = j + {2fg + —Jo? ; wher^ 

1^ = . .f^f" X ;> Andbecause /is found in the given 



Digitized by VjOOQIC 



Ql62 DIOPHAKTINB ANALYSIS. 

fonnala only in its second power, it may be taken 
either negatively or positively; whence also x^ 

■ , f ^^ , ; so that this solntionlikewise furnishes 

^:^o valnes of x, each different frppi the former; 
hat both of them fail in th^ same case with that 
before mentioned; 

4. When neither the first nor the last terms are 
squares^ the formula cannot be resolved in any 
other way, than by first endeavouring to discover, 
by trials, some simple value of the unknown cjpian* 
tity, that will answer the conditions of the question,; 
and then finding other values of it, according: tp ttc 
methods pointed out in the two last problems. 

Thus, let p be a value of x, so determined ; and 
.make 6 +i!p + cp* + rfp^ + ep^ = q^ ; then, putting x=5 
P+2/> we shall have a + ia: + ca7* + ^ + ex* = a4- 

cp* -h dp^ + cpV ^ + 2q!)y + c^ -f sdp^j/ + Sdpy^ + 
%? + 4ep?y + ecpy 4- 4q^ + ey* == 5* + (ft + Sq? + 
3dp^ + Aei?)y + (c -h 3dp + 6cp%* + (rf + 4ep)y + cy*; 
from which latter form^j the value of t^, and cpnse-? 
quently that of ^, may be found as in Case 1 (J). 

' • ■ L I .. . f I ' — 

{h) It may be farther remarked, that the formula/* 4. &x + ci' 4 
di^i-g*x\ hpre treated of, may also be resolved by the methods 

used in Case 1 and Case 2 ; sp th^t, if these be taken in conjuDc- 
tlon with the two orders of solution last given, the expression will 
be found to admit of six different answers. The form a + ex*, 
also, which is one of those that most frequently occur, may b^ 
inade a square, wb&a a single case is known, by a peculiar arti- 
fice of snhstitution, that will be often found of considerable uti- 

'Tity ini other instances; which is by putting the value fir^t 

found = +p or r-p, or a + ep*^q\ and making j?«^^-T-^i 
py ^hich means the. formula will become 
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Examples. 

l.It is required to find such a value of x, that 
1 — 2x + 3a?* — Ax^ + 5a?* shall be a square. 

Here, the first term being a square number, let 
1 - ax + Sx'^Ax^ + 5x* = (1 -x-a?y = 1 - 2x 4- 3«?' 

— 2r* + J?*, agreeably to the method in Case 1. 
Then, s^irice the first three terms on each side of 

the equation destroy each other, we shall have 
5x^ — 4x^ = y — 12^, and, by dividing by x^, there 
will arise 5a? — 4 =x — 2 : whence, by transposition^ 

ia? — a? = 4 — 2, or ^ = 7 = o> ^^^ consequently 1 — 

2a? + 3x*-4a?' + 5a?*=l-l-|-j-'i + ^ = -^; which is 

^ square number, as was required. 

2. It is required to find such a value of x, that 

— 2 + 3x — a?* — 2a7' + 4a?* shall be a square. 

Here the last term being a square^ let 4x^ — 2a?^ — 

4rV3a:-2 = (2a?*^ia?— ^)*=4;i?*-2a?'--a?*+^a? + 

— -, according to the method in Case 2. 

Then, since the first three terms on each side of 
the equation destroy each other, we shall have 

5 25 ^ 5 25 , , 

5j; — 2 = — X -{ , or 3a? a? = 2 -f — : whence, bv 



y* + Hg^- 2a)y + 6^y + 4(9* - 2g)j^ + ^V 

where, as the first and last terms of the numerator, as well n 
the denominator, are now squares, other values of x may be dt* 
termined by the methods employed in Case $. 
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43x 537 53T 

reduction^ To" ~ 256 * ^^^^ consequently, a? = — x 

ia_ 5>7 537 
43*** 16x43 ^688* 

. Or, if we put 4?===-, the £oniiula will become 

^ - ~ J; + - - 2 ; ^nd, multiplying this by/, v^hich 

is a square, it will be 4 — 9^^ — y* +3/ — 9/ ; where 
the first t^rm being ^QW a square, if tb^ eji^pre^sion^ 
so transformed, be resolved by Case I, we shall have 

688 , ^1 537, , - 

y=^ ; and consequently a? = -=— , as before. 

3. It is required to find smch values of x, as shall 
make 1 + 3a? + 7^?* — S*' + 4 j?* a square. 

Here, both the first and last terms being squares^^ 

|etl +3^ + 7j:*-2J!f + 4a?'«(l +^^4-?^')*= J +3a?-h 

—X* + 6x*-t 4x*i according to thp method in Case 3, 

Then, since the second terms, as well as the 
first and last, on each side of the equation, destroy 

25 

leach other, we skaU bave €-1?' + -r^ = 7*'^^ ?«' ; or 
€x-{'2x=f'-—^-T: whence, by reduction, ^ = 30: 
And, if we put the same formula 1 + Sr + 7^* - 
2x' + 4a?* = (l+^a?~2x*)S=l+3x-^i:'-.6j:^ + 4j?% 

there will arise, by cancelling the equal term^ 
on each side of the equation, 7^* — 2a;^ = — 

jx^-'Sx^; and, by division aq4 transformation, 

/, ^ 7 ^ 35 35 

And, in a sinjil?ur njaiiner, pthgr valijps of ^ may 
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be fornix by i^mploying the ixusthod of sabstitutlom 
pointed out in th^ Iftttef part of Case 3. 

,4. It is re(|»ired to find such values of x as 
will fn^kis 54?* - 1 a feqnane. 

H^m, by Case 4^ as 1 is an obvioas value of jb. 

Then 2i?*- I =p 2(l -fy)*-^ I =* 2(1 +4j^ + 6/ + 
4y^ + y') - 1 ??= 1 -f 8y -h I2y*4^ sy + 2/. 

And since the first term of this last expression is 
»ow a square, wa shuU have, by Case 1^ i .j-s^^-h 

jay + %' ^ ay »: (I ^Ay^afY^ 1 + 8y-i- isy^ 

ifiy + 4y ; and as the three first t^rms of the two 
fpen^bers of this equation destroy each other, there 
will remain 4^ — 1 6y = 2^ -f 8^ . Or, dividing by 
ar% and reducing the result, y = 13;%nd conse-^ 
ijuently jc= 1 +y :s= 13, Whence 2x* — 1 = 57121 =; 
<239)^ 

Aod if 13 be now tali^en, as the known value of 
x, and the operation be repeated q^ before, we 
shall obtain, for another value of ^, the compti- 

J, A r X- 10607469760 , x 

yated fraction g,,,,,,,3, -(p). 

PROBLEM IV. 

To render surd quantities of the farm l/(ji + bx ^ 

(c) Formulae of the albov^ kind, which f^optam the ^(\k^ orother 
higher powers of x, paaao<t he jppeolv^i by any ^rU^Q^ ti»ait 
have yet been discovered^ e^^n U^ugh a singly ^Me $l^uld be 
JcDOS^n; for if »re pgt |.h|B expre^^n jt t ^^ t ^-^^ + rf-** + cjc* f 
fi^^ig^p^+qj^Y, aiul d^termiae p aod ^ ia th^s fx^nsion of 
i^lie latter, so as to mal^e tbfi Sj^cond and thiril (er^a vanish* thaire 
ivill still renuifi three terms, whiv^bs when divided by jx^, form n 
/quadratic eipatiao^ so that x ^cfiB^Qt be det£Piii<ipQd> exctpt by 
^^aos 5>f an irr^tio^al q^ijantity. 4^^ ^^ V'^^ ^^^ ^^ suppo^ thf 
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CO?* -f ds?) rational, or to find such values of x as 
will make a + ix + ex® -f <ir^ a cube. 

This formula, like the two latter of those relat- 
ing to squares, cannot be resolved by any direct 
method, except in the cases where the first or 
last terms of the expression are cubes ; it being 
necessary, in all the rest, that some simple num- 
ber, answering the conditions of the question, 
should be first known, before we can hope to 
obtain others ; which answer, if it does not 
readily occur, must be found by substituting for 
the unknown quantity such smfall integers or frac- 
tions, as appear most likely to suit the purpose 
intended (rf), ' 

Rule. 

1. In the case where a is a cube number, put it 

ISC', and take e^ + 5a? + ca?* + (iF' = (c + r^x)' = c^ + 

hx + —x^ + W?^ ' then, since the two first terms qo. 
each side of the equation are equal to each other, 

root ^f+px*. gx'^ + rx^, its sqaare woald rise to the 6th power; 
and> consequently, ifp, g, and r could be determined, so as to 
remove the 2d, 3d, and 4th terms, there would still remain the 
4th, ^th, and '6th powers; which, being divided by x*, would 
again leave a quadratic equation : hence it may be inferred, that 
the converting of certain formulse into squares, by the methods 
already delivered, has been completely exhausted. 
• (d) It may here be observed, that Euler, Legendre> and other 
writers on the Diophantine Algebra, have demonstrated, thai 
neither the sum nor the diffbrence of any two cubes can be a 
cube, or the double of a cube; and that neither the sum nor the 
difference of two biquadrates can be either a square or a biqua? 
flrate; which are^ indeed, only particular cases of Fermat's geri^- 
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we shall have djT* + ex* = —^ + r^'; or, by dividing 
by a?V and reducing the terms, 27&^^ + 27^e*= 
i'a? + giV : whence x = ■ ^ JgT^c^ "* 

2. When rf is a cube number, put it =/^, and 
take « + te4-ca?*H-/'^ = (^+/x)' = ^ + ^i?+ 

cjo^+j^a^; then since the two last t^-ms on each 
side of the equation now destroy each other, we 

shall have a + ix = — = + ^a? ; and consequently! 

by redurtion, 0;=^^^. 

3. When u and d are both cube numbers, let 
them be put =-e^ andy^; and make c' + ia?H-cj:^ + 

J^x" = (e -hfxy = e' + Sfe'x + 3e/^x* H'/'a?' ; then, since 
the first and last terms of the equation now destroy 
each other, we shall have ij?H-ca?* = 3/e'x + 3^x*; 
and consequently, by dividing by x, and transposing 

the terms, x= ^7f^ \ which formula may also be 

resolved by either of the two first cases. 

4. When neither the first term nor the last are 
cubes, let p be a value of x found by inspection, or 



ral theorem ; who, in his observations on the questions of Di6<* 
phantus, asserts* that the eqaation jc* iy»»2^ is always impossi* 
ble for every integral value of n, that is greater than 2: but this 
ivas left by him without proof, and has never yet been com- 
pletely^ demonstrated by any succeeding writer. 
' But it is easy to resolve, without much trouble, i^nother que»- 
tioi^ of a similar kind, which is to find three cubes, that, when 
ta^en together, shall make a cube; the least whole numbers of 
jihis kind being 3, 4, and 5, the sum of the cubes of which is 
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by trials, and inuke a^bp^-cp^-^-dp^ — q^; then 
putting zp=j»+3/, we s>hall have a + 6x + ca?^ + iir^ = 
a + b(p -hy) + c(/? + i^)*4-rf(/>+y)' = a + ftp^-cp* + 
<// -f (A + 2cp + 3dp')}/ + (c + 3//;?)/ + rf/ =^ i" + 
(6 + 2cp + Sdp^)j/ + (c + 3dp)if -f rfy' ; from which 
latter form, as the first term is now a cube, the 
value of y, and consequently that of a?, may be 
found as iu Case 1. 

Examples. 

1. It is required to find such a value qf or as 
will make the formula 1 + -r -f- ^' a cube. 

Here, the first term being a cube, let the root 

= 1 + -zXy according to Case 1 ; then we shall have 

. l+j? + *^p=l H-a; + -a?- + — or*; and, since the two 
^rst terms of this equation destroy each other, 
there will remain a* = -a'^ + —x', which, being di- 

vided by a?^ gives 07*^ + ^^ ^* ^^» ^^ reductioo, 
f + 9 = 27; whence x=?7 — 9=18; and i^onse- 

queutly H-a? + a?'= 1 + 18 + 324 = 343 = 7% a cube 
number, as was required. And if we now take 
a = 18, and proceed according to the method em- 
ployed in Case 4, we shall obtain •^== "" T^r-y i 

which will, also, lead, in like mariner, to other 
licvv values. 

2. It is required to find such a vahie of a? as will 

make 1 33 + 3a:* + a:' a cube. 

Here, the last term being a cube, let its root = 1 + 
4:, according to Case 2 ; then we shall have 1 33 + 3lX^ + 
a;' = (1 + ^)^ = 1 + 3x + 3x^ -f or' ; aqd since tl^e twp 
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last tfernte of this ef][uation destroy each others there 
will remain 1+3j?=133> or 3.r=133- li= 132 j 

whence \r=-j^=44, and consequently 133 +3j?^-ir 

a^ = gll25^(45)% a cube number, as was required. 
And if 46 be now taken as a known value of x, 
other values of it may be found, as in the last ex- 
auaple. 

3. It is required to find such a value of or, that 
8 + 28a? -f 891?*— 125^ shall be a cube. 

Here, both the first and last terms being cubes, 
let the root = 2 — 5x, according to Case 3 ; then we 
shall have 8 + 28a? + 89a?*--125.t^==(2-6A?)' = 8~ 
6oa?-f l^OJc'— 1251?^; and, since the first and last 
terms of this equation destroy each other, there 
will remain 28 A: -f 890?^ =^ — 6ox -f 1 50j?^ ; and, by 
dividing by ct, and transposing the teitns, 150^ — 

89^;= 28 + 60, or 6la: = 88 ; whence ^=^9 the va- 

lue required. And as this formula can, also, be 
resolved either by the first or second case, other 
values of x may be obtained, that will equally 
answer the conditions of the question. 

4. It is required to find such a value of x, that 
the formula 3 -h 3a' slmll be a cube. 

Here, 2 being a value of Xy that is readily found 
by inspection, let, by Case 4, x=2 + i/; then we 
shallhave3 + 3J?' = 3 4-3(2 + i/)' = 27+36j/+lB/ + 
Sy^; and as the first term of this latter expression is 

liow a cube, let its root =3-}--;^, according to 

Case 1 ; then there will arise 27 + 3iii/ + 1 8^ + 3/ ^^ 

87 4-3% + JflyV 27^; or, since the two iirst t«rm« 
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of the equation destroy each other^ lSt^^3^=s 

'27 



ft A 

l6y* + rry; and, by dividing by y*, and reducing 



. ^ 54. , ^54 34-5* 

the terms, y=— -fJ whence a: = 3— — = — [7"=^ 

20 J ^t ** «^ « 24000 

— — ; and consequently 3 + 3ar = 3 — 4913 ^ 

14739-24000 9261 ,2K, , , 

1— r = —-Tm;— — (t^) a cube number, as 

4913 49i3 ^17^ * 

was required (e). 

PROBLEM V. 

Of the resolution of double and triple equalities. 

When a single formula, containing one or more 
unknown quantities, is to be transformed to a per- 
fect power, such as a square or a cube, this is called, 
in the Diophantine Analysis, a simple equality; 
and when two formulse, containing the same un- 
known quantity, or quantities, are to be each 
transformed to some perfect power,' it is then called 
a double equality, and so on; the methods of re- 
solving which, in such cases as admit of any di- 
rect rule, are as follows. 



(e) It may here be observed, that any simple formula of the 
kind ax^ may be readily transformed into a cube, in a general 

X X* 

.manner, by putting its root 7=-; in which case we have «J:'='-5« 

or x — ap^', where/) may be any number whatever. 

Also any expression of the form a{h + cxY may be readily 

made a cube, by putting its root =» ; for, since in this case 

P 

(h + cxY 
. oLh + cjCf^ — ■ .^ ■ , there wiJl arise^ by division, b +'€x^ap\ oy 

»« . IT : ^ where /> is arbitrary, as before: both of whick case4 
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Rule. 

1 • In the case where the unkriown quantity doet 
not exceed the first degree^ as in the^dauble equality 
a'\'bx=^ a square, and c + dx^ a, square, let the 
first of these formulae a-^-hx^^fy and the second 
c-¥dx=u^\ then, by expunging x from each of 
these equations, we shall have bu^ -f ad—bc^^dfiyox 
bdu\+{ad'^bc)d=(^f; and since the quantity oh 
the right hand side of this last equation is now a 
square, it is only necessary to find such a rational 
value of w, as will make bdu^ -|- {ad^ bc)d a squai-e; 
which being done according to one of the methods 

already explained, we shall have x = — j~* 

2. When the unknown quantity does tiot exceed 
the second degree, and is found in all the terms of 
the two formulae, as in the double equality ax* + 

6x=: a square, and cx^ + dx=^ a square, let a?=-; 

then, by multiplying each of the two resulting ex- 
pressions by ;y*, we shall have a + fcy = a square, 
and c-|-<^= a square; from which the value of y, 

-.,. , mm.. ■ ■ .1 ■ ■ - II . .■■...■■ I T« 

show how useful it is« in this branch of analysis, to reduce a given 
ibrmula into its factors, as often as it can be done. 

In addition to this, it may iike\yise be remarked, that any 
formula, in which the unknown quantity does not exceed the 
second power, may be transformed into a biquadrate, when the 
case is possible, by first making it a square, and then trans- 
forming the root of this square into another square, by the rules 
before given. Thus, if it were required to make 7 + x? a bi- 
quadrate, we shpttld have, by pursuing the method here proposed, 

23 ' \ 

.12 
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and consequently that of x^ may be detennined as 
in Case 1. 

But if it tv^te required to transform the t\to ge- 
H^ral expressioi^s fi rf for -h e*' and rf + er +^ Into 
aqdafes, the $oliltion Could only be obt^ned in ^ 
few particular cases, as the resulting equality would 
tise to thd fourth powef . 

3. In the case of a triple equdity, tvhere three 
cxprdssioYis of the form ari? + i!y, c^ + rfy, and ^ir+^> 
are to be transformed to Squares, let the firiSt of 
them ax^hy^fy the second cx-hrfy^^% and the 
third eoo-hy^^s^i then, if x be exptmged from 
eAch of these equations, we shall have (of— be)tf*-' 

{cf-'de)f^{ad'-ch)s^l and by putting 7=*^^ ^t 

1i = tz. there will arise ,^ ,^^— -T . =^-a and since 

the quantity on the right band side of this equa^ 
tion is a square, it only remains to find such a 

rational value of z as will make -^ — -r^^— d-^cb ^ 

square ; which being d<)ne by one of the metfaods 
before explained, we shall readily obtain, by me&ns 

of the first two equations, jr= - T . fy and y — 

^^_7^ /', .where t may be any number whatever. 

But if the three forrtiulae, here proposed, contained 
only one variable quantity, the simple eqiiality, to 
which it would be necessaiy to reduce them, wowld 
rise, as in the last case, to the fourth power; and 
be equally limited with respect to its solution. 

4. In other cases of this kind, all that can be 
done is to find successively, by the former rules. 
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TOveral answers, when one is known; and, if neither 
this nor any of the above mentioned modes of so- 
liition are found to succeed, the problem under 
consideration can only be determined by adopting 
some artifice of substitution, that will fulfil one or 
more of the required conditions, and then resolving 
the remaining formulae, when they are possible^ by 
the methods already delivered for that purpose; but 
as no general precepts^ «an be given, for obtaining 
the solution in this way, the proper mode of pro- 
ceeding, in such cases, must chiefly depend upon 
the^kill and sagacity of the learner (y). 

Examples. 

1. - It is rqqujred to find a number x such, that 
a?+ 128 And xHr 192 shall be both squares. 

Herje, according to Case 1 , let a? + 1 28 = u% and x -h 
1 Q2 ?= t^ ; then, by expunging x, we shall have V — 
1 28= <* - 192,. or tt* + 64 = f ; and, as the quantity 
on the right hand side of the equation is now ^. 
square, it only remains to make u^ + 64 a square; 
for which purpose put its root ^^u-^-n; then u^ + 
64 = tt* + 2wu H- n*, or 2nu + n^ = 64; whence u=* 

I ' " '■: oTy taking w, which is arbitrary, =2, we 



(/) Many expressions that are suscefitible of being made com* 
plete squares, or cubes, when taken singly, are often far other- 
wise when taken in pairs: thus, the equations i^+^^^s^, and 
X* — y = w*; or X* +y * £•, and x* — 3^ * «;', are impossible j ther« 
being no whole or frau^tipnal numbers whatever^ that, when sub- 
stituted for X and y, will make each of thes^ dpuble equalities 
jtquares. 

VOL. 1. * X 
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shall have tis= — ^a=---=i5; and consequently 

a: « M* - 128 « 15' - 128 « 226 ^ 128 = 97, the 
answer. , 

2. It is required to find a number x snch, that 
a^-^x and af^-^x shall be both squares. 

Here, according to Case 2, let J?=-; then the 
two formulas in the question will become -^ +- and 

?""? ^^y(^+y) ^"^y(*"^^)^ ^^*^^ *^^ *^ ^ 
squares; but since a square number, when mul- 
tiplied or divided by a square number, is still a 
square, it is the same thing as to transform 1 + y 
and 1 — y to squares; for which purpose, let 1 + 
y=/i% or y=j)*— 1; then 1—5^ = 2—/?% which is 
also to be a square. But as neither the first nor 
last terms of this new formula are squares, we must, 
in order to succeed, find some simple number, that 
will answer the condition required; which it is 
•vident, from inspection, will be the case when p^l. 
Let, therefore, p = i — y, and we shall have 1 — y == 
2— />'=! + 29 — 5*; or putting l^rq for the root 
of the latter expression, 1 -h 2jf— 5' « 1 — 2rq + r'j* ; 

whence 2 — 9= — 2r + r*5', or ?=-r^-» ^^d con- 
sequently ^=j=^Tr^ = ^5:r^^ where, in order to 

render x positive, r may be, taken equal to any 
proper fraction whatever. 

Let, therefore, for the sake of greater simplicity, 

r = -, and we shall then have x = /" t \> , ; in which 
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ease any wliole numbers may now be substituted for 
tt and t, provided u be made greater than t. 

If^ for instance^ u^2 and ^ = 1^ we shall have 

j: = 2i; and if w=3and/=2, a?=— ; and so on for 

any other numbers. 

3. It is required to find three numbers in arith!^ 
metical progression such^ that the sum of every 
two of them may be ^ square. 

Let Xp J?+y, and a?+ 2y, = the three numb^rs^ 
and put 2a?+y=/*, 2x-f 2y = M% and 2a: + 3y=**, 
agi'eeably to Case 3; then^ by expunging x and y 
from these equations^ we shall have w* — ^'=*'— w', 
or 2m* ^f=:s^; and if we now put u^^tz, there 

will arise 2f «*-/"=*% or 2«*— 1 =-; where, ~ be- 
ing a square, it only remains to make 2«'— I a 
square; which it evidently is when «= 1. But as 
this value would be found not to answer the con* 
ditions of the question, let z=^l—p; then 2z*— 1 = 
2(1 "pY — 1 = 1 -^ 4p + 2p* ; and by putting this last 
expression = ( 1 — rpY, we have 1 — 4jp + 2/)' == 1 — 
2rp4?'^l>% or — 4 + 2p= — 2r + r*/); whence p^ 

-jj3^, and 5J= 1 ---j~^ = — j-^ i or, malangr= ^^ 

jg = "" a o\ — 5 ^J^d since, by the first two equa* 

tioM, y=M«~^*=:/V-f^(aVlK, and ^= 
^(/'-*y)«i(2-«*)/*, it is evident, that % must be 
some number greater than 1 and less than V2« 
If, therefore^, m = 9 and w=: 5 we shall have ^ = 

81-90+50 41 241 f» , '^20^^^ . . 

-Trr5r-==n'^''iF^2>^^^y=T?^'^'^>^^-' 

ing /=2x3J>. a?=482, and y« 2880. Hencp 

T2 
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X = 482, a; + y = 3362, and a^ + 2y » 6242, the nnin^ 
bers required. 

4. It is required to divide a given square ntim- 
ber into two such parts, that each of them shall be 
a square (g). 

Let a*= given square number, and a^ and a^ — af 
its two parts ; then, since j?* is a square, it only re- 
mains to make a^ — x^ a square; for which purpose 
let its root ^rx — a^ and we shall have a*--a?*== 
r^x^ — ^arx-^-a^j or — a?* = rV — Sflro?; whence, by 

reduction, x = - — -, the root of the jSrst part, and 

rx-a = '^—;-a^ =- — ---^—-- = -5 — -^ the root ot 

the second. 

Therefore (-^ — -)^ and (-r—rY are the parts re- 

quired;^ where r may be any number, takeja at plea- 
sure, provided it be greater than 1. 

5. It is required to divide a given number, con- 
sisting of two known square numbers, into two 
other square numbers. 

^ Let a* + b^ be the given number, and a?% y% the 
two required numbers, whose sum, a?*4-y^ is to be 
eqtial to n^ + i* ; then, it is evident, that, if x be 



• '-(i^) It may .here be remarked, as a useful property in this kind 
^of analysis, that if r and s be any two unequal numbers/of which 
r is the greater, then will 2rs, r'— «% and r' + 4*, be the perpen- 
dicular, base, and hypothenuse of a right angTed triangle. And, 
frorh this, t\Vo square numbers may be readily found, whose sum, 
.otiiifFecence, shall be square numbers. Thus, (2r«)'*+ (r^— 5'')« = 
{r^i^Y, and (r' + O'-(2';i0'*(r*-^)% or (r' + 5^r-(r^-«T = 
'^2r*)*j where r and s may be any numbers taken at pleasure. 
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^t&er greater or less than a, y will be, accordingly, 
les» i©r greater than b. If, therefore, 'we t^ke 
x = a-}-pz^ and y^^h-^qz^ there will arise «*-!- 
2apz + pV + ft* ^ ^*5^ + 9 V t= «^ 4- 6* ; or, by reckc- 

tion, p^z + ^z = 26j — 2fljo I whence z = -4 — j^; 

where jp and q may be any numbers, taken at plea- 
sore, provided the proportion of them be not the 
same asato^, ora^^&to a— i>; as the squares 
sought would^ in this case, come out the same as 
the known squares ; and consequently the opeitt- 
tion would be nugajtory. 

6. It is required to find twp square numbers 
such, that their diflFerence shall be equal to a given 
imniber. ' * 

Let d = the given differences, which resolve 
into two factors a," J, of which a is the greater and 
b the less ; then, putting x for the side of the less 
Square, and j? + J = side of the greater, we shall 
liave {x+hy — x^^x^ ^2hx-\-1f — o[^=^d{ah)j or, by 
dividing each side by 6, 2x + b = a; whence x = 

"" -, the side of the less square «/ouglit, and a? + ft »= 



2 

~^ + i = -~, the side of the greater. If, for in^- 
stance, J=6o, take /jxA=30x 2, and we shall 
liave x = — ^=14, and j? + 2= - ^ =l6;orl€^ — 
14* = 256— 196 = 60, the given difference (A). 



{k) This question, though readily resoWed according to the 
method above given, is considered by Diophantus as a very im- 
portant one^ being made the foundation of many of his other 
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7* It is required to find two numbers such, tfcat, 
if either of them be added to the square of tthe 
other^ the sums shall be squares. 

Let X and y be the numbers sought ; and conse- 
quently ^+y and y^^-x the expressions that are 
to be transformed to squares. 

Then^ if r — x be assumed for the side of the first 
square^ we shall have i?+y=r*— 5rx + x*, or, by 

reduction, ^"^"2 * ^^^ if *+y ^ taken for the 
side of the second square, we shall hate 5^ -f 
*^-^=^ + 2^+y; or, by reduction, r*— y=5 

4r^ + 2r^*; whence y = •;j^p andx=?^^, the 

numbers required; where r and s may be any 
numbers, taken at pleasure, provided r be greater 
than 2s^. 

8. It is required to find two numbers such, that 
their sum and difference shall be both squares. 

Let X and x^ — x be the two numbers sought; 
then, since their sum is evidently a square, it only 
remains to make their difference, x* — 2j:, a square. 

For this purpose, therefore, put its root = jr— r, 
UnA we shall have jc*— 2x=i*— 2rx+/^, or, by 

transposition, 3rx — 2x=r'; whentre x=-— — and 

0?* — 2a? = 4 (^tt)* " jnr » where r may be any num- 

problems. The excellent old Kersey, after amplifying and iU 
lustrating it in a variety of ways^ concludes his chapter thus: 
" For a farther account of this rare speculation, see Andersonas, 
theorem 2» of Vieta's mysterious doctrine of Angular Sections; 
and likewise Herigonius, at the latter end of the first tome of his 
Cursus Maihematicus.** 
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ber taken at pleasure provided it be greater 
.thanK 

9. It is required to iSnd three numbers such, 
thiat. UQt only the sum of all three of them, but also 
the sum of every two, shall be a square number. 

Let 4x, ^^ — 40?, and 2x+ 1, be the three numbers 
sought^ then 4a; -f (x^ — 4x) =x*,j(x® — 4x)^{2x +1)?? 
a:* ~ 24C + 1 > & 4a? + (^"^ - 4 J?) + (2x + 1 ) = a?* + So? + 1 , 
Toeing all evidently squares, it only remains to make 
the quantity 4a?-f (2x+l), or its. equal, Gx-^- l,*a 
square ; for which purpose, let 6a: + 1 = a^, and we 

snail have x *« — j^ ; whence — g — , {—q-j ^g— , 

J 2tt*-2 , ^1. • 1 2a'-4 i/4-26a' + 25 

and -7^—+ 1, or their equals, — j-, —35 ^ 

and —^9 are the numbers required ; where a may 

be any number taken at pleasure, provided it ,be 
greater than 5, 

Questions for Practice. 

1. It is required to find a number such, that 
.r + 1 and a?— 1 shall be both squares, 

Ans. iJ=7 

• , 4 

2. It is required to fmd a number a? such, that 

•^ + 4 and op + 7 shall both be squares, 

Ans. ar= — 
10 

3. It is required to find two numbers such, that, 
if their product be added to the sum of their 
squares, the result shall be a square, 

Ans. 3 and 5 

4. Find two numbers such, that, if the square 
of each be added to their product, the sums shall 
be both squares. Ans. 9 and iQ 
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5. It is required to find two whole numbers such, 
that the sum or difference of their squares; when 
diminished by unity, shall be a squaire. 

Ans, 8* and 9 

6. To find two whole numbers such, that/ if 
unity be added to each of them, and also to their 
halves, the sums, in both cases,* shall be squares. 

Ans. 48 and l680 

7. It is required to find three square numbers, that 
shall be in arithmetical progression. 

Aris. 1, 25, and 49 

8. It is required to find three square numbers^ 
that shall be in harmonical proportion. 

Ans. 1225, 49, and 25 

9. To find three whole numbers such^ that, if to 
the square of each the product of the other two be 
Added, the sums shall be squares. 

Ans. 9, 73, and 328 

10. To find three numbers in geometrical pro- 
gression such, that the differeqce of every two of 
them shall be a square number. 

Ans. 567, 1008, and 1792 

11. To find three numbers such, that, if each 
of them be added to the product of the other two, 
the sums shall be. all squares. An^. 1, 7^ and 9 

12. It is required to resolve 4225, which is the 
square of 65, into two other integral squares. 

Ans. 2704 and 1521 

13. It is required to resolve 9^ + 2% or 85, into 
two other in tegralsquares. Ans. 7^ + 6* 

14. It is required to find three square numbers 
such, that their sum shall be a square. 

Ans. -9, 16, and^ 
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15.' To find ttiree numbers such/ that their sum 
aiid their three differeilces shall* be all squares. 

An?. 24, l68, and 249 

l6. To find three numbers in geometrical pro- 
gression such, that, if the inean be added to each 
of the extremes, the sum, in both cases, shall be 
s<}uanei». ' . Ans- 5, 20, and SO 

If. To find 'three square numbers such, thai 
the sum of merj. two of them shall be squares. 
, Ans. 44^ 117% and 240* 

18. To find two integral numbers such, that if 
unity be added to each, a:s abo to their sum and 
difference, the fou^ results shall be squares. 

Ans. 1368, 840, or 2208 and 52S 

19- To find three square numbers such, that the 
differences of every two of them shall be squares. 

Ans. 153% 185*j^and 697* 

20. To find three numbers such, that the sum, 
or difference, of any two of them shall be a square 
number. Ans. 434657, 420968, and 15056$ 

21. It is required to find three square numbers 
«uch, that tlie difference between every two of them 
ai>d the third shall be a square number. 

Ans. 149% 241% and 269^ 
23. To find two numbers such, that their ^um 
fshall be equal to the sum of their cubes. 

Ans. - and - 

7 7 

23. To find three numbers such, that, if eacli 
of them be added to the cube of their sum^ the 
three results shall be all cubes. 

. 23625' ^ 1538 , 18577 
^°^- T57464' 157464' ^"^757464. 

24. To find three numbers such, that, if each of 
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them be subtracted from the cube of their sum, the 
three remainders shall be all cubes. 

-^™' iSTii' 8518i' *^^ iS5lS^^^^' 



OF CONTINUED FRACTIONS. 

(h) a continueI> fraction is that which has 
for its denominator a whole number and a fraction; 
and which latter fraction has^ also^ forits denomina* 
tor^ a whole number and a fraction; and so on, 
continually, or till the series terminates, by being 
broken off, after a certain number of terms^ 

Thus,i 1 Ori 1 

8&C* d&^c. 



(2) The two last questions, here given, are reckoned amopg 
the most difficalt of any of those that have been proposed by 
Diophantus; and, if solved by his ine(hod> the operation will be 
fcund extFemely intricate atid laboriotiSh 

Yieta was of opinion, that a number, eomfKised of two known 
cubes, could not be resolved into any other two cubes; but Fer- ' 
mat^ in his observations oh the questions of Biophantus, has 
pointed out a method by which such cubes may be determined f 
though the calculation, imked, extends to numbers that are ex- 
ceedingly complex. Thus, in the simple case of dividing 9, which 
is the sum of the two cubes S and 1, into two other cubes, 
Pere de Billy, in his Diophantus Redevivtis, has found, by follow- 
i»ng the rule laid down by Fermat, thai the side» of the two 
new cubes, auswcring the conditions required, are 

lg436l7773S9900(?783a4.&l 487267 1717 1 435233:6560 ^. 

6096238S5661372Sg449 *" 60962383566 1 37297 44& ' 
btrt few, it is believed, will be inclined to ascertain whether tbe 
amwer, here given, be true or false. 
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^re continued fractions^ of the kindtbat mort 
usual] y occur (/r). 

These expressions arise in various ways, and are 
of considerable use in some of the more difficult 
branches of analysis; .particillarly in the solution 
of certain unlimited problems, of the second degree, 
'\vhere the answers, in whole numbers^ cannot be 
easily obtained by any other method. 

But one of the greatest practical advantages these 
. formulae afford, is in approximating to the values 
of fractions and ratios, tliat are expressed in large 
numbers; which is done by dividing the greater of 
the two numbers by the less, and the last divisor 
continually by the last remainder, till nothing re- 
mains, as in finding their greatest common mea- 
,surri ; in which case, the several quotients, thus ob- 
tained, are the denominators of the fractions, and 
their nunierators are always 1 , or unity. 

1. Thus, to represent the common fraction, or 

ratio, V, by a continued fraction, let b be contained 

in a, p times, with a remainder c; also, let c be con- 
tained in by q times, with a remainder if; <2 in c, r 



{k) Lord Brounlcer appears to have been the first who con* 
$i(lered the doctrine of continued fractions, or at least who ap- 
plied them to the quadrature of curves^ and other analytical in- 
▼estigatidns. (SeeWallis'sArith. Infin. vol. i, p. 469.) Huygena 
a)so used them in his Desert p. Autom. Planet for the purpose of 
approximating to the ratios of large numbers; and since that 
time they have been amply treated of by Jirarious other writers^ 
particularly by Eoler, in his Aiialys. Infin., and by Legendre» 
ia bis Essai sur la Tbeorie des Nombres, second edition. 
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4iittes, with a remamder e; and so on, as in the fol- 
lowing operation : 

h)a(p 

d)c(r 
e)d(s 

Then we shall have, by the common rule for the 
division of numbers. 

Where the integers |?, ^, r> &€. are called quo- 
tients;, and each of these, with its^ depending frac- 
tion, complete quotients. 

And if b he again divided by c, c by rf, d bye, &c. 
there w^ill arise, by the successive substitution of.the 
results. 









Whence, by extending the number of terms, 
and generalizing the formula, we shall have 

T=P+- 1 Orx=- I 

h ^ qj^^ b p + - , 

^ &c. 

according as the numerator is greater or less than 
the denominator: which, expressions, in tliis case, 
will always consist of a greater or less number of 
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teitns, according as the ffaction v is more? or lesS 
complex. 

13Q3 

Thus, if it be required to reduce ■— ^ ^^ * conti- 
nued friK^tion, we shall have 

1393 _ 1^ 

•1171. .' 

And if — T is to be reduced to a continued fracr 
lion, we shall have 
iili — 1 

9743"~8^I , 

2. A similar mode of proceeding may also be 
used for converting any given surd, or tansendental 
quantity a, into a continued fraction, which is as 
follows: 

Find such an integral value, a, of the given quan- 
tity, that a — a shall be less than unity; then — - 

will be evidently greater than unity; which let, 
therefore, =ft. 

Find, also, such an integral value, ^, of ft, that 

i — shall be less than unity; then, as before, r — g 

will be greater than unity ; which let = c. 

Proceed in the same manner with c, by putting 
its greatest integral value =y; and thus, by con- 
tinually following this process, it is evident that 
the value of a will be gradually exhausted, in as 
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ready and simple a way as can be done^ since non#^ 
but integral numbers are employed in the opera- 
tion; each of which approximates as nearly as pos- 
uble to the value sought. 

Hence it follows, that since -- — «i, we shall 
havea— a=p ora=a + ^; and because |;3^=r, we 

have likewise, 6-0=-, or J = ^ + -, &c.; so that 

by the successive substitution of these values there 

will arise 

I 1 I 

^+5&c. 
Or, by extending the number of terms, and ge- 
neralizing the expression. 

Which series, in the present case, may be carried 
on indefinitely, the quantity a being supposed to be 
irrational, or of no exact determinate value. 

3. On the other hand, any continued fraction 
may be readily converted into its equivalent com- 
mon fraction, by first finding the value of a few of 
its leading terms, as in the reduction of complex 
fractions to simple ones, and then observing the 
law according to which they are derived. 

Thus, if it were required to reduce the following 
continued fraction 



J? = a-f-p 1 



y+T 



J&c. 
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te its corresponditig valgar fraction, the typeration 
will stand as below : 

a , 1 «?+ 1 

7 

1 1 y 5 + 1 

Where it appears, that the snecessive sums of 
the continiied fraction thus obtained, which are 
called converging Jractionsy are derived from ^ach 
other by a regular prpcess, which may be easily 
converted into a general rule for finding the sum 
of any number of terms whatever. 

For this puipose, place the quotients a, €, 7, 8, f, 
&c. in a right line, and the several results under 

them, as fdilows : beginning with -, in order to 
render the law of the terms more evident. 

a € 7 a ■ s 

1 a a? + I afy + 7 + a a^yS +y8+a$+at+l « 
0» V ~r^' fy+l^ Cy^+^+f ^^ ^^ 

Then the product of each numerator, and tli^ 
quotient standing over it, being added to the pre- 
ceding numerator, will give the numerator next 
following ; and the product of each denominator, 
^d its corresponding quotient, added to the pre^ 
ceding denominator, will give the following deno- 
minator. 
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As, for instance, if it be required to transforoi 
the continued fraction, 

into a series of converging fractions, we shall have 
Denominators . . o, 7, 6, 5, 2, 3, 

^ • r ^« 1 1 6 31 08 235 

Converging fractions -, y, -, -, — , — , ^^ 

the last of which is the original fraction from 
which the continued fraction is derived • 

4. Or, if A, B, c, &c., be made to represent the 
numerators of these fractions, taken in successioB 

from Y? and a% b', c', &c., their, denominators, we 

shall have, by the same rule, 



A=a 


a'=1 


B =A§+1 


B' = a'? 


C=By+ A 


c'^b'7 + a' 


D=c8+B 


b' = c'8 + b' 



&c* &c,. 

And, consequently, 

Z'""!' B' A'^"' C' ■" B'y + A~^ D'~"C'^+B'' 

pO p 

S6 that if — and - be any two consecutive frac- 
tions, and [x, a new quotient, or the last of those 

p>; 

which enter into the next followingr fraction -r, 
we shall have, according to the above law of the 
terms, —^— — z; from which it is evident* that 
the value of any fraction in the series can always 
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be determined from the, valaes of the two fractions 
that immediately precede it. 

&. If the quantity* a?, which is to be converted 
into a continued fraction, be a rational fraction, it 
is evident, that this will be the last that occurs in 
the above series, as the continued fraction will ter- 
minate at that point; but if a? be irrational, the 
continued fraction, into which it is developed, 
may be prolonged iiidefinitely. 

6. Also, since the several quotients, a, 6, 7, S, 
&c. are here supposed to be all positive, the series 

of successive fractions, ~, -„ -, -, &c. which are 

C/ A B C 

called principal JractionSfWill be alternately greater 
and less than the total value a?, of the continued 
fraction ; which must, therefore, always necessarily 
fall between any one of these fractions and that 
next following. 

7. It may likewise be shown, thatthe fractions, 

Q> -"/> p> ~5 &Q' tlitts obtained, converge nearer an4 

nearer to the real value of x the farther they ^e 
continued ; and that each of them expresses that 
value more accurately than any other fraction 
whatever, having a less denominator, or that can 
be conceived in more simple terms. 

8. It may also be farther proved, that, if the 

terms of any two consecutive fractions — , -, in 

this series, be multiplied crosswise, the difference 
of the products P€t^ — p^a thus arising, will be 

p 
= + 1 or — 1, according as the fraction - is greater 

or less than x; and that the error committed by 
VOL. I. u 
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taking any ifadiQii in the acriee tar tbe yaior cT 
the total fraction, is always leaa thait unity divided 
hy tihe square erf* tha daaominator of that frwti«n. 
$. To this we muy add, tbat^ sinoe tb^ pricb- 

cipal converghig fractions -, -, -^ &c. are al- 

terniitely l^ss anil greater tbaii 0?^ or the total value 
«f the continoed fractioq^ they may he separated 
in^to the two following cla^sq?* 

A C E G J, 

!'• d' 5^ G'*^* 

B U F Ho 

p> i" p» iF • • 

la the first of which they are all less than js; or 
the total value of the continued fraction, but ap- 
proaching nearer to it a every term ; and in the 
secpnd they are aH greater than x, but each of 
them coming nearer to it, the farther they are 
continued. 

And since, in the upper. class of these fracticM^. 
k may be shown that 

and in the under, or secoxid class^ that 

B D 5 n F ? o 

— — — =33 -r-^ — — ^ =a.-^ fltC. 
B' D^ B'D'* ^ F' D'F*** 

it follows, from what has been said above^t that if 
y, 8, 6, &c. were all equal to unity, it would be 
impossible to insert between any two Gonseei^iv^ 
fractions, in either of these series, aia^y other frac*- 
tion, having a less denomiuatpr than ths gri^rtost 
denominator pf these fractions. 

1 0. But, on the contrary, if the numbers y^ 8, e, &c. 
h« greater th;aA mnity, there may 1^ inserted be* 
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twten the fractions ih qneatioiii ac^ m&By oth«r m- 
ittrmediate m secandmy fraotians, a^ the^ lir^ 
unite in the numbers y — 1^ S-^ly #— I, &c. 
Whence* if these fractioM be §0 itOetpeinitedyWt 
shall have the two following series; the! severdi 
terms of each of which express the yalde of 4? more 
tieafly, than it can be ilfepfesented by aiiy other 
fraction having ^ less deiioininator. 

Increasing Jr actions fe** fhan x. 

A B.f A 2b» A Sb^'A a yB-f. A 

- P b'+a" 2b' + a'^ 3b'+a' yB'+ a' 

c D + G 2d + c 36 + Co eo + c 

C'' D'+C 31/ +c'* 3d'+c' fiD'+c' 

E r+E 2F+E 3f+E o IJF+E 

?' FTe" 2f'+E'^ Sf' + E'* TJF' + £' 

&c. 
Decreasing- frajctixms greater than x. 

A+l 2a+1 3a+1 4a f ! o f A + 1 
"T^^ ~r"* ~3~^ "T"^ ^^- ~~ 

B C+B 2C+B 3C+ B o ^C^ B 

1?* ^-Tb" 2c'+b" 3c' +b'* Jc'+b' 

D E + D 2b + 1^ 3B+ D q fE + l> 

D/^ E' + iy' 2FT»^ 3e'+d'* • ?e'Td' 

&c. 

Where it is to be observed^ that» when the 

q:uantity » is irrational^ or transcendental, neither 

of the two preceding series will ever t(ffininate^ b^ 

cause the series of principal fractions, -, -, - &o. 

goes on, in this case, to infinity; but if a? be ra- 
tional, the fip&t of the two »erie.s wUl termiBate, hut 
the second witt proceed indefinitely: 

As an exittuple of one of the most useful cases^ in 
u 2 
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the method here treated of, let it he proposed to 
express, by a continued fraction, the ratio 6f the 
circumference of the circle to the diameter ; which, 
by stopping at the fifth place of decimals, is known 

Here, by following the rule pointed out in the 
first part of this article, we shall have 
100000)314159(3 
300000 



14159)100000(7 
99113 



887)14159(15 

887 



5289 
4435 



And consequently 



854)887(1 
854 

33 &c. 

1.00000 7-f^^l 1 

*"*"25&C. 

Whence, since a=3, 6=7^ 7=15, $=1, &c. the 
several results, or approximate values of the conti- 
nued fraction, thus arising, will be obtained as fol- 
lows. 

A'-l 

B'-A'^-l x7=7 
c'«B'7+A'«7 X 15 + 1 =« 106 
D'-c'#+l'-106xl+7«113 



A=«a«3 

B = Af+l = 3x7 + I«2(2 
c«By+ A«22 X 15 + 3-333 
B«c;^B>»333 X 1 + 22 --3^5 
&C. 
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And therefore 



2d 



sss 



355 



A' 'l' B' 7* C 1^' D' US ^^* 

Bre the principal Jraetions required; which are al- 
ternately less and greater than the circomfeFence 
divided bj the diameter^ but each of them ex- 
pressed in the least numbers possible ; the second 

— , being the proportion assigned by Archimedes^ 

and the fourth^ tTs' ^^^ given by Metius^ which 

is much more accurate than the former. 

Also^ since 7=:15^ if we take the fractions 

s 333 

~ kad -T^i which ar^ each less than the truth, #e 

can insert fourteen other intermediate or secondary 
fractions between themi as follows : 



A_3 

B+ A 



22 + 3 25 



B' + A' 


7 + 1 


8 


2b + A 


44+3 


47 

■g -. — 


2b'+a' 


14+1 


15 


SB+ A 


66 + 3 


69 


3b' + a' 


21+ 1 


22 


4o+ A 


83 + 3 


Ql 



4b' + A' J28+1 
&C. 



29 



A + 1 3+1 

1 1 

2a + 1 .6+1 



4 

"i 



2 

3 a +.1 



2 

9+1 



7 
10 



3 
4a+1 



3 

12+1 



3 
13 



4 
5a + 



4 4 

15 + 1 16 



5 
&C. 



.Where y, — , — > $2' -sS^^* are. all fractions less 

than the circumference divided by the diameter, 

and 7, -, — , — , -r-&c, are fractions greater than 

the circumference divided by the diameter; hut 
each of them nearer the truth than.. any other 
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fraction wbate^r^ that can be expr^s^d in more 
simple terms (I). 

11. It may here be farther remarked^ that, 
iwatong eontinned fractions, those have been parti- 
eulaiiy distinguished, in which the denominators, 
after a certain number of changes, are c^ntinnaUy 
r^peat^ in tl^e same order; w which e^e/^ the 
continued fraction, so formed, is said to be periodic 
€alj and may then always be considered as the root 
of a quadratic eqijiation. 

P&c. 
Then, since the number of these fraction? i« m^ 
limited, and all of them, after the first, return 
again in the same order,^ it follows that l^^ir sum 
is also =ir. 

Whence x =*r , or <»* + »x = 1 ; and conse- 

quently ir =5 - |p 4- a^(l^* + 4). 

In which case, the ^bove continued fraction 
serves to determine the square root of th^ number 
a/(P* + 4) ; since we have 



^^(;,' + 4) = ip + aj=,|4--_^i J 



^ + ^&c. 



{I) By taking a greater number of denimaltt in the expression 
representing the circumference of the circles the continiied fraic-i 
tion, as well as the principal and intermedial^ fr^Mons, n^ay be 
carried to any extent requir£d; biit they will necessarily b^bme 
more complex, the farther they are continued. Those who wish 
to see them at full length, may consult the Oper. Math, of 
Waiiiib c. 2» Uaxu ii. 
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I And if p^ id tUd eqilveetaD, fad {At asd/Vc 

A fortfnila^ wliicli lids the advantage of showing 
the law; by idlich thd bperatlon ihuy be continued, 
moTB evidently than if the extraction had been per- 
fbrtjied iti the tisnal way (m). 

'Again, let us take tlie following continued 
fraction, 

^^9&C. 
iti whicli the den^minaCoi^s recur perUdicalljr in 
pairs : 

Then we dball bftve 

from which there results the ^adratic eqaatioa 

And if p, in this expression, be put =3, and 
f = 3, we shall bare 



*'3&c.} 



»^5.,» 



(m) From the common metTiod of extracting tfife roots of num- 
bers, we know that V2^ J.4'1 4*21 356] but the bare inspection of 
this decimal tetids to no rule for its farther extension; whereas* 
When expressed by ft contfnued fraction, we stts in wfcit wiy it 
may be carried on to any degree of accorlwDy. 
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Where the law of continuation is equally obvi- 
ous as in the former example ; and^ by substituting 
other numbers for p and q^ Tsurious series of this 
kind may be obtained. 

12. AIso^ if a continued fraction be irregular in 
some of its first terms^ or only becomes periodic at 
a certain distance from its commencement^ it may 
still be resolved in a si^lilar manner with the 
former. Thus let 

'^+7&c. 

Then^ by making y equal to that part of thQ 
fraction which is periodic, we shall have 



1 1 n. .,=-£!£- 



a?=» + - 1 Or ys- - , V 



Buty = r + — J-; whence, also, ^y^ — r^=r; and 



*+r 



consequently, by substitution, ^nd dividing each of 
the terms by s, there will arise the following qua- 
dratic equation : 

From which the value of x—p^ or x, may be 
readily obtained, as below : 



\. .ap=iP + 



1 ,,r* r. 



,- 5 - i» 

^. In like manner, if thqre be taken the following 
continued fraction. 
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x=a+^ p Orx— a=- p 

we shall obtain^ by a substitution similar to the 
former^ 

jj_a- — L — orx= ^—^ ^. 

And consequently, by transposing — , or a, tp the 
other side of the equation. 

Or, by making g— 2a, tihe expression for the 
f ioiple radical Will become 

y^^^^ o = a-f |- p 

^2a&C. 

And in nearly the same way may any other express 
sion of this kind be transformed to a quadratic, or 
a surd; to which tliey are always reducible, whether 
the periodic part consists of one, two, or more terms, 
or whether it commences in a regular or irregular 
manner (n)« . . . 

IS. Continued fractions are also peculiarly ap- 



(n) It has been long knovrn^ that any given continued periodic 
fraction can be reduced to a quadratic equation^ and hence to 
a simple surd.; . but Lagrange appears to have been the first who 
has proved the reverse of this proposition* by showing that the 
square root of any whole number can always be expressed by a 
continued fraction. 7- See his work entitled De la Resolution de$ 
Equation Numiriqw, page 63. 
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plicable to the solution of nnlimited equations^ 
both of the, first and other higher degrees; but 
before we apply them to that purpose, it will be 
proper to observe, that if one. solution of any 
equation, of the form 

ax — btf^ ±c^ 

be known, all the rest may be readily determined 
from it, by the successive addition of 6, or a, to 
the valae last found. 

For supposing that j9 and q arevahied ofi and y, 
that will satisfy the conditions of th« questiiHij it 
can then be shown that 

x^p^p'\'h^P'^2h^p'{'ih . . . p^-rnby 

where m may be any positive or negative integer 
whatever; the number of an&wers> in this case, 
being obviously indefinite. 

14. In like manner, if /r and q be values of x and 
y^ that satisfy the coadittotts of the eqnaAion 

it BMiy be readily showB> in the same manlier as bc^ 
fosey that 

xj^p:=tp^h^P'¥%i^p'\'Sb . • ^ p-hmAy 
y-q='q-a=iq-aa = q^3a . • . q-ma, 
wbelrc m must be now so taken, that y shall be 
positive; the answers being here plainly limited to 
a ceitain number only, depending on the value 
of f ♦ 

Henee it appears, that if the least values of x 
zadyy m the above equations, were known, all the 
rest of the values might be found from the series 
here given. 
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15. This having been premieed, we shall now be 
(ible to de4uc0 the genar^I solutiQn of mdetermi* 
nate equations of the first degree^ from the kiiawa 
properties pf continued fractions, by a process 
similar to those before used. 

For this pui-pose, let there be taken the first of 
the two foirmer equations, 

OO?— J^= ±Cy 

where a and b are supposed to be prime to each 
other, as in Art. F, and make x=pc and y^qci 
which will give, by substitution. 

Then, if ^ he ooBvertfid into a etwtiAtied frac^ 

ticMfc by tbQ method given in the fir^t part of th« 
present article, the least values of p and 9, in thii 
last equation, will be the numerator and denomina* 
tor of that, among the ptincipal fractions, deduced 
from them, which immediately precedes the last. 

And const qiie^tly> from the values of p and 9, 
thus found, we shall have 

a: 5= +jpc and y = + ja 

Or more generally, according io what has been 
before shown, 

^= ±/?c+m&, y'= ±qc^ma. 
Obsemng that the upper s^n takes place when 
the principal fraction above m^attoned is the 
second, fourth, sixth, &c. of the seriet^; and the 
under sign when it is the first, third, fifth, &c.; 
beginning with *he first firactiott that arises, without 

reckoning -. 

16. And if the equation that is to be resolved 
be of the form 



Digitized by VjOOQIC 



300 CONTINUED FRACTIONS. 

tre shall now have, hy making x^pc and y = — yc, 
and following the same rale as above, 

jr= ±pC'\-mhy y= Tyc- ma, 

where the upper and under sign must be taken iii 
the same way as before. 

As an example of this method, let it be required 
to find the several values of oc and y in the indeter- 
minate equation 

39a: — 5% = 11. 
Here we have a = 39, £=356, andcs=ll. 

And the fraction — , when reduced to a continued 

fraction, gives the following quotients and results^ 
or principal fractions: 

1, 2, 3, 2, 2. 

1 1 3 jO 23 5« 

0' T' 2' 7^ 16' 39' 

23 

Whence, the penultimate fraction being — , we 

havej> = 23 and5r=l6. 

And as this fraction is the fourth in the series, it 
follows, from the rule given above, that 

a:=2axll+66m, 3^=l6x U -f 39/n, 
Where, if m be taken = any of the natural num- 
bers ±1, ±2, ±3, +4, &c, the several solutions 
of the question may be readily deduced. 

Agafn, let 6a?+8j/ + 7js=50 be the equation to 
be resolved, or, which is the same^ 

Here we have a = 6, i& = 8, and c=50--7;2. 

8 

And the fraction r', when reduced to a continued 
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fraction, gives the following qaptients and principal 
fractions : 



1, 


1, 


1, 


2. 




1 


1 


2 


3 


8 


0' 


T' 


1» 


2' 


5' 



s 
Whence, the penultimate fraction - being here 

the third in the series, we shall have 

, />= —3 and j= —2. 

And consequently, by following the rale for this 
case^ 

4?= — 3 X 50 + 3 X 7«-f 8w = 21;s-I50 + 8m, 
y = 2x50 — 2x 7« — 5m = 100 -142 — 6m. 

In which expressions any numbers whatever may 
be taken for m and z, that will render the values of 
a: and y positive. 

. These examples will be sufficient to show the 
method of applying the doctrine of continued frac- 
tions to the solution of indeterminate problems of 
the first degree, of whatever form they may be. 

l6. But before we proceed to those of the second 
degree, it will be proper to observe, that the method 
more generally employed for converting any ra- 
tional or surd quantity x into a continued fraction 
is by successively substituting 

a being the greatest integral number contained in 
X, a' the greatest integer contained in y, &c. 

So that, by proceeding in this manner, it is evi- 
dent that X will be transformed into the continued 
fraction 
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a + - \ 

which will consist of a finite, or an infinite, nmn- 
ber of terms, according as the quantity x is rational 
or irrational. 

In which case it is to be remarked, that the snc- 
cessive terms a, a% a'', &c. of the continued frac- 
tion, are the partial quoHentSy before mentioned ; 
and the qumltitied x, a?^ af\ &c. revolting from 
the development of x, and of which the integers a, 
a^y a!\ &c. form the greater part> are the complete 
quotients^ 

Hence, every complete quotient, in this mode of 
conversion, comprehends, implicitly, besides the 
integer which is contained in it, all the following 
quotients of the continued fraction ; since it readily 
appears, that by the development of this quotient 
we can ol^tain aJl the rest* 

And consequently, if we have any algebraical 
expression, which represents the value of the con- 
tinued fraction, prolonged to the term a^"^ incla- 
sively> and there be substituted in it thfe complete 
quotient x^"^ instead of a^"^, it is plain that the result 
will be the exact value of j?, even in the case where 
the continued fraction is supposed to be carried on 
to infinity; for 

J 7* Whence it follows, that by mreaus of each of 
these complete quotients, we can always readily 
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obtain the entire aad exact value of the quaMily 
proposed, however far the developmeat may have 
been continued^ which eircamstance will be foiift4 
of considerable utility^n extracting the square roets 
of numbers* 

Thus, if it were required, as an example of this 
kind, to extract the square root of ig, by means of 
a continued fraction, it may be done by continuallj 
finding the largest integer number contaioed in the 
jievend val^ies of J?, sf^ x'\ &c. as follows: 

4/19 — 4 

, 1 -/19 + 4 ^ ^/19-2 

-•ig-4 3 3 

,. 3 -/19 + 2 , V19-S 

V19-2 5 ^5 

,„ 5 -/19 + 3 ^ ^\^-% 

* ^ ^19-3 2 ^2 
iy_ 2 _ ^^9 + S _ A/t9->2 - 

^ "-V19-3 5 ^■*" 5 

^_ 5 _ v^i9 + 2 _ v^l9- 4 
^''-^19-2"" 3 ^■*" 3 

* "^^19-4 3 , ^^3 

Where, since a'^is =j/, it is plain that the cp»- 
tients 2> 1, 3, I, 2, 8, already found, will always 
return again, in the same order, to inifinity^ 
Whence 
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And consequently, by patting a=4, 5=2, y=l, 
Js=3, 1=1, ?=2, i} = 8, we shall have, according 
to the method before described. 



A«4 

ii»A?+ 1 — 4x2+ 1-9 
c«By+ A-9x 1 +4»«13 
©-c^+B-13x3 + 9«48 
K-D£4-C«48 X I + 13-61 
F-E^+D-61 X2 + 48-170 
c-nj + E- 170x8 + 61-1421 



A'-l 

B' = Vf-l x2-2 
c'-»'y + A'-2x 1 + 1-3 
D'«c'J+B' = 3 x3 + 2 = ll • 
e'-d'£ + c'=1I x 1 + 3-14 
f-E'^+D'- 14x2+11=39 
G'-P'i7+ E'-39 X 8 + 14-325 



&C. &C. 

Whence, the principal converging fractions ap- 
proximating to the VI 9, are 

4 9 13 48 61 no 1421 o 
P 2' 3 ' 11' 14' IsT' 326 

the last of which, when converted into decimals, 
will be found correct to six places of figures. 

And in the same way may the square root of any 
other nonquadrate number 'be reduced to a conti- 
nued fraction ; and thence its approximate value 
determined as above. 

18. This being premised, it may now be ob- 
served, that the least integral values of x and y, in 
any indeterminate equation of the form 

in which a is not a square, can always be found, by 
converting Va into a continued fraction, and then 
calculating the results, or principal fractions, an- 
swering to the several quotients, to the end of the 
first period, as in the instance above given. 

In which case, the numerator and denominator 
of the penultimate fraction, so determined, will 
give the respective values of x and y in the 
equation 

j?*-Ay=l, ora:*-Ay=-l, 
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ffccpr^uig as the period consists of an eyen or w 
odd number of quotients. 

Thv&, if it were required to find the least values 
»S X fOkd y in the ^equation 

>fe shall have, for VlQ, according tc^ the exomple 
just given, the following quotients and converging 
fractions, to the end of the first period. 

Quotients 4, 2, 1, 5, 1, 2, 8 

p . 1 4 1? 48 61 170 i4fil 

x^ractions g, j, -, y, — > ii^ "W "326" 

Whence, the number of quotients, g, 1, 3, 1, S, 8, 

170 

in the reourring poriodrh^g even, and -r^ the 

penultimate fraotion i^ that period, it follows, that 
OP =170 andy=i:39; which numbers will be found 
to answer the conditions of the question. 

Again, let there be given o?^ -* 13y^e= — 1, to £ad 
the least Takiei^ of » and y m whole nnmbers. 
. Here, |f a/13 be converted into a ^^ontinned frac- 
tion, M before, we sh^all have the following qno- 
tients and fractions,, tp the end of the first period. 

Quotients 3, 1, 1, i, ij Q 

ry ^- ' 1 S 4 7 11 18 \\% 

Fractions -, j, -, -, y, y, -33- 

And since tha Bumber of quotients in the recurring 

1 ft' 
period, 1^ I, 1, 1, 6, is, in thi9 case, odd, and y 

is the penultimate fraction, it follows, that ^=18 
andy = 5. 

19. Hence, also, because the periodical part of 
the qnoticnts, both in this &nd the former conti* 
tttied fraction, must return again, in the same 

YOU I. X 
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order, to infinity, it is plain, that qtiestions of tlii* 
kind admit of an indefinite nnmber of soIntions^; 
since all the pennltimate fractions, in each of these 
several periods, will equally answer the conditioBS 
of the question. 
' 20. To this we may also farther add, that if 

- be made to represent the penultimate fraction 

that resolves the equation j?* — Ay*= — 1, in which 

the absolute term is negative, — ^ will be the 

fraction that resolves the equation a:* — Ay* =1, in 
which the absolute term is positive. 

Thus, ^ = -r-^^^^S found, as above, to be the 

fraction which resolves the equation a?* — 13y'= — 1, 

gAy*-^ 1 _ 2 X 13 X 3*- t _ ^5 0- 1 _64g 
'2jf^ "■ 2x18x5 ^-"llSO ""180* 

will be the fraction that resolves the equation 
h?* — isy = i ; X being = 649, and y = 1 80 (o). 

2 1 . S0 that, although the equation a^ — a^^ = — 1 , 
can only be resolved in integers when the number 
of quotients in the recurring period of the conti- 
nued fraction^ to which Va is reduced, is odd, the 



(0) In many examples of this kind, the least numbers that will 
satisfy the conditions of the equation j:^'- Ajr^ « 1, are often Tery 
considerable. 

Thus, the most simple solution of the equation a:*— 21iy « 1, i» 

r« 278334373650, and ^ = 191627 05353< 
And the most simple solution of the equation 3f^^99l^*'l, in 
x-=37Q5.164009C)681193063«014896080, and 
J^« 12055735790331359447442538767. 
From which it appears* how necessary it is to have ao 
uiTaUible method of precjeediog in these cases; as >v« abould be* 
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^^atiou a^-^Aff^i^l^ on tlie contrary^ always ad*- 
uiits of an indefinite number of such. answers, pro- 
vided A be not a isqnare ; because, in that case, the 
difierence of two integral squares would be <!?]:> 
which is Impossible. . 

22« In like manner, if there be given any ixkd^i^ 
'termiiiiatf& equation of the more general form 
: ...ai*«Ay*=c±B, / ^ 

in which b is less than Va. the fraction -.when the 

equation is resolvable, will be always comprised 
among the principal fractions, in the first period, 
arising from the conversion of Va into a continued 
fraction. 

As, for instance, if the fraction -, found as 
above, be of an' even rank in this period, or less 
than Va, it will give the solution of l4ie equation 
0?^ — Ay* = B; and if it be of an odd rank, or 
greater than /a, it will give the solution of the 
equation x^ — Ai/* = — B ; and the-same will be true if 
there should be two Or more fractions of this kind 
in the period!' 

23. But if, after trying all the converging frac- 

greatly dea^ved, tf, after haying failed in trying a few mode- ^ 
rately large n^tn^ra^ we should thence conclude that the quesr 
tion was impossible. 

With respect to the otl^er answers of which these questions are 
'susceptible, if m and n be made to represent the least values of x 
and y, as above found, the reist of the splutions; in the case 
jc'— Ay*= I, may be readily^derived from the equation x + jfV'A — 
{m + wyfA)*, an^ those of the case af — aj/' = t- I* from the equa- 
tion x + y^A « (m + 7?v'a )**+*; where k, being taken = 1, 2, 3, &c. 
successively, the comparison of the like terms of the ezpressioa 
will give the several values of x and^. ^ 

X2 
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tians^ adfiwefin^ to tlie sev^rid ^notiente in dm 
first period, no one shoald he found that iatisfics 
the oendltidfis of the qtieiistinas^ it May ba aafely 
ccmchiddd^ that neitbet tbe ' equation a:^ -- jof ^ ^, 
nor a^~Ay=— B^ can be .r^cdvad ia tvhole 

Thiid> SIS aa axample of this mefliod) let it be re^ 
quired to find the ieast iirtegtal^values of x and y 
in the equation 

Here, since VI Q, wheii fcphverted into a conti- 
nued fraction, has been shoWn to give, in Its first 
period, the following quotients and contergin^ 
fractions. 



17Q i4sri 



4. 


3, 


J, 


S, 


1, 


2, 


I 


4> 


0: 


19 


At 


01 


9' 


l> 


8' 


9' 


11' 


14' 



30' $20 

We shall find^ by trial, that both j^ and ^^, which 

<are the fifth and seventh ternis of the period^ will 
jsatisfy the conditions of the question. 

For, if 6l be substituted for x, and 14 for^> we 
shall have o^- lSgr*«6l*^ 13 x 14**3781-3724 
= -5. 

And, if 1 43 1 be put jbr OP0 and 326 for y, we ahaU 
*l80 have ou*- igy*** 2019241*- 2019344 « -3, aa 
before. 

Again, let it be required to find the least inte^al 
values of X and j/ in the equation 

Here, by fe^tracting ^/'5&, according to the me- 
'tlio4 mglo^!^ m a former ^xamplc^ there will 
aiise 
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Sf9 



V56«=7 + 



V|$-7 




a^'= 



^55 + 7 



14 + 



1 




V55- 


S 


6 




V55- 


5 


5 




a/55- 


■7 


6 




V55 


-7 



^55-7 1 

&C. &C. 

Where, the fractional part of the last term 
being equal to that of the first, w^ shall ha^e, for 
the several quotients of the first period, 
a € y i 6 
7, 2, 2, 2, 14 
Aiid, consequently, by following the second 
method, pointed out >n the first part of tUs article^ 
there will arise 



A«a?»7 

n«Ae+ 1«=7 x2 + l«l5 
<c«By + A='15x2 + 7 = 37 
D«cJ+ B = 37 X 2+15 = 89 
iE = D6+c«R9 X 14+37 =-1283 



c'=^Hy + A'«2x2+ j[»5> 
D'«c'^ + B'-5x2 + 2«12 
E'«D'5 + <f»12xU+5 = 173 



&e. &€. 

Whence, the seyeral copverging fractions, cor- 
responding with the tenns of this period^ will be 

7 15 37 89 1283 
T^ T^ 5* 12^ 173* 

And by trial, it will be rAadily found, thlt the 

15 

second of these fractions, — , will satisfy the condi- 
tions of the question. 

For a?-56y^=:l5*-.55X2'a525-.220 = S, as 
'was redpiired. 
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And if il were proposed to find the least valnei 
of X and t/iti the equation 

r 89 

the penultimate fraction, — ,. in the above series, 

will be found to satisfy the conditions of the 
question. 

For a?'-555^' = 89*^55xli2* = 7921 -7920 = 1, 
as was to be shown (p). 

Questions for Practice. 

1. It is required to find the least fi-action, hav- 
ing only two figures in each of its terms, that shall 

approach the nearest possible in value to -rrz-. 

Ans.- 

2. It is required to find the ratios next less and 
next greater than —-, that can be each expressed 
by. fractions halving only two figures in their deno- 

• X A 289 p 128. . 

mmators. Ans. -j^^yT^^^ 



(jp) Here« as in the former part of this probleni> if m and n be 
piade to represent the several successive values of x and y in the 
equation x*— a^ « ± 1, and p and q be the least values of r and 
y in the equation x*— Ay » ± b, as above found* we shall havei in 
general terni8> 

x^imi± \qn, and y ^pn * qm, 
irom ^hich the various solutions, that any question of this 
kind is susceptible of, may be readily determined. 

(g) This question^ arises -out of the method usually employed 

for adjusting the civil mode of reckoning time to that shown by 

450 
tl^esun; the ratio----, being that of 24h. to 5h. 48m. 48 sec, 

the time by which the solar year exceeds tbat.ifi common use; 
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3. Given gap 4-13^ = 200, to find all the values 
of w and y in whole positive numbers. 

Ans. ^•=19, 2; y = 5, 14. 

4. Given 256^— 87y= 1, to find the least possi- 
ble values of x and y in whole numbers. 

Ans; a;=52, y=l53[ 

5. In how many different ways is it possible to 
pay lOO/. with seven shilling pieces and dollars at 
4s. 6d. each ? Ans» 6 different ways. 

6. Given lla?+14^+19« = 960; to find the three 
values of x, y, and 2, in whole numbers, that ap- 
proach the nearest to eqi>ality. 

Ans. a? = 23, y = 22, 2 = 21 

7. It is required to find the least values of x and 
y in the indeterminate equation 7^ + 19^=1921. 

Ans. a? = 3, y = 100 

8. It is required to find the number of solutions^ 
in positive integers, of the equation 7^ + 9^ + 23« = 
9999. Ans. 34365 

9. Given a?* — 6iy= —1, to find the least values 
of X and y in whole positive numbers. 

Ans. :r = 29718, and y = 3805 

10. Giwn X* — 85^=1, to find the least values 
of X and y in whole positive numbers. 

Ans. 0? = 285769, 5^=30996 

1 1 . Given Jc* — 61^= — 5, to find the least values 
of 4? and^ in whole positive numbers. 

Ans. a?=rl64, ^ = 21 

12. Given a?* — 6ly* = 5, to find the least values 
of X and y in whole positive numbers. 

• • ' - Ans. 07=453, y=58 

and, when investigated at length, will show the proper number of 
intercalary days that answer to a giTen number of years. 
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OF THE DECOMPOSrriON OF RATIONAL FftACTlONS 
INTO SIMI^LE TRACTIONS. 

(i) This problem being of considerable utility 
& iomt df the hJgber branches of analysis, but 
more parti<;ulatly iii the integral (ifitlcalos, where 
it id of freqn^nt occurrence, it will be here proper 
to show some of the most simple methods of ef- 
fecting the decomposition required j which, in 
many of the most useful cases, may be done, with- 
out the assistance of fluxions, as follows : 

Rule i. 

i. Let , the fraction -, to be decomposed, have^ 
at leasts one dimension less in its numerator than 
in the denominator; to which state it can be al- 
ways reduced, when necessary, by division; and 
wiU then have the form 

N__a+ ix+ cx'+ rfjt3+ ..../>«"*-' 
p "" af+b'x+c'x^+d'x^^ .... ^x»* 

2 Find all the m simple factors into^ i^hich the 
denominator d can be reduced> eitb^ by trial, or 
by putting the sum of its terms = 0, and then de- 
termining the roots r, r', r", &c. of the equation, 
so formed, in thie usual way; whieh, being done, 
the original equation may now be represented under 
the form 

N ^ a + bx-^. C3f ^+d^+ « ' * * poT'-^ 
D^(a:-r)(jc-r')(j:-r") . . . . [x-rC"-^' 

3. Let A, a', a'', be the numerators of the several 
simple fractions into which the given fraction is re- 
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solvable^ and we sbftU bave^ m the cdse y^httt the 
factors of the idenominator are all unequal^ 

N_ A A^ A^" • a("-0 

Where the vahies of a, a', a''. &c. may be ibund 
by reducing the fractions to a common denominator^ 
(which will be the same ad D>) and then comparing 
the coefficients of the like powers of x together, 
according to the method pdinted out in a former 
Article. 

It is necessary to be observed, however, with re- 
gard to this rule, that, if the highest term of the de^ 
nominator of the given fraction has any coefficient 
prefixed to it, the product pf the factors, found by 
determining the roots of the above mentioned equa- 
tion, must be multiplied by this coefficient^ in order 
to obtain the true factors* 

£XAMP1XS« 

1. It is required to convert the rational fractiofli 

J into its equivalent simple fractions. 

Here the factors of the denominator x—x^ being 
X and 1 — X5 we shall have 

l+a:__A a^ I +x _ A^■(V'^>A)3^ 

rir?""x'*'l--x' ^^x-x*"" x-x» • 

And, by comparing the like terms of the two 
numerators, a=1 and a'— a = 1, or a'3=14-a = 

1 + 1 = 2; whence ~^-^ + YZi- ^^® fractions 

fecpiired. 

2. It is required to convert the rational fractioa 

^£^ into its equivalent simple fractions. 
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Here^ the factors of tlie denomioator x^a^ being 
jr, 1 — a?, and 1 + x, we shall have 

X^S^'^X 1— X 1+x* 

or> by reducing the fractions to the same denomi^ 
nator^ 

I ^ 3^ _ a(I^JI^) ^ A'{X + X^ + A"(X'-X*) 

whence 1 + J?* = a 4: (a' 4- a'0»i^ + ( - a + a' - a'')^; 
and consequently, by equating the coefficients of 
the like terms^ a= 1, a^= 1, and a'^= — 1 ; there- 
fore -^=^- + -; •; — , are the simple fractions 

X — JC^ X 1— X 1 + x^ * 

required. 

3. It is required to convert the rational fraction 

J — -x 

■ - into its equivalent simple fractions. 

Here, by making the denominator 3a?* — 4ar + 1 = O, 
the two roots of the equation will be found 
==^,1 ± ^V2; and consequently the factors are 2(1 -f 
^\/a— jr)(l — ^2 — jp)5 whence 

l-X __ A A^ 

J-4afi.2x«'"(2 + V2)-2x "*" (l-iV2)-x^ 

or, by reduction, 

I^r _ (l-4v^)A-AX+(2 + ^2)V-2yr _ 
l-4i + 2i* l-4'X+2x« "" 

A + 2a^ + ( A^ -^ ^a)>s/2 - (a » 2aOx 
l-4x + 2x« 

And putting a+2a'4-(a'~^a)v'2 = 1 and a + 
2a' = 1, we shall have, from the resolution of these 

equations, A=^ and a' = :|:; therefore "^ = 

g..^L2x ^ i-V2~x > *^^ fractions required. 
Note. If two or more of the factors of the de- 
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nominator of the given fraction be equal to each 
other, the decomposition of it into simple frac- 
tions cannot, in this case, take place in the way 
pointed out by the rule; but will then be of the 
following form (r) : 

N___ B B' ^ bC«->) P ^ 

D'~(j:-./>)-'^(a:-p)»-i .... ^_^ + ~; 

where p represents the root of one of the equal 
factors contained in d, and - the sum of the par- 
tial factors due to the unequal factors in d, of which 
A, a', &c. are the numerators. Thus, 

4. Let it be required to convert ^ into its 

equivalent simple fractions. 

Here, since the denominator {l—xf is the pro- 
duct of (l — a?)(l— x), we shall have 

1 + J __ B B^ _ P(l— J)^- B^(l^j)* _^ . 

(l-.a:)**""(l-x)*'^T^"" (l~a:){l-j:)» "^ 
B-f b'(1-j:) _ b + b'^b'j 

and, by equating the homologous terms, b' = — 1 and 
B4-b'=1, or B = i2; wlience ±±^^^j^^^ 
the simple fractions required. 

(r) In order to show that the former part of the rule is inap- 
plicable in the case where there are equal fax:tors in the denomi- 

_ . ^ a+hx K k' 

nator, let us suppose, for instance^ that -=■ + ; 

**^ (x— c)* x—c X— c 

.L I. If u u J.- ^ + ^^ (a+aO(x-c) 

then, we snail have, by reduction, —^^ — ; — « 

•^ {x — cY (x— c)' 

i J ^^ ; and consequently, by comparing the homo- 
logous terms, a+a'«6, and c(a + a')»— a; which results are, 
iSf id^ntljr, inadmissible. 
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5. It is required to convert 7- — — — 5 into its 

equivalent simple fractions* 

Here, according to the above role^ 

1-.5X B 9r A _ 



Br(l -f X)(l -X)] + Bt(l +X)«(1 --X)] + A(l H. X)» _ 

(i-xKi+r)3 

b(1 -X) + B^(l --X^) + A(l + 2X4. X*) _ 
(1-X)(1+X)« 
>4. B'-h A+ (2a-b)x+ (a^-bQt* 

(l-x)(l + x)« • 

^whence, byputtingB + B' + A=l, 2a — b= —6, and 
A — B' = 0,weshallhaveB = 3,B'= — l,andA= -1; 

consequently ^^-Lgl-^ =^_^-^, are 

the simple fractions reqnired. 

It may here also be farther remarked^ that, when 
the factors of the denominator of the given fraction 
are few in number, we can always readily determine 
tlie simple fractions into which it is convertible by 
ilie preceding methods; but as the calculation, in 
other cases, becomes more laborious, it will be 
necessary to show, that any one of the numerators 
of these fractions may be deduced immediately from 
K and D, independently of the restj which may be 
done as follows: 

Rule ii. 

I. When the factors of the denomfnator of the 
given fraction are all unequal, or of the form 

take that which constitutes the denominator of the 
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iimple fraction that is to be founds and let s de- 
note the product of all the remaining factor?"; tl^ni 
if the root, or value of x in that factor, be substi- 

tuted for x in the formula -, it will give tlie hu- 

merator of the fraction required. 

2. If some of the factors are equal and others 
unequal^ orofthefoim 

^— ^ A^ Q B B^ qI 

let s denote the produci of all the factors in the 
denominator, except oae, as before; then find the 
pimple fractions due to the unequal factors by 
the first paft of the rule; and, for the unequal 

factors,' proceed as follows ; 

"*• 

1. B=-, taking o; in » and s=|^. 



Let Q,^-^ — , then 

2. b' =-, taking x in a, and s=/>. 

Jjd Q^ ^~ — , thejni 

X— p 

of 

3. b" = -, taking x in €t', and s=ji^. 

Let a" = ^^J ' ^9 then 

^ 4. b''^ = — , tsdiiag X in a", and ^ ^j>, 

&c. &c. 

Which operatiea being performed, the sum of 
the fractions, ' thus obtained, together with the 
former, Wjill give all the simple fractions into whiob ^ 
the gfven fraction fe Tdsolvable.- 
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6. It is required to convert the ration^ fractioti 

1 + X* 

into its equivalent simple fractions. 

Here the factors of the denominator x — a^ being 
Xy l—Xy and 1 + a?, vi^e shall have 

1 + X* _ A A^ JiT 

x-s^'^x^ l-x"*'l+x» * • 

as in example 2 ; whence, for x^ the first factor, 

A = -=YZ^~^^ ^ being =0; and for \^x, the 
second factor, a'=- = ;=!, x being =1; also, 

N 1 + X* 

for 1+0?, the third factor, a'' = - = i=— I^ x 

^ ' 6 . X — X* ^ 

beinff = — 1; therefore -i— =-+-; — — •; — , the 

9 ' x-x' X 1— X l+x' 

simple fractions, as before. 

7. It is required to convert the rational fraction 

x^n-xWi — \ ^"^^ ^^^ equivalent simple fractions. 

Here, the factors of the denominator being o^y 
(1 — j?)% and 1 +0:, we shall have 

1 A B B' B" C C' 

a:«(l-x)»(lHri)"^l + jc"^ii"^7«"^~"*"(l--x)«+T^* 

N 1 

whence, for 1 + J?, the first factor, a = - = 



s x3-2x*+«* 

-- 1, 0? being = — 1 ; and for x"^ the second factor, 

T i." N-BS X + X»-X» , « 

.Let now €t= = = 1 +a? — a?'; 

X— p X ' 

then, foro?*, b^ = - = , ^'*'''""/^ ==l^ ^ being =0. 

i l-OP — x*+x* ^ ® 
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Let a'=az2:!=?fZf?=2-a?; 

x-p X * 

then, for x, B"=f=~^^~^r=2, j? being =o. 
Also, for (1 -x)% c=j=^=i a? being =1. 

T ^ N-CS 1-^-^ . .1 . 

tiien, for 1 -x, €!*=-= — ^^^ «^,x being =1. 
Therefore 



^(l-x)'(l+xj x» ' x» ' X • 2(1 -x)» 4(1 -x) 4(1 +ar)' 

8. Let — ;^ be reduced to its equivalent simple 
Iractions. Ans. 7 — - + - — 

9. Let j_4^a 3j3 ^e reduced to its equivalent 
•imple fractions. Ans. --h- — - + 

*^ X ' l-x 1 + 3x 

10. Let ' .\^a \jA ^ reduced to its equivalent 
simple fractions. Ans. :; — f T-hr + 1 — ^ 

^ 1 +x l-x 1 4.2x^ l-2x 

1 1 . Let n^xm + ^xY ^^ reduced to its equivalent 
•imple fractions. 

^' (l+x)•^l^.x (l + 2x)* 1 + 2X 



1 2. Let -t: — ttt;; — r^^^i — --^ be reduced to its equi- 



2 + 28r-x« 
x(l+x)(2-x)(l-2x)« 

"valent simple fractions. 

.11.1 2 14 

Ans. - + -— :+;rr:: + -— :: + 



X If* 2-;r l-2x {J-2x)< 



Digitized by VjOOQIC 



OF RECURRING SEltlESc 

(k) a recurring bsries is a rank^ ox pro^ 
gression of quantities^ se confititated^ that each 
term has a constant itelaticm to some given number 
of the preceding terms, taken continually in the 
same ord^f. * 

Thus, if I + 6a? + 12a?*+ 48a^ + l50a?* &c. be the 
ffY^n s^ies, we «hall have the 3d term I2af^xx 
2d term + 6x* x Istterm ; the 4th term 480;^ = a? x 
3d term + 6a?* x 2d term ; and so on. 

In which case, the ef>mpoimd expresskp x, ^^ 
or simply 1, 6, is called the scale of relation of 
^ ^evwal t^tm^* 

And if l+4a? + 6a?*+llx' + 28x* + 63x*&c. be 
the given equation, we shall have the 4th term 
llar* = 2j?x3dtern^ —a^x 2d term +3a^x Istterm; 
the 5th term 28x* = 2a?x4th term — i!c'x3d term 
+ Ss^ X 2d term ; acd so on. 

Where 2x, -x% +3x^, or 2, —1, +3, is the 
scale of relation ; the numbers composing it bdug 
the multipliers by which the several terms of the 
series, or their coefficieijts, are produced (^). 

(s) It may be here observed, that series of this kind arise from 
the development of certain fractional expressions^ pf t^e forod 
a a+hx a+ hx + cjc* 

1 - a'x - 1 - a'x ^ b'x' i ^-a'j; - b'x'*-^ &^ ' * ' ' * 
n+bx+ cx*+dx^+ .... pj:*'\ 

in which the terms of each denominator, abatiog Unity, constitute 
the scale of relation of the terms of the series?, produced from thfe 
expunsion of the fraction in question. 
•;Xh«ia,; if j^ »>:c, Icc. -he mad« to denote the penultimate co- 
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HaTiog gives sm infinite recurring serkjs^ of the 
form a + ftx + cjc* + ds? 4- caf &c. ^f which the scale 
of relation of the term$ is kiiown^ lo find its sum. 

Rule. 

1 • When the scale of relajioa consists only of 
two terms, as + a\ + i', the radix, or sum (s) of 
the series, infinitely continued, will be 

a^ ih-'aa')x 

S sc . '^ ■ , ■ , 

2. When the* scale of relation consists of three 
terms, +.fl', + 5', -f c^, the sum of the series, in- 
finitely continued, will be 

3. In like manner, when the scale of relation 



efficients of the successive terms of the series arising from tJb§ dc* 
velopraent of the first of these fractions^ we shall have 

a 
\ + a'x 

Where it is evident, that the coelBcient of each term is formed 
by multiplying that immediately preceding it by ^a', or the 
entire term by — a'j; iu which case, therefore, -*a', or ^a% 
is the scale of relation of the several terms of the series. 

Again, if the second of these fraotions be cQOverted, in lik^ 
manner, into a series, we shall have 



A + hx , • 

— « — —- « a + (d + a'AJx— (i'A + a'BV- (Ub + afcSs?-^ 

I'^ufx-k-tyx ' ^ ' 

Where each coefficient, beginning with the ttnrd> h determined 
hy meant of the two that precede it^ muKiplied Kesptcilvelf^by 
VOL. L T 
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consists of four terms, +a', +6^, +c', -hrf', the 
sum of the series, infinitely continued, will be 

And so on, for any greater number of terms, 
Observing to change the signs of the quantities a\ 
b\ c', &c. which are here supposed positive, from 
— to +, when any of them are negative (#). . 

Examples. 

!• Required the sum of the infinite recurring 
series 1 + 6a: + 1 2i:* -f 48j^ + 1 20x^ &c the scale of 
relation of its coefficients being 1, 6. 

Here a=l, i = 6, a'=l, and 6'= 6; whence^by 
the rule, 

^= 1 ^/^ A/t« = / ^ 8^ = 1 ^ ^,,, =sumofthe 

1 r- ax — oxr 1 — X — or* i—x — ox* 

series. 
2. Required the sum of the infinite recurring 



V —i', —a'; or each entire term> by the two preceding terms, mul- 
tiplied by — i'x, — a'a:'; the quantities — ^ — «', or — fe'x, — c'x^ 
constituting, in this case, the scale of relation of the terms of 
the series. 

And a similar mode of proceeding may be employed in the de- 
velopment of either of the other fractions; in which cases, bow- 
ever, as well as in those given above, the operation maybe mor« 
perspicuously performed by the method of indeterminate co- 
efficients, used in Art. c. 

(0 It is sometimes difficult to determine whether a given 

series be recurrent or not; in which case, the following rgle^ 

first given for that purpose by Lagrange, in the Mem. de TAcad. 

:iles Spi^QC^^ d$ P^ris, ann4e 117^, >viJl be found useful. 

. Divide unity, or l, by th^^um of the .proposed series^ vas £^«. 
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series 1 4- 4jp -^ 6a?* + U jr*,4- 28a?* + €3x^ &c. die scale 
of relation of thtj coefficients being 2, — 1, 3- 

Here ^1=1, b^4y c^6, a'^2^ fe'=-^l, and 
€f=^3; whence, by the second case of the nile> 

— fl t (^^ ^^^0^ •«• (g r ^'r <^^'K _ 1 Hr (4-2)j.f (6-8 -f.i)j^ 

^"^ l-a'x-6'x*'-c'x' '~" l-2x + x*-3x» ]*. 

— sum of the series. 



l-2x + x«-3x3 (l-x)«-3x3 

3. Required the sum of the infinite recurring 
series 1 + 2x + 3x^ + 4x^ + 6a?* + 6x^ &c. the scale of 
relation of the coefficients being 2, — 1 . 

AnS. 7- r; 

4. Required the silm of the infinite recurring 
series 1 — + -: — -; + - &Ci the scale of relation of 

X X* X* X* 

the coefficients being —2,-1. Ans. -- — -^ 

5. Required the sum of the infinite recui-ring 

series H-3x-f 7a?*+ ISjj* + 25a?* + 5 lor* 4- 103«' &e. 
the scale of relation of^ the coefficients being + 2, 

6. Required the sum of the infinite recurring 

series 1 -f 8a? + 27a?' + 64af' + i25a;* j- 9l6a?*+343x^&c. 

the scale of relation being 4^ — 6, 4^ — !• 

1 + 4x + X* 



Ans. 



(l-x)« 



^3 to two terms in the quotient^ which let hep^ qx, aod call tht 
remainder s'x*. 

Divide, in like manner, s by s^ as far asio two terms ia tht 
quotient, which let bep' + ^x, and call the remainder 8"x^ 

Do the same with s' and s", calling the first, two terms of the 
quotient p" + q"x, and the remainder s"(x», .and soon; then, jf 
the series is recurrent, the opefation wjU at Isfig^b t«rminat«, 
otherwise nOt. , 
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Nofei Wheti the sum of a littiited nciriiber of 
terms only, of a rteurring series, is requiretl, It 
may be determined, by first finding the sum of all 
the tierHfis of tbe sferies, fdBowing the ternk pro*- 
Jjosed, and then ifenbtracting the result from the 
whole sum^ foutid by the former rule. Thus(w), 

,f. Let il be required to fiad the sum of n terms 
of the recurring series 

i + 2a? + 3-a?* + 4^?^ + 5a:* • •. • • ^^'"^- 
" Here, the terms following nx'"\ will be (w + l)a:" + 
(w4-li)a?"+' + (« + 3)a?"^^&c. where the scale of re- 
lation of the coefficients is 2, — 1, as before; whence, 
by substitutibg (w + l)a?*, and {n+2)x'"^\ for a hnd 
bjc in the fitBt 6ase of tii^ rule, atid ihakiug a^ ^ % 
and i^'is ~ 1, we shall have 

(rt + I }j:* '+(n + 2)jr«+" - 5f(n + 1 ):c*+' (n + 1 )x* - 7ix«+» 

' niiTk^ = — (TTij-^ — =^^°* 

ef the series^, (w+ l>r" + (« + 2)if+*4■<« + 3)«"'*■* + 
(n 4- 4)a?''+^ &c. continued rfrf if^rdttn/Oi^ 
But from the answer to example 3, it appears that 
the stfm of. the whole infinite series 1 + 2ar + 3a?*4- 

— *- i — . " 1~- , U-_ :-: LX_J \ 

- (tt) This fsxl of the above problem, is too operose and com« 
pTicated to be insisted upon at much length in a work like 
the present; the finding the general term of many recurring 
•[^fetik, thstt might Ibe proposed, bbihg /reqXiently attended with 
considerable difficulties; particularly in determining the several 
^tfnple fraeti6iis, tliat are. rfeducfble ffom the radix, pr generative 
fractiDn/whiclt i^'a'irec'essary p&rt'c^Flhe operation. 
'- 'I'or'thhpfarlDWe, tf)erefol'e, -ks ^Xell as for more ample detaiU 
bh t1ie siibji^dt, sk'eih^^introduCti&inAnalj/si?i ihjimtorum of Euler, 
it)r thi^ Frehcti tttrtsiatiott <4r thiit ^^oTk; Vvitli notes, by Labeyj 
iklso the Misceli. Analytics of DemoWre, 



Digitized by VjOOQIC 



SUMMATION OF INFINITE »¥RJiES» 3S^ 

= T- — -- — J — == sum ot » terms pr the same serias 

(l-x) 

1 + 2j? + 3x^ rf 4af' + 6a?* , . . . ns^'K 

8. Reqaired the sum of n terms of the infinite 
recurring series 1 + 4j? + 14*?* + AQa? + 146a?* -f 
464a?* . • . . (2.3*— 2')a?", the scale of relation of 
the coeffidents being 5,-6. 

9. Required the wm ojT » t^*infi cl* t)i9 infinite 
recurring series 1 + Oj? + 2x* + 30?^+ 6^* + iQo?* + 

22j?*^ + 42:c^ + 86a?* /. . . ~j-^% using th« upper 

«ign wlien 92 is an even number^ and the under sig^ 
when it is odd; ^ud observing that the scale of re- 

lation is 1, 2. Ans. ^^ — ^! { — 

10. Required the sum rf n terms of ijie series 
If a7+2a?'' + 2a?' + 3a?* + .3a?* +40?* + 4f^ . • . • 

-r— j^ — a?", u6iBg the upper sign when n js iin ev«ai 

immber^ and the under sign when it is odd ; and 
objserving that the scale of relation is 1» 1^ — 1. 

OF THE SUMMATION AND INTERPOLATION 
OF INFINITE-SERIES. 

(l) An infinite series is a continued rank^ or 
progression of quantities, connected together by 
the signs + or — ; being such as usually proceeds 
according to some regular law(^). 



(x) The doctrine of infinite series is a sobject which ha« en* 
gaged the attention of the greatest mathematiciansj 6»oth ancieot 



Digitized by VjOOQIC 



d26 SUMMATION OF INFINITE SERIES, 

A J . I . 1 . 1 ^ . ft, 

^^T + 3 + 5+7+9:^^^- ■ 

y^ 1 1 1 1 1 n 

In the first of which, the several t^rms are the 
Reciprocals of the pdd numbers 1, 3, 5, 7j &c.; and 
in the latter, the reciprocals of the ^yen nuuxberi 
S, 4, 6, 8, &c, with alternate signs, 

Series of this kind are also of different forms, and 
arise in various ways ; as, from the common c^e- 
rations of division, the extraction of roots, and ia 
fliany other processes of calculation. 

Thus, if 1 be divided by a -I- ft, or ^ — J, the qup^ 
tie^t, in each of these cases, will be as below : 

a + b^a ««"•"«?■" tf*"^ a* ^^' 

1 I b b-" b^ b* 
S3T=^« + ^ + a3 + a4 + «s+^^- 

atid modern ; and, when taken in its whole extent, is, perhaps, 
.one of the most abstruse aud difficult brani;hes of abstract 
mathematics. 

To find the sum of a series, the number of whose terms is in- 
exhaustible, or infinite, has. been regarded, by some, as a paradox, 
or a thing impossible to be dpne ; but this difficulty will be easily 
removed, by considering that every finite magnitude whatever 
.is divisible an in/Sn^'/um, orco\)sistsof ap indefiqite number of parts, 
the aggregate, or sum, of whiph, is equal to the quantity first 
.proposed. 

4- number actually ipfinitjB is^ indeed, a plaip contradiction to 
;^ll our ideas; for any number that we can possibly conceive, or 
of which we have any notion, must always be determinate and 
finite; so that a greater may still be assigned, and a greater after 
this; and so on, without a possibility qf ever conning to an end of 
the increase or addition. 

This inexhaustibility, therefore, in the nature of numbers, is 
9M tliatwecap clistipctiy icoinprebencj by their infinity ;-for though 
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"Where the teitns of each series are the same, ex- 
cept that the signs are alternately positive and 
negativB in the former, and all positive in the 
latter. 

And, if « or ft be expounded by 1,2, 3, &e. we 
shall obtain the following numeral series, and 
their values. 

r^=^= 1 - 1 + 1 - 1 + 1 - &c. 

1+1 2 

1 I 1 1 1 1 . 1 a. 



2+1 3 2 2* 2' 2« 2* 

ji^ = i=l_2 + 2'~a'-f2*-&C. 

&c. &c. ^ 



we can easily conceive, that a finite quantity may become greater 
and greater without end, yet we are not, by that means^ enabled ta 
form any notion of the ultimatum^ or last magnitude, which 19 itkr 
capable of farther augmentation. 

Hence, we cannot apply to an infinite series the common notion 
of a«um, or a collection of several particular numbers, which are 
joined and added together, one after another; for this supposes, 
that each of the numbers, composing that sum, is known and 
determined. But as every series generally observes some regular 
law, and continually approaches towards a term, or limit, we can 
easily conceive it to be a whole, of its own kind, and that it must 
have a certain real value, whether that value be determinable or 
aot. 

Thds, in many series, a number is assignable, beyond which 
no number of its terms can ever reach, or, indeed, be ever perfectly 
equal to it; but yet may approach towards it in such a manner^ 
as to difler from it by less than any quantity that can be named. 
6o that we may justly call this the value or sum of the series; 
not as being a number found by the common methodof addition^ 



Digitized-by VjOOQIC 



339 9UM|<ATieK or IKflNUB fi£RI£9« 

Wbence it appears that the same quantity laaj 
1>e expressed by di&rent series ;, and^ on the con- 
traryj that different series may hare th^ same 
value. 

In like manner it may also be shown, by the 
fpmmon methods of extracting the square^ cnbe^ 
&c. root, or by the binomial theorem, that 

(1 — 1)'^ =0= 1 ~ — ^ — &c. 

^ ^ * 2- 2.4 2.4.6 2.4.68 ^ 

/, ,\-i- ^ , 1 2 2.5 2 5.8 

&c, &c. 



but such a limitatioiv of the value of the series, taken in M its 
infinite capacity, that, if it were possit))^ to a4d M the t^nas to<> 
gether, one after anpthi^r, tb(i sum would N fiqusi to that number, 
In other series, on the contrary, the aggregate, or valu^ of the 
several terms, taken collectively, ha9 no limitation ; which st^te of 
it may he e^ {pressed by paying, that the sum of the series is iniiaiiely 
great ; or, that it has no determinate or assignable valu^ but may 
be carried tn\ to such a length, that its sum shall escee4 any 
given number whatever. 

. Thus, as an illustration of the firft of these cases, it may be 
observed, that* if r be the ratio, g the greatest term* and / th{^ 
lisast, of any decreasing geometric series, the sum, according to 
the common rule, will be (rff-rO-t-C''^ l)t and if we gupposd 
the less extreme, /, to be diminished till it becomes =0, the sum of 
the. whole serie§ will be rg'f{r'' 1): for it is demonstrable, that 
the sum of no assignable number of terms of th^ series can evef 
]b.e equal to that quotient ^ and yet no number lesa than it will ever 
be equal to the value of the series. 

. Whatever consequences, therefore, follow from the sppp4>sitionof 
rg -r (r f-> 1^ being the true and adequate value of thp series^ ukeq 
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. From lif hiqh it is evident, that th^ s^re^t? va- 
lue of all the terms of v^riou^ kinds of ^nfii^tq ^e^ 
riea may be ^O; or that the first ter« of sueh » 
series may be greater than^ or equal to, the $Qm of 
all theUbllowiug terms. 

It may also be remarke^l^ as a curious cifcum*^ 
dtanf^, with r^pect to the iufiuite series 

of which the value is 2, that any one of its 
terms is equal to the suin of all those that sue-' 
ceed it. 



ia all its infinite capacity, as if all the parts were actually de- 
terminedf and added (ogether^ no assignable error can possibly 
arise'from them^ in any operation or demonstration where the sum 
i» uaed io that sense ; because, if it should be said that the serief 
exceeds that value, it can be proved, that this excess must be less 
^ban any assignable difference; which is, in effect^ no difference 
at all; whence the supposed error cannot exist, and consequently 
rg-*- (i*-^ I) may be looked upon as expressing the true value of 
the series, continued to infinity. 

We are> also, farther satisfied of the reasonableness of this 
doctrine, by finding, in fact, that a finite quantity is frequently 
convertible into an infinite series, as appears in the case of cir- 

ipulating decimals. Thus -, expressed ddcimally* is » 66666 &c, 

*" 10* 100 ■*■ 1000 "^ 10000 

oontiiraed md infinitum. Bat this is a geometric series, the first 

fi 1 

term of which h — , and the ratio — ; and therefore the sum 

10 10 

of all its terms, continued to infinity, will evidently be equal 

2 
to ~, or the number from which it was originally derived. An4 

the same may be shown of tnany other series, and of all circo- 

Jating decin^als in general. 
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To this we may likewise add, that series receive 
particular names^ according to the nature of their 
ibrmation, or other circumstances attending them* 
Thus: 

A converging series^ is that in which the term^ 
decrease, or become continually less and less; 
being so called, because the successive sums of its 
several terms approximate, or converge, nearer and 
nearer to the true value of the series (y). 

Thus, in the infinite geometric series before 
given, 

where all the signs are + , the first term = 1 ; the 
sum of the first two terms, I + -= i^ ; the sum of 

the first three, 1 +- + -^ = I- ; the sum of the first 

111 7 

four, ^+o + 4;+Q = l55 and so on: where each re- 

«ult approaches nearer to 2, the true value of the 
eeries, than that immediately preceding it. 

In like manner, if the terms of the series be al- 

(y) It may be here proper to observe, that the sum of a se- 
ries of continually decreasing fractions is not always finite; as 
is well known to be the case with the reciprocals of the natural 

numbers t + - + - + 7 + -;&c. the value of which, exceeds any 
12 3 4 5 

assignable number whatever ; though, at the same time, the sum 

of the reciprocals of thtp squares of the same numbers, '-+- + - + 

14 9 

•r^4- — &c. is finite; being equal to - of the square of the cir« 

cumference of the circle, whose dianieter is 1 ; as is shown by 
Euler, in the Acta Petrop, vol vii. and by Maclaurin, in bi$ 
Fluxions, Art. 822. 



Digitized by VjOOQIC 



SUMMATION OF INFINITE gfiRIE^. 331 

Jternat^ly positive and negative, the successive sum% 
in this case, will also be alternately too great and 
too little ;/ though still approaching nearer and 
nearer to the final sum, or true value of the series. 
Tlius, taking the sjjime series as before, but with 
.alternate signs, 

we shall have, the first term = 1 ; the first two 
terms, 1—-=-; the first three, 1— :: + 7 = 7i the 

22 244 

1115 

first four, 1^- + -— ^ssj; and so on: where the 
flrst result, 1, is too great; the second, -, too little; 

• 3 5 ■ 

the third, 7, too great j and the fourth, -, too 

little ; but each nearer to - than the former. 

A diverging series, is that in which the terms in- 
crease, or become continually greater and greater; 
heing so called, because the successive sums of its 
terms diverge, or go farther and farther from the 
true value of the series ; so as to be all too great 
when the terms are all positive, and alternately too 
great and too little, when they are positive and ne- 
gative by turns. 

Thus, in the infinity diverging series, before 
- giveij^ 

J-^ = l=l -2 4-4-6 + 16-- &c, 

the first term = 1 ; the first two terms, 1 — 2^—1;, 
the first three, 1-2 + 4 = 3; the first four, 1 - 2 + 
4 — 8= — 5 . and so on : where the results are al- 
ternately too great and too little, and dive^ng 
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more and more from |, the true value pf the se^ 

ries. 

Jl neutral series^ is that in which all the terms 
^re eciu?il to eaiph otlix^r/bnt with alternate signs; 
being so called, because the successive sums of the 
terms, in this case, are always at the same distance 
from the tme value of th^ series^ hqt £^lte^nately 
positive an4 negative^ or too gre^it and top little. 

Thus, in the following neutral series^ 

7-^- = i = 1 - 1 + 1 - 1 + 1 ^ &c . 

1+12 , , 

the successive sums of the several terms are, evi- 
dently, 1, 0, 1, 0, &c. ; which are equally distant 
from ^, the true value of the series ; the ope being 
as much abov^ it, ^ the other \s below it (z). 

An ascending series ^ is that in which the powers 
of the indeterminate, or unknown qu»u<ity, eonU?^ 
nu^ly increase ; a^ 

1 + ux + hja^ + car* + dip* + &c, 

A descending series, is th^^t in which the powers 
of the indett^rminate quantity continually decrease 
, . — —^ — . , _- . 

{z) A number of controversies have arisen, at different times, 
ahoat the nature of neutral and diverging series, which have 
served more to perplex the subject, (h^n to throw any nev^ light 
upon the matter in dispute ; which, indeed, requires no particu- 
lar eliicidation ; as these expressions are merely the developments 
of certain formulae, to which they must necessarily be equivali^nt, 
whatever embarrassments may attend the consideration of them 
when taken separately. 

Leibnitz was one of the first who treated of the neutral series 
1 — 1 + 1 — 1 + 1 — 1 + &c. ; and concluded, by an abstract me- 
thod of reasoning, derived from the series itself;^ that the sum of 

an iofioittt number of its teroia must be *==-; biii h» otppooeats 

3ust\y objoctftdl to the arguments he had used; as being inconcla- 
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in tb^ Attlfierators> or iBi^rease in tbe denomina- 
tors; 

Ajs 1 + dx-^ + hx'^ + cx'^ + rfx-* + &c. 

r^ ^ a h c d o 

The supplement i^f ia series, obtained by. division, 
16 the . quantity that aiises froBi dividing what re- 
mainsy ifter any particular term^ by the divisor; 
and if tbis be combined witk the forgoing tetias^ 
the series will be rendered finifte, and equal in value 
to the whole. Thus, 

*''^a~"o «~~o"">i. •io""o >L«Q aA^*^* 



2+1 3 2 6 2 4' 12 2 4'8 24 

Tjfee lam^tyf coMinuation ofu series, is a certain 
relati6n that subsists between the coefficients of it9 
^ererai terms ; which is son^etimes obvious, and in 
many other eases can be found by dividing each of 
the coefficients by th'4t immediately {)feceding it, 
db nus, ttt the series 

by dividing the smond term by the first, tlie tliird 
by the second, the fourth by the third, and so on, 
we shall obtalfi the quotients 

2 4 6 8 o 
i> 5' 7' 9^^' 

Whence, if these humbei^ be successively multi- 
plied together, according to the order in which 

«nv« ; and ft may be fairly questioned wh^her they Wwjt\d have 
led him to the right resak, if he had not previously koowo what 
it was. 

Among other speculations on the sobject, taking it it this way. 
It mrght ha vie been remarked, as a carious dircun^stiaBce, that 
the sum of a series of whole humbers should be equal to a fraction; 
but these difficulties tahisb, when^ at ^oy particular step of 
the operation, the remainder, arising from dividing tHe nomera'^ 
tor by the denominator, U taken into consideration. 
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they standi the above seijes may be expressed a$i 
follows : 

,2 , 2.4 « 2.4.6 - 2.4.6.a .^ 
^ 3 ^ 3.5 ^ 3.5,7 ^ 3.5.7.9 

Where the law, by which it may be indefinitely 
continued, is sufficiently manifest* 

A summahle series^ is that of which the aggre- 
gate value, or sum of all its terms, can be accu^ 
rately determined. As, for instance, the series^ 

111 1 e 

2 + 4 + 5 + 16^^- 

which has for its limit, or the sum of its terms, 
unity or 1 . 

And the same may be shown of a great numbeir 
of different series, the sums of which can be ex^ 
actly ascertained ; while, on the contraiy, the sums 
of many others are infinite, or such as can only be 
determined by approximation (a). 

(a) Among other circumstances relating to this subject, it may 
be observed, that a series often coqverges so slowly as to be of 
no use in practice* Thus, if it were required to determine the 
sum of the series 

11111. 

ITi ^sTi"" 5:15 -" 778 ^oTio*''- 

which lord Brouncker found for the quadrature of the hyperbola, 
true to nine places of ^figures, by the mere addition of its terms, 
Mr. Sterling has computed, that it would be necessary to add a 
thousand million of them together, for that purpose; a labour for 
which the life of man would not be- mHS&eient ; bot by a method 
which he has followed, as well as by other means, the approxi- 
mate sum of the series, to the degree of exactness here mentioned, 
may be found by a yery moderate computation* — See Sterling, 
JVIethod. Diiferentialis, page 2d. 

Kewton has also remarked, with respect to the series 

1 ^ ^ ^ ^ ^ W 
which is - of the circumference of the circle, whose radios is f. 
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With respect to the processes by which the sum- 
tmation of series of this kind are generally obtaijoed, 
ione of the principal is by the niethod of diflferences, 
-pointed ont and illustrated in prob. iv. next fol- 
'lowing. 

Another method is that first employed by James 
and John Bernoulli^ which consists in resolving 
the given series into several others of which the 
summation is known; or by subtracting from the 
given series, when put ^ s, the same series, deprived 
*of some of its first terms, and then, from the value 
jof the remainder, to determine the sum of the series 
£cst proposed. 

A third method, which is .that of Demoivre, con* 
sists in putting the sum of the^ series = s, and mul- 
tiplying each side of the equation by some binomial 
or trinomial expression, which involves the powers 
of the uiUsnown quantity j?, and certain known co» 
efiScients; then, by taking x so that the assiuned 
Jbinomial, * &c. shall become = 0, and transposing 
«ome of tlie first terms, the result will give the sum 
of ^e series sought. 

that to exhibit its value true to twenty places of decimals, would 
i^qoiri^ the eemputation of no less thau five thousand miilioos of 
Us terms, the performance of which would occupy more than a 
thousand years. — See Newton's second letter to Oidenburgh, in 
the Commercium Epistolicum, page 159. 

And the labour attending this operation would be but little 
abridged, if th« series were represented under the form 

^3*5. 7*9. U*13.I5^ 
to which it can be easily reduced; though by means of series of 
Ji similar kind, which have since been discovered by Machin, 
£ii1er, and others, the sum may b^ rt^flily ^pnd to a still greater 
degree of accuracy. 
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Eaeh o( whitfa methods^ modified 90 as td render 
it more comtfiodidtis in pmctice, together with se- 
veral other artificer for the same porpose, will be 
found {^uffifcientlj; elucidated in the miscellatieous 
questions succeeding the following problems^ 

PROBLEM I. 

Any series being given to find its several orders 
of differences. 

Rule. 

1. Take the first term from the %ec6nd, tibe se- 
cond from the thirds the third frx)m the fourth^ &c» 
and the remainders will form a ne^ series^ called 
Ae ^rst ord&r of differences. 

2. Take the first tertd of this last Series from the 
secofid, the second fit>m the thirds the third from 
the fourth^ &c. and the remaiadexB will form 
ftiiotber new series^ (^led the seamd order ^d!^*- 

fir&ttces. 

3- Proceed, in like manner, for the thfrd, foarth., 
fifth, &c. orders of differences ; and so on till they 
terminate, or are carried as far as may be thought 
necessary (6). 

Examples. 
1. Required the several orders of differences of 
the seiies 1, 2% 3', 4% 5% 6% &c. 
1, 4, 9, 16, 25, 3G, &c. 

3, 5, 7, 9, 11, &c. Istdiff. 
2, ?, 2, 2, &c. 2d diff. 
O,, O, O, &c. 

{b) When tiie several terms of the series contiBttally iacFeasf^ 
the diSerenoes wiH be all positive; but when they decrease, the 
diifdVences will be negative and positive alteraately» 
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2. Required the several orders of differences of 
the series 1, 2% 3% 4% 5% 6% kd 

i, 8, 27, 64, 123, 2l6i &C. 

7, 19, 37, 61, 91, &G. 1st diff* 

12, 18, 24, 30, &c. 2d diff* 
6, 6, 6, &c. 3d diff* 
0, O, &c* 

3. Required the several orders of differences df 
the series 1, 3, 6, 10, 15, 21, &c. 

Aus. 1st, 2, 3, 4, 5, &c. ; 2d, 1, 1, 1, &c. 

4. Required the several orders of differences of 
the series 1, 6, 20, 50, 105, 196, &c. 

Ans. 1st, 5, 12, 30, 45^ 91, &c.; 2d, 9, 16, 25, 

36, &C.; 3d, 7, 9, 11, &c.; 4th, 2, 2, &c. 

6. Required the several orders^ of differences of 

. , . 1 1 1 I 1 

the series -, -• -. — . — « &c. 

2' 4' 8' 16' 32* 

PROBLEM II. 

Any series, a, ft, c, d, e, &c. being given, to find 
the first term of the nth order of differences. 

Rule. 
Let S stand for the first term of the wth differences. 

Then will a-- nb -¥ n.-^c — n.'^.-^d^i- 
n . -~~ . -~- . -^ e &c. to 71+ 1 terms = S, when n 
is an even number. 

And — a -{- no ^ n . -— -c + n . —^ . ""T""^ — 

w . — ^ . —^ . — ^e &c. to w -f 1 terms = 0, when n 
is an odd number (c). 

' n s — ■ 

(c) Wheu the terms of several orders of differences happen tb 
be very great, it will be more convenient to take the logarithms 
VOL* I. Z 
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Examples. 

1. Required tlie first term of the third order of 
differences of the series 1^ 5, I5y 35^ 7^, &c. 

Here a, h, c^ d, e. Sec. =1, 6, 15, S6, 7^, &c. 
andns3* 

Whence — a + wi — n .-^c4-n--^-~^-'rf= — 

a + 36-3c + rf= -1 + 15^45 + 35 = 4= Ae first 
term required. 

2. Required the first term of the fourth order of 
differences of the aeries, 1, 8, 27f 64, 125, &c. 

Here a, b, c, d, e, &c. =1,-8^ 27, 64, 125, &c. 
and «r=4. 

Whence u ^ vh -^ n . ^^c — « * -^ . —j"^ + 

« .-J- .-J- .-^e = a-46 + w-4|? + e=l -32 + 
l62—256-f 125=0; so that the first term of the 
fourth order is O. 

S. Required the first term of tlie eighth order of 
differences of 1^ series, i; 3, 9, 2f, 81, fec(^). 

Ans. 256 

4. Required the first term of the fifth order of 

differences of the series, ^^ ^ 71 z> Tgt ^^• 

Ans. -^ 

of the ()iiaiiUti«8 concerned, whose differences will be smaller ; 
and, when the operation is finished, the quantity answering to 
the last logarithm may be ea&ily fuviod. 

(d) The labour, in questions 6f this kind^ ' in^y be ofte.n 
abridged, by putting ciphers for some of the terms at tiie be- 
g^mnmgof rf^eiierics; -by which uteirtis several cf the di^rences 
will be equal to 0, and Jthe answer, on tbataccoaat, vbtaiaefl in 
£ower terms. 
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PROBLEM III. 

To find the nth term of the series, a, b, c, dy e, &c. 
when the diflerences of any order Become at last 
equal to €ach other. 

Rule. 

Let d\ d'\ d"\ d}\ &c. be the first of the several 
drders of differences, found as in the last problem. 

Then Will a + -Y-^+-r-*~2~^^nr*T"* 

••-"^^w . «-"^ «"-2 n-3 n-4 tiro .1 . 

— ^a + -— . -^ . -^ . — —a &c. = wth term re- 
quired. 

EXAMPJLES. 

1. It is required to find the twelfth term of the 
series, 2, 6, 12, 20, 30, &c. 

2, 6, 12, 20, 30, &c. 

4, 6, 8, 10, &c, 

2, 2, 2, &C. 

O, 0, &C. 

Here 4 and 2 are the first terms of the differences. 

Let, therefor^, 4 =srf', 8 = c?'', andn=12. 

Then af'^d'+^.'^d'^^^^lld'+bbd'' 

s=2 + 44 + ll0=xl665»l2th term, or the answer 
required. 

2. Required the twentieth term of the series, 
1, 3, 6, 10, 15, 21, &c. 

1, 3, 6, 10, 15, 21, &Q. 

2, 3, 4, 5, 6, &c. 

1, 1, 1, 1, &c. 

0, 0, 0, &C 

Z2 
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Here 2 and 1 are the first terms of the differences. 
Let, therefore, 2 = J', 1 =d^\ and w = 20. 

Thena + ^(i' + ^ . ^d"= 1 + 19^'+ 17ld'- 

= 1+38 + 171 =210 = 20th term required. 

3. Required the fifteenth term of the series, 
1^ 4, 9, 16, 25, 36, &c. Ans. 225 

4. Required the twentieth term of the series, 
1, 8, 27, 64, 125, &c. 

5-, Required the thirtieth term of the series, 

^> 3' 6' 10' 15' ^^' 

PROBLEM iy(e). 

To find the sum of n terms of the series, a, J, c, 
d, e, &c. when the differences of any order become 
at last equal to each other. 

Rule. 

. Let d\ d'', d''\ d'\ &c. be the first of the se- 
veral orders of differences. 

Then will wa + w . ^^rf'-f w . ^^ . ^^flf'' + n . 
= to the sum of n terms of the series. 



{e) When the differences in this ' or thie former rule are 
finally =0, any- term, or the sum oflany number of the terms, 
may be accurately determined ; but if the differences do not vanish, 
the result is only an approximation; which, however^ may be 
cf'ten very usefully applied, and will become nearer and nearer 
the truth as the differences diminish. 
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Examples. 

1. Required the snm of n terms of the series, 
1, 2, 3; 4, 5, 6, &c. 

1, 2, 3, 4, 5, 6, &c. 
I, 1, 1, 1, 1, &c. . 
O, O, O, O, &c. 

Here 1 and O are the first terms of the difierences. 
Let, therefore, a=l, i'=l, and £^''=0. 

Then will waf n. -^rf' = «-i — ^ ="~^ = sum' 

of n terms, as required. 

2. Required the sum of n terms of the series, 
1% 2% 3% 4% i5% &c.; or 1, 4, 9, l6, 25, &c. 

1, 4, 9, l6, 25, &c. 

3, 5, 7, 9> &c. 

2, 2, 2, &c. 

O, O, &c. 

Here 3 and 2 are the first terms of the differences^ 

Let, therefore, a = l, d^=3^ and £?''^=2. 

Then will na + n . -^rf' + n .— ^.-^rf'' = n + 
3n . -«- + 2n . -— . -^ = — r — + 



2 ^ 2 3 2 3 

n X (n+ 1) X (2n+ 1) *• . . , 

— i^ '-—^ -=: sum of© terms, as required. 

3. Required the sum of n terms of the series, 
r, 2% 3% 4% 5% &c.; or 1, 8, 27, 64, 125, &c. 

1, 5, 27, 64, 125, &c. 
7, 19, 37, 6i, &c. 

12, 18. 24, &c. 

6, 6, &c. 

o, ^c. 
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Hence the first terms of the differences are 7^ 12, 
and 6. 

Let, therefore, a= I, rf'=7, d"= 12, and d'''-6. 

Then will na-^-n .-^d^ + n .-^.-^d^' + n. 

2 C) 4- is ^ 

4W + -^- = 1^ + J ^W+- J- + 

ft*-6u?4- nn*-6» ««+2n3 4.n* ^ 

— ^^ : ^ ' 51^ sum or n terms, as 

4 ^ 

required. 

4. Required the sum of w terms of the series, 
3, 6, 13, 20, 30, &c. ^^^ n.(..l)x(«.2) 

5. Required the sum of w terms of the series, 
1, 3, 6, 10, 15, &c. Ans. y-^'-j- 

6. Required the sum of n terms of the series, 
1, 4, 10, 20, 35, &c. Ans. 7'^-5-*-3---4r 

7. Required the sum of n terms of the series, 
I*, 2% 3*, A\ ^c; or I, l6, 81, 256, &c. 

* n* 11* n' »• 

PROBLEM V. 

The Series a, '5, c, rf, e^ &c. heing given, whose 
terms afe an unit's distance from each other, to 
find any intermediate term by interpolation, 

RULE, 

Let X be the distance of any term y to be inter- 
polated, and rf', d'\ d'^'y &c, the terms of the dif- 
ferences, 
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Examples. 

1 . Given the logarithmic sines of l" O', 1° l', 
t* 3', and 1° 3', fo find the log. sine of l" 1'4&\ 

Here !".& l"!' I'fl' rs' 

Sines 8.2418553 8.2490332 8.256(^43 8.2630424 

71779 70611 6948I 

-ll68 —1130 

38 

Whence the first terms of the diflerences are 
71779* ~ 116^8, and 38. 

Lef, therefore, x= 1° l'40"- l*o'=l'40"=H= 
distance of y, the term to be interpolated; and d' 
= 71779, <i"=-ll68, andrf'" = 38. 

Thenmlli/ = a + xd' + x.^d" + x.^.'^d'" 

= a + |rf' + S<i"-^rf"' =8.2418553 + .0119631 + 

.0000694 - ,0000002 = 8.2538876 ^ sineof 1*" lUo", 
as was required. 

2. Given the series ^, ^, ;!, 3^, ^,&c.tofind 
tlie terra which stands in the middle between 

3. Given the natnnd tangents of 88° 54', 88° 55', 
88* 66', 88° 57', 88° 58', 88° 59', to find the tan- 
gent of 88° 68' U". Ans. 55.711144 
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PROBLEM VI. 

Having given a series of equidistant terms^ a, b, 
C5 d^ e, &c. whose first differences are small ; to find 
any intermediate tern^ by interpolation. 

Rule. 

Find the value of the unknown quantity in the 
equation which stands against the given number of 
terms, in the following table, and it will give thci 
term require4(y). * 

1. a^b=s:^0 

2. a-2ft + c = 

3. a-3i + 3c-<?=0 

4. <l-4j-t6c-46?rhe==0 

5. a~56+10c-10rf-i-5e-/ = O 

6. a-6i+15c — 20i-h ISe-Sy + g-asQ 

. , n- 1 w— 1 «— 2, 

w-1 n-2 n-S q ^ 

w •-;r-*— T- .— r-e&c, =0 

2 3 4 

Examples. 

1. Given the logarithms of 101, 102, 104, and 
105, to find the logarithm of 103. 

Here the number oftenns are 4. 
Therefore, against 4, in the table^ we have a — 

4i^6c-4rf + e = 0; or c=: '''"*' J "^ ■ "*" "^^ == value 

of the unknown quantity, or term to be found. 

■■; '. 5 — ' 

(/) The more terms are given, in any series of this kind, 
the more aiccurately will the equation approximate towards The 
txue result. 
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Whence 



a= 2.0043214 
i = 2.0086002 
rf= 2.0170333 
6=2.0211893 



4x (i 4- rf) = 16.1025340 
-fre= 4.0255107 



6)12.0770233 



^2.01 28372 = log. of 103, 
as required. 

2. Given the cnhe roots' of 45, 46, 47, 48, and 
49, to find the crihe root of 50. Ans. 3.684031 

3. Given the logarithms of 50, 51, 52,^ 54, 56, 
and 56, to find the logarithm of 53. 

Ans. 1.7242758695 

Promiscuous Examples relating to Series. 

1. To find the snm (s) of n terms of the series, 
1, 2, 3, 4, 5, 6, &c. 

First, 1 + 2 + 3 4-4 + 5 &c w=s. 

And w+ (w- 1) + (w- 2) + (»-3) + (n- 4) &c. 
. . • . . ... +l=s. 
Tlierefore^ bjaddition,(n + l) + (w+ 1) + (w + 1) + 
(w+l)&c. . . •. . +(»+l) = 2s. 

And consequently n(w+ l) = 2s ; or s = — y- ?= sum 

required. 

2, To find the sum (s) of n terms of the series, 
1, 3, 5, 7, 9, 11, &c. 

First, 1+3 + 5 +7+9&C (2n-l) = s. 

And (2w- 1) + (2W-3) + (2n- 5) + (2n- 7) + 
(2/i-9)&c +l = s, 
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346 SUMMATION OF INFIKITK nUlll. 

Therefore^ by addition^ 
2w4-2n+2n4-2/l+!&«-h &C 27l = 2s. 

And consequently Qnxn^2s; or s » -^ = n' = sum 

required. 

3. Required the sum (s) of n terms of the series, 
a+(a + rf) + (a + 2rf) + (a + 3^) + (a + 4rf)&c. 

First, fl + (a + <?) + (a + 2rf) + (a + 3rf)&c 

{«-h(n-l)i} = s. 

Add a^-{ind^A)^ k^ (nd- 2d) + a + {nd-3d) + 
a^(nd—4d)8)ic a = s. 

Therefore, hy addition, 2a + {nd—d} + 2a + 
(«rf— ^) + 2a + (wrf— ii)&c 2a + {nd— d} = 2s» 

And consequently (2a + nd^ d) x ntx 2ft; ov s = 

(2a + nrf- rf) X ^ :is» swn i^eqtured. 

Or the same may be done in a different man^ 
ner, as follows : 

a+(a + rf) + (a + 2rf) + (a + 3rf) + (a + 4^)&c. 
_ I (+l + l + l + l + l&c.)xa [ _ 
■" I ( + 0+l+2 + 3 + 4&c.)xrf| ^* 

But n terms ofl + 1-fl+l-fl &c, = n. 

And n terms of a-h I + 2 + 3 +4&c.=^2^^— -^. 

\Vhen(5e s = na + ^5^-^'- = {2a + rf(ii~l)] x^^ 

which i» the same answer as before. 

4. To find the sum (s) of n terms of the series 1, 

First, 14-x + i?' + arViJ% &c. .... a?"*' = s. 

And oj + x' + ar'-f a?*4•x^ &<^ a?**=sa?. 

Whence, by subtraction, — 1 + ^=5 sa;— s. 

Or s = -^^ =: sum required. 
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. And, when a? is a j/ropcr fraction, tlie sum of the 
series, contimied adirifinitum may be found in the 
same manner. 

Thns, putting 1 + * 4- JP* + ^ + «* + ^*> &c. = s. 
We shall have ar + a?* + ar*4-^* + ^S &c. = s-i? , 

And CQllseqiiently — 1 = so? — s ; or s — sj? = 1 . 

Whence s = - — = sum of an infinite number of 
.1— « 

terms, as was to be found. 

5. Required the sum (s) of the circulating de- 
cimal .999999 &c. continued ad infinitum. 

First, .999999 &c.=^ + y55 + 74 + ^&c.= 

^Ma "^ T^ "^ laoo "^ 10000 ^ *^-^ "^ *• 

^^' I5"*"Io6+i5oo''"ioooo''"^^-~9- ' 

Therefore, 1 +-L + JL + J- + &c. = — . 
^ ^ 10 ^ 100 ^ 1000 9 

And consequently i==— -— -=2--=sf; 

Whence s= 1 =5= sum of the series. 

6. Required tho sum (s) of the series a* + 
(a + rf)* -f (a 4- 2dy + (a + 3rf)' + (« + 4d)% &c. contir* 
nued to n tei^ms. 

First, a'==a* • 

(a -f 2^3?)* = a* + 2 X 2W+ 4i? 

(^ + 4^*^rt' + 2x4a<?+l6rf* 
&c. &c. 

Whence 
Sum of n terms, of (1 + 1 + 1 + 1+ &c.)fl(* 
S=s: + . . . ditto 6f(0-h 1+2 + 3-h&c.>2arf 
■f • , . ditto of (0+1 + 4-f9-h&c.)rf* 
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But n terms of 1 + 1 + 1 + 1+ &c, =w. 

Andofo+l+2 + 3 + &c. = ^^;^ 

Alsoofo+l+4 + 9 + &c.= "^'':^fT'^ 
Therefo;-e s = TiaV w(w - 1 )arf + ^^"^7 i^V "* = 
the whole sum of tlie series to n terms. 

7. Required the J^um (s) of the series rf + (a + dY 
+ (a + 2dy + (a + 3d)^ + (a + 4rf)^&c. continued to w 
terms. 
Firsts a' = a' 

(a + ^)' = a' + 3x la*£?+3x la<f +lif 
(a + 2rf)' = a' + 3 X 2a*</+3 X 4ad^+ arf* 
(a + 3d)' = a' + 3 x 3a*d+3 x 9arf* + 27rf' 
(a + 4rf)^=/2! + 3x4a'^rf4.3^ l6a<? + 64rf' 
(a + 5^' = a' + 3x6a*rf + 3x25a(f+125(f 
&c. &c. 

Whence 
Sum of n terms of (I + 1 + 1 + l(^c.)a' 
+ . . . ditto of (O + 1 + 2 + 3&c.)3a*rf 
+ . . . ditto of (0 + 1 + 4 + gkc.)3ad^ 
+ . . . ditto of (O + 1 + 8 + 27^c.)iP 
But n terms of 1 + 1 +.1 + l&c. =«. 

Ditto . . . of0+l + 2 + 3&c.='^?^^ 
Ditto . . . ofo + l-f4 + 9&c.= ''^"^i^^r' ^ 
Ditto., of O + ^ + 8 + 27»c. ~ "*"g^g'" - 

Therefore s=na» + ^^-^i:I^:h "^''-^^^";-^^^'''' + 
^ = sum of w terms, as was to be found. 

8; Required the sum (s) of pterins of the series 

1+3 + 7 + 15 + 31&C, 



s = 
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The terms of this series are evidently equal to 1, 
(14-2), (14-2 + 4), (1+2 + 4 + 8), &c, or the suc- 
cessive sums of the geometrical progression 1, 2, 4, 
8, l6, &c. 

Let, therefore, a=l and r = 2, and we shall 
have a + ar -^ar^ + ar^-^ ar*&c. = 1+2 + 4 + 8 + 16 
&c. 

But the sum of 1, 2, 3, 4, &c. terms of this 

ar^a 



1. --=(r-l)x — - 

r— 1 ^ ^ r—l 

2. ~=(r'~l)x — - 

r— 1 ^ ' r— 1 

3. -- = (r*-l)x — - 

4. -. = (r*-l)x 

&C» &C. 



Therefore s = — rx 



w terms of r + r* + r^ + r*&c. 
— w terms of 1 + 1 + 1 + l&c. 

But l + l + l+l + l + l + l&c. = w 
And r + rVr' + r* + §cc, = (r"--l) x-^- 

Whence s= "". x -^— w x -^= 2(2*— l) — n=i 
^whole sum required. 

9. Required the sum of n terms of the series 

1 3 7 15 31fi • 
1 ^ 2^4^ 3 ^ 16 

The terms of this series ar^ the successive sums 

of the geometrical progression T + o'^'I'^'i"^ TE^^"' 

Let, therefore, q^l and r^2y then will t + 5 "^ 

> 

1 lo a>a a a a ' a ^ 

7+-&c. = a + - + -5 + - + ::::+:2+-fi&c. . 



Digitized by VjOOQIC 



35e SUMMATION OF INFINfTiS $«KIS:ft« 

But the $vm$ of li 2, S, 4, &c.^ term$ pf tbis 

(r — 1) X 1 ^ -^ r— 1 

^ (f»-l)xo • K a 

•^- (r-l)xr» ^^ W^r-.l 
^* {r-l)xr»""^^ r»^^r-l 

Therefore 
^ j w terms of r+r-i-r + ^&c. 

r-i 1 —wterms of 7 + - + - + -&C. 

But r + r + r'{-r + r'^ r &c- = wr. 



A J 1 1 I ' • 



f-r-l 



Whence 
a ' r*-l (71- 1)2"+ 1 . J 

lO. Bequir^ the $uin (s) of the infioxte series of 
the reciprocals of the trjapgujar numbers. 

Let Y + 3 + 5 + To^^* adhifimium «0» 



4.2 •• 2* ' ^.4 " 4.5^^ : • V ^ —2 



Or, 



s 

:— ^ 

2 



T-^H + ? + i + l + ?«^-) .' 



'2~3 4 5 e 7 



a 
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"Wh€tfH5e 2 = T 5 <>y s ^2 :?= sttm required • 
11. Azul if it be req\ui*e4 to find tbe Sam of ^ 
terms of the same series, T + o+« + T7^ + Ti &c* 

Let^=j + --f5 + j + -&c. to -.^ 
Thei>«-y = - + 3-^:|^4-j&c. to -. 
And ^-- + —=- + 3 + j-f^&cto— . 
Tberefgre i-jji-^ = i + i + ^ + ^&c.tol-j^. 






to 



n+i 2 6^12^20 * n(n^ 1)* 



Whence -^=t + ^ + ^+A&c. to 



2 



»+l 1 • 3 • 6 10 n(»+l) - 

terms of the series, as was required. 
12. !F(eqsiirQd the «qm of the iistfinite series, 

-4 &C. 

1.2.3 ^ 2.3.4 ^ 3.4.5 4.5.6 

1 1 1 'I 1 
Let «=t + o'^"q+7 + i &C' '^^ infinitum. 

Then « — t=o"*"q+I + I ^^" ''^y transposition. 

And 1 = 7T, + ;r? + TT + rr &^- ^Y subtraiction. 

l:4t ^••9 «#.4 I W>0 

^'"^-^=^ + ^ + i + ib^*^- by transposition. 
Whence i=:^ + ^ + 5A_&c. by subtraction. 
n 1— _i_ ^ 2 2 o 

■ 2~ 1.2.3 ■•" 2.3.4 "^•3.*.5 "^ 4.^.^ ' 
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Buti-H2=ij therefore j}-^ + ^^ + ^^ conti- 

nued to infinity, is equal to -, which is the sum re- 
quired. 

13. An,d if it were required to find the sum of n 
terms of the same series 7-—- + -—— 4- — ^ + -i-&c. 

1.2.3 ^ 2.3.4 3A.5 ^ 4.5.6 

Let;s=-i; + ;i^-hJ- + &c.to ^ 



1.2 2.3^3.4'^"^^'''''n(»+l) 
rnu 1 1 1 I o i 

And Z-1 + - 1— -=-L + JL+_L + J_ + i_^. 

h ^*=- co^tin^ed to -;^^-^flj^-^ terms. ^ 

'^^'^"^°'^4-(;rriferir=il3 +514+315 &^- *« 

» terms, by subtraction. 

Whence :^-~^±^-=^ + ^^ + ^^&,c. to 

n terms, byllivision. 

And consequently ^ + _l_ + _i_&c. continued 

to n terms =.i-^-^_J_^= sum required. 

14. Required the sum (s) of the series 

5-4 + 3-^6 ^*^* continued arf infinitum. 

Leta;=- and 8 = -^. 
2 1 + * 

Then ^ = j;(l _ a; + ic* _ a^ + ^« &c.) 

And z=^(l +x) X (x-af' + x' -X* +x'kc.) 
Whence, by multiplication. 
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x — x^ + af^-x^^x^kc. * 

1 +0? ' . 



k 

Whose sum is-=:r + + + o + &c. 

Therefore « = a? and^ — «?* + j::'-.;r* + a:*&c. = : 



l + x 

^^ 2-4 + 8-16-^5^ ^^-^17^ ==3= '^^^ required. 
15. Required the sum of the series 

12 3 4. 5 « - . 
2 + 4-^8+T6 + 35^^- 

Let J?=- and s = - 



2 ""^ " (l-:r)*' 

Then 77—-: = x 4- 2^?* + 3jj* + 4^;* + 6 x'&c. 

And z^{l-xy><. (x + 2a?* + 3x' + 4a?* + 5x*&c.) 
Whence, by multiplication, 

0?+ 24;* + 3j?^ + 4a?*&c. 
1 -.2r+x* 



.r4-2j?*H-3jr' + 4aj*&c. 
-2a?~4^'-6ar*&c. 

+ i^ + 2j?*&c. 



Whose sum is =j? + 04-0 + &c. 

Therefore «=^, ^ 

And a? + 2x* + Sjt' + 4x* + 5a?* &c. =7-^— , 

(l-x)'» 

^'^ + i'^i + l^ + ^^^- =^Y3Ty-==2 = sumrequired. 
16. Required the stim (s) of the infinite series 

3 + 9+27 + 81 +2;3^^- 
VOL. I. 2 A 
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Lctx«iand^=». 

Then j^^=x-\^4Jif + 9a^+U63/' + 253^ke, 

And » = (l-x>*>«(a: + 4sr^+9x* + l6ar*&c.)-«+i*, 

as will be fovDd by actual multipUcatioiu 

Therefore x+^^z^ 

And X + 4A» + 9*» + l6**&c. = ^^^. 

17> Required di<e sum (^ of the infinite series 
Letx=l,ands=j;^. 

Or _— j;==a + — + -^ + .-;r--&e. 

That h, ^« 

a+ (a+rf>x + (a + «ii>r* -fi (d + a^ + ((r+ 4rf)j?*8cc. 

And «=s (1 -«)• X {a+ (fl + rf)« + (a + 2rf)ji* + 
(a-|-3rf)ar'&c,} = (l— ar)5a-|-ii»t as will appear by 
actual multiplicattoiu 

Therefore z=^(i'-x)a + dx; and consequently 

- + — r-f-— r-&<-'>==^ wi >vi = *^^ of the mfi- 
mte series inquired. 

ExAMFi.ES FOE PRACTICE* 

• - I. Required the stun 6f 100 terms' of the series. 
2, 5, 8, 11, 14, &e. Atti^. 1505O 
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3. Required the sum of 50 terms of the series 

l+8*>3^ + 4' + 6*&C. Aus. 42925 

3. Required the sum of the infinite defies 
1 -K3a?-f'6a?*+ lOa?' + 15a?*&c. when x is less than 1. 

Ans. -jz — 71 

4. Rdqtiired the sum of the infinite series 
1 + 4x^ 4- lOo?* 4- 200?^ + 35x^ Stc. when x is less than 1 • 

Ans. t; r; 

5. Required the sum of the infinite series 

6. Required the sum of 40 terms xxf the series 
(1 X 2) + (3 X 4) + (5 X (?) + {fx 8)&c. 

Ans. 22960 

7. Required the sum of n terms of the series 

^-4 . 2jr— S -^-5 . 2r— 7 ^ .. .,2x-nv 

6. Required ifae Bura of ^he iiiftnite series 
,1 1 , 1 g^ * j^ 

.l3?3T"*"2JiT''"^f3^^^* ^^®' 18 

9. Required the sum of n terms of the series 

;:+7i + ^ + ;3 + ;3 + ^&c. Ans.-^;^^--!.^^:^^} 

10. Required ^e (Sum oT n t^rlns df liie aerias 
1 + 8x + 27a;* +^40:' + 1 25a?*&c. 

13. Kequired the stfln df n tetms T)f the fi^ea 
3 ▲ 3 
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356 SUMMATION OF INFINITE SERIES. 

12. Required the sum of the series 77;; + 7-^+' 



1 o I 



6.10 • • • 2»(4 + 2a)' 






16' 32+48»+16n» 

13. Required the sum of the series ri^g^ + 



8.12 '^^^ • • • (2 + 2it)(6 + 2»)* 

Aus. s = — , s = 



48' 16+16» 36 + 24W 

1 1 



14. Required the sum of the series 5^ + 5^+ 



1 . 1 o 1 



9.16 ' 12.20 3/1(4 + 4«) 



Ans. 2=4 s=- 



12; 12+12» 

15. Required the sum of the series ;r=- + r73 + 
6 , 6 e 6 



12.17 ' 17.22 (5n-5>(57i+2) 






16. Required the sum of the series r7^-^T;r;r7 + 



I , 1 C 1 



12.24 14.27 • • • ♦ (6 + 2n).(15 + 3»)" 

Ans. 2=i., s = 



80' 24(8 +2») 30(10+ 2/j) 

1 J_^ 
3.6 6.8' 



17. Required the sum of the series 3-^ — ^ + 



rOCC. . • • 



0.10 12.12 • • ' 3ii(4+2»)* 



^^^' ^"^24' ^""2f*7 



24' a['^!^^n) 4(6 + 6n) 



Digitized by VjOOQIC 



OF LOGARITHMS. 35/ 



18* Required the sum of n terms of the seriea 
1.1.1 1 1 

12.4^2.3.5^3,4.6^4.5.7 " • ' • n(l + «).{3 + «)' 

A " n . n 

"°' 3(1 +w) 12(2 + n) i^(3 + ») 

19. Required the sum of the jseries ^r — 7:7 + ^nr — 
r&c. 



9.11 • • • • (l + 2»).(3 + 2/i)' 



Ans: X=-l, s = -^ 



.]2' 12 4(3 + 4») 

' •12 13 

20. Required the sura of the series 0(7^) + q(^ + 

27^5.7'' • 81^7.9^ • • • • 3n(2»_ i).(27i + 1)* 

Ans. 2 = -, s==7 — 7-~-:t — — : 
4' 4 4.3»C1 + 2«) 

21. Required the sum of the series 7';r5+o*^ + 

7 , 8 p 4+» 

:+TTT&C. . . . 



5.4.5 4.5.6 ' • • w(l + w).(2 + n)' 

A ^3 3 2 1 / V 

2' 2 1 +n i^ + n^^^ 

OF LOGARITHMS. 

(m) Logarithms are a set of numbers, which hav^ 
been computed and formed into tables, for the pur- 
'- . 1 - . - 

(g) The series here treated of are such as are usually called 
algebraical; which, of course, embrace only a small part of the 
wliole doctrine. Those, therefore, who may wish for farther in^ 
formation on this abstruse but highly curious subject, are referred 
to the Miscell. Analyt. of Demoivre, Sterling's Method. Differ., 
James Bernoulli de Seri. Infin^, Simpson's Math. Dissert, Wa* 
ring's Medit. Analyt, Clarke's translation of Lorgna's Series, the 
various works of Euler, and Lacroix Traite du Calcul Diff. et Int.; 
where they will find nearly all the materials that hare beei\ 
hitherto collected respecting this braucfa of analysis^ 
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pose of facHitatnig many difficult aritbmetieal <al- 
culations; being so contrived, that the addition and 
subtraction of tbem answers to the mnltiplication 
and division of the natural xmmbers with which 
they are made to correspond (A). 

Or, when taken in a similar btrt more general 
sense, logarithms may be considered as the expo- 
nents of the powers to which a given, or invariable, 
number must be raised, in order to produce all the 
common, or natural, numbers. Thus, if 

if =y, CS' —y\ fl^'rry'', &c. 

then will the indices Xy sf, sf\ &c. of the several 
powers of a, be the logarithms of the numbers y, 
y, y'\ &c. in the scale, or system, of which a is the 
base. 

So that, from either of these formulae, it appears, 
that the logarithm of any number, taken separately, 
is the index of that power of some other number, 
which, when involved in the nsual way, is equal 
to the given number. 

And since the base a, in the ahove expressions, 
can be assumed of any value, greater or less than 
1, it is plain that there may be an endless variety 



(^) Thi.9 node of ooinputation, which k one of the happiest 
and most i»sefttl diflcoveries of modem times, is due to lord Na^ 
pi^r, boron of Marcbiaton, in Scotland, who first pablisbed a 
table of tbese numbers, in the year 16)4, under the title of Cw^n 
Mirificuik Logarithmorum; which performance was eagerly re- 
ceived by the learned throughout Europe, whose efibrts were im* 
Biediately directed to the improvement and extension of the new 
calcuhis, that had so unexpectedly presented itself. 

Mr. Henry firiggs, in particular, who was, at that time, pro* 
fessor of (geometry in Gresham College^ greatly contributed In 
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It is^ lil^^wi^e, £»itker i^v^nt, froiQ the fir^t of 
tbese ^ii|iiAtioa$, tb;i^t wbeu jr'=?l| 4^ will b^ :*0^ 
wliate^er may b« il^ yaluf of a; an4 c0aseq«^i^tl|r 
tbe Ictgaritho), of t i^ alwa^ys <](, m every ify^te^a af 
logarithms. 

And if a:= 1, it\j^ sMmifciat^ froin the same equar 
tip¥i, tb^thebas^ai Vfitlbe ^^f; which basais, tbere- 
£ar«9 the laiimber whose prpper Ipg^rithi^^ iu tb^ 
system to which it belongs, is I. 

Als^ because ^i'^y^ and V^^if^ ?t follows, 
from the m^ltipUeatioQ of pow^r$, that ^ x ^, or 
<j*+*'=^j^; and congeauently, by the definition pf 
logarithms, given above, * + y=clog.yy, or 

log.y + log-y «5s log-y/. 
, And, for similar reasons, if any i^omber of the 
equations a'=y, «*^=^> ^ ^'^\ &c. be multi- 
plied together, we shall have^^**'^^'^**=y«^yi8cc.; 
and therefore a? + a?^ + 1?^ &c. «: log. yyV &c. ; or 
log. y + log. y + log. /' &c. « log. y//' &<^ 

* ■ ■ I I ' ■ " < « ^ . ■■ , I . J .. I ■ I ■!! I . . ■ ■ I ■ i^ m i— 11.» 

lh€ advancement of this doctrine^ not only by the very advan- 
tageous alteration, which he first introduced into tl?e system 
of these numbers, by making 4 the logarithm of 10, instead of 
<2.S0258.52, as had been done by Napier; but also by the pub- 
lication, in 1624- and 1633, of his two great works, the Arithme- 
tica Logarithmica, and the Trigonometria Britanica, both of 
which were formed upon the principle above mentioned; as are, 
likewise, all our coitiiBon logarithjioic tables, at present in use. 

See* for fflrti)/er details on ithis part of tbe subject^ the Iptroducr 
tion to my Treatise of £*lane and Spherical Trigonometry, 3vd. 
I %^Q \ and for the construction and use of the tables, consult 
Ijiose of Sherwin, Hutton^ Taylor, Ci^let, and Borda, where everj 
necessary information, of this kiJid, may )ap roadiijr obtained^ 
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S60 OF LOGARITHMS. 

From which it is evident, that the logarithm of 
the product of any number of factors is equal to 
the sum of the logarithms of those factors. 

Hence, if all the factors of a given number, in 
any case of this kind, be supposed equal to each 
other, and. the sum of them be denoted by m, the 
preceding property will then become 
7n log. 7/ = log. y"*. 

From which it appears, that the logarithm ot 
the mth power of any number is equal to m times 
the logarithm of that number. 

In like manner, if the equation fl*=y be divided 
by c^ ==y', we shall have, from the nature of powers, 
as before, -7, or a*"*' = ^; and by the definition of 

lojgarithms, ^ — a?' = log. ^, or 

Jog.y-log.y=log.|r. 

Hence the logarithm of a fraction, or of the quo-* 
tient arising from dividing one number by another, 
is equal to the logarithm of the numerator pnnus 
the logarithm of the denominator. 

And if each member of the equation ^''=y be 

raised to the fractional power -, we shall have 
<*" = y* 3 and consequently, as before, -a;= log.^" ; 

Or^log.?/=lpg.^/^ 

Where it appears, that the logarithm of a mixed 
root, or power, of any number, is found by mul- 
tiplying the logarithm of the giv^n number by the 
numerator of the index of that power^ and dividing 
the result by the denominator. 
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OV LOGARITHMS. 36l 

And if the numerator m, of the fractional index, 
be, in this case, taken equal to 1^ the above formula 
will then become 

~log.3^=log.^-. 

From which it follows, that the logarithm of the 
nth root of any number is equal to the wth part of 
the logarithm of that number. 

Hence, besides the use of logarithms in abridging 
the operations «f multiplication and division, they 
are equally applicable to the raising of powers and 
extracting of roots ; which are performed by simply 
multiplying the given logarithm by the index of 
the power, or dividing it by the number denoting 
the root, ^ 

But, although the properties here mentioned are 
common to every system of logarithms, it was 
i^ecessaiy, for practical purposes, to select some 
one of them from the rest, and to adapt the loga- 
rithms of all the natural numbers to that particular 
scale* 

And as 10 is the base of our present system of 
arithmetic, the same number has accordingly been 
chosen for the base of the logarithmic system, now 
generally used. 

So that, according to this scale, which is that of 
the common logarithmic tables, the numbers 
. . 10*, 10-% 10"% 10', 10% 10% 10% 10% 10% &c. 

Or 

' • 1o55d> T^' Bo' 1^' '^ ^^^ ^^^^ ^^^^^ l^«Q^> ^^' 

have for their logarithms 
,, -4, -3, -?, -1, 0, 1, 2, 3, 4, &c. 

Which ai^ evidently a set of numbers in arith 
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36^ OF lOQAUjmif^ 

metic^ progressioa, ajiswenDg to aootfafr set in 
geometrical progression; as is tb^ case in erery 
system of logarithms. 

And therefore^ since the connnon, or tabular^ 
logarithm of any number (n) is the index of that 
power of 10, which is eqnal to the given number^ 
it is plain, from the following equation^ 

10' = »,orl0-'=s:i^ 

that the logarithms of all the intermediaie nam- 
t>ers, in the above series, may be assigned by ap* 
proximation, and made to oocnpy theff proper 
places in the general Bc?Ae(t). 

It is also evident, that the logarithms ef 1^ 10, 
100/ 1000, &c. being O, 1, 2, 3, &c. respectively, 
the logarithm of any number, falling between O uid 
1, will be O and some decimal parts;, that of a 
Bttmber between 10 and 100, 1 and. some decimal 
parts; of ft nnmber between lOO and lOOO^ 2 and 
some decimal parts; and so on. 

(1} From the latter of these fbrmulae a-* » -, which is equiYalentto 
— c* -, H appears, that the greater n is, or the less the fraction -, the 

greater wiU be the index — x; and ftince, by augmenting n, - may 

be made to approach continqally towards 0, as its limit, it foltowm 
tliat when the base a is greater than I, the logarithm of will be 
infibitely negative. It is also now generally allowed, by the 
most celebrated analysts, that tbe logarithms of negative quan- 
tities are imaginary ; though this subject was the occasion of a very 
loivg discussion between Letbnite and John BernoulK, the latter 
e>f whom maintained, that they %vere the same as for real quan* 
lilies. — See Traite du Calcul Beferenttel et Integral, by Lacroix^ 
page SI4, vol. i, and page 166, vol. ii, where the proofs given by 
Eii'ler, of their being imaginary, are folly Mted. 
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And far a like reaocm^ the lo^ffuritbnis of 

^' T5o' 1^' *^- o«*«>f*^eir equals -1, .01, .OOly 
&c. in the descending part of the scale, being --1, 
— 2, —3, &c. the logarithm of any number, falling 
between O and .1, will be — 1 and some positive 
decimal parts; that of a number between .1 and 
•OI, — 2 and some positive decimal parts; of a num- 
ber between .01 and .001, —3 and some positive 
decimal parts; &c. 

Hence, likewise, as the multiplying or dividing of 
any number by 10, 100, lOOO, &c. is performed by 
' barely increasing or diminishing the integral part 
of its logarithm by 1, 2, 3, kc. it is obvious, that 
all numbers, which consist of the same figures, 
whether they be integral, fractional, or mixed, will 
have, for the decimal part of their logarithms, the 
same positive quantity. 

So that, in this system, the integral part of any 
logarithm, which is usually called its indexi or 
characteristic, is always less by I than the number 
of integers which the natural number consists of; 
and for decimals, it is the number which denotes 
the distance of the first significant figure frpm the 
place of units. 

Thus, according to the logarithmic tables in 
common use, we have 



Numberi, 


Logarithtm. 


1.36820 


0.1361496 


30.0500 


1.3021144 


335.260 


2.5253817 


.46521 


1.6676490 


.06154 


5.7891575 


&C. 


&c. 



Digitized by VjOOQIC 



364 OF LOGARITHMS* 

Where the sign — is put over the index, instead 
of before it, when that part of the logarithim is 
negative, in order to distinguish it from the deci- 
mal part, which is always to be considered as + , 
or affirmative. ;, 

Also, agreeably to what has been before observed, 
the logarithm of 38540 being 4.5859117, the lo- 
garithms of any other numbers, consisting of the 
same figures, will be as follows : 

Numbefs, | Logarithms,^ 
3854 3.5859117 

385.4 2.5859117 

38.54 1.5359117 

3.854 0.5859117 

.3854 1.5859117 

•03854 2.5859117 

.003854 I 3.6859117 

Which logarithms, in this case, differ only in 
their indices, the decimal, or positive part, being 
the same in them all (k). 

(k) The great advantages attending the common, or Briggean 
system of logarithms, above all others, arise chiefly from the 
readiness with virhich we can always find the characteristic or in- 
tegral part of any togarithm from the bare inspection of the na- 
tural number to which it belongs, and the circumstance, that 
multiplying or dividiqg any number by 10, 100,^1000, &c. only 
influences the characteristic of its logarithm, without afiecting 
the decimal part. Thus, for instance, if/ be made to denote the 
index, or integral part of the logarithm of any number n, and d 
its decimal part, we shall have log. N = 2 + <i; log. IO^xn^ 

(/ +m) + d; log. — ^ = (f -« W2).+ d; where it is plain that the de- 
cimal part of the logarithm, in each of these cases, remains the 

same. 
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OF LOGARITHMS* SBS 

And as the indices^ or integral parts, of the lo- 
garithms of any numbers whatever, in this system, 
can always be tlms readily fonnd, from the simple 
consideration of the rule above mentioned, they are 
generally omitted in the tables, being left to be 
supplied by the operator, as occasion requires. 

It may here, also, be farther added, that, when 
the logarithm of. a given number, in any particular 
system, is known, it will be eusy to find the lo- 
garithm of the same number in any other system, 
^y means of the following equations, 

a*=:w, ande*[ = «; ora7 = log.w, anda?' = l.??. 

In which case, log. denotes the logarithm of n^ 
in the system of which a is the base, and 1. its lo- 
garithm in the system of which e is the base. 

For, since a'' = e*', or a^' = e; and e* =a,we shall 
have, for the base^, -, = log. e, or j? ;= .t'log. e ; 

and for the base e, - = La, or j?' = a?l.a ; and conse- 
quently, by substitution, from the former equations, 
log. « = 1. n X log. e ; or log. n = 1. w x t—. 

Where the multiplier log. e, or its equal t — -, 

expresses the constant relation which the loga* 
rithms of n have to each other in the systems to 
which they belong. 

But the only system of these numbers, deserv- 
ing of notice, except that above described, is the 
one that furnishes what have been usually called 
hyperbolic or Neperian logarithms, the base e oV 
which is 2.718281828459 

Hence, in comparing these w ith the common or 
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iB6 OF L0GiiAiTaiiii« 

tftbnlar legaiitiiitts^ w& sfaall lia)i^ bf ynttiig A in 
the latter of the Aayre fommlfle » lO^ iihe expre^aioa 

lo^. wssLnxr-— , or l.n^^lo^.Hxl. 10. 

° 1. 10' ^ 

Where log. in this case, denotes the common 
logarithm of the number n, and 1. its hyperbolic 

log'arithm; the eonstalit factor t-^ which is 

2.3025850929 > ^^ ^^^ ^^''^^ .4342944810, being what 
is usually called the modulus of the coomian or ta- 
bular system of logarithms {/). 

l*ROlJLttf 1. 

To compute the logartthm of afly df the iiatoral 
numbers 1,. 2, 3, 4, 5, &c. 

Rule i. 
1. Take the gedmetrica;! seriet^, i, 10, IWS I<500, 
lOOOO., &c. and ap{dy to it the afitiaSfBeticftl s«ries^ 
O, 1,2, 3, 4, &c. as logarithms^ 

,(/) It may here bt reitisrrfccd, timt, aHlMnigli the tonftion k>^ 
garithms have superseded the use of hyperbolic or Neperian lo- 
garithmfi, in all the ordinary opfert^tl^s to Whh:h ih^st tturobers 
ar^ generally applied, yet the latter are not without some ad- 
IwiRtages peculiar to themselves; being offrequent occurrence in 
the o^pliciition of the Fluxionary €alc»kts> to iDany analytical 
and physical problems, v^'here they are required for the finding 
of certain fluents, which could not be so readily determined 
without their assistance ; on which acCouiit, gre^ paitt^ hai% 
beeu taken to calculate tab^ of hyperbolic logaHthms^ U> ^ con- 
tiderable extent, chiefly for this purpose. 

V«gtt, in his Trigondmetrical Tables, pHnted at I.etpsic, io 
1797, has given the hyperbolic logarithms of all numbers from 
1 to 2000; and Mr. Barlow, of the Royal Military Academy, in 
a Collection of Mathematical Tabhs, mmr in the press, has jg^reb 
jtliemjfor the fir^ iboOO Huttib^iM. 
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- 2l l^iii^ a geomtetric «ieatt between 1 and 10, I o 
and 100, or any other two adjacent tertni^ of the se^ 
Hes, fcetVmt wbidi the nnmber pnoposed lies, 

3. Between the mean, thus foand, and the Beat«» 
estextl^me, find another geometrieai mean, in the 
same manner ; and so on, till you are arrived withiii 
the proposed Iknifc of tlie ttttmber ilrhose Idg^ridim 
fe sought. 

4. Find, also, as many arithinetteal nteans h&- 
twetti Ifce cjorrespotiding t^rm^ of th^ other series, 
O, 1, 2, 3, 4, &c. in the same order as you found 
tft^geoAifetrfcal ones, and the last of thes6 will be 
the logarithm answering to the number required. 

Ex^ytfPiiEs. 

1 . Let it be required to find diB logarithm of ^ 

Herb ihb ftofosed mitnber lies l^tween 1 and 
10. 

Firt*, the*, the fog: of 1^0 is 1, and the log. of 1 
is 0. 

Therefore f(l +0)te=§=:.6 is the arithm^lcal 

And V{10xl) = VlO^S'A€iQ777 is the geoi»»r 
tt4cal 'm«ab ; 

Hence the log. of 8.1622777 is .9. 
^ Sefcdndlyj &« |6>g. of 10 is 1^ and the log. of 
3.1622777 is .5. 

Therdroi« |(m'.ft)».)'& is the ariAiwefticai 
ltteBn> ' 

m& -/(l* k a.l658777) - 5.6s34l33i* the ge»- 
ItaeMctd i]^ean-; 

Hetiee %h«4dg. of &.^S34130 is .7^. 
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368 OF LOGARITHM^w 

Thirdly^ the log. of 10 Is 1^ and the log. of 
5.6234132 is 75; 

Therefore §( I +.75) = .875 is the arithmetical 
mean^ 

And V(W X 5.6234132) = 7.4989422 is tlie geo- 
metrical mean ; 

Hence the log. of 7.4989422 is .875. 

Fourthly, the log. of 10 is 1, and the log. of 
7.493942218.875; 

Therefore 5(1 + .875) = .9375 is the arithmetical 
mean, .. ., 

And ^(10 X 7.4989422) = 8.6596431 is the geo- 
metrical mean ; 

Hence the log. of 8.659643 1 is .9375. 

Fifthly, the log. of 10 is 1, and the log. of 
8.6596431 is .9375; / 

Therefore ^(1 +.9375) = .96875 is the arithme- 
tical mean. 

And v'(10x8.659643L) =9.3057204 is the geo- 
metrical mean ; 

Hence the log. of 9-3057204 is .96875. 

Sixthly, the log. of 8.659643 1 is .9375, and the 
log. of 9,3057204 is .96875 ; 

Therefore ^(.9375 4- .96875) = .953 125 is tht 
arithmetical mean, . » 

And ^(8.6596431 X 9.3057204) = 8,97687 13 is 
the geometrical mean : 

Hence the log. of 8.97687 13 is .953125. 

And, by proceeding iji this manner, it will be 
found, after 25 extractions, that the logarithm of 
S-9999998 is .9542425 ; which may be takea for 
the logarithm of 9, a§ it difl^ers from it so little. 
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or LOOARITHMSi . 369 

that it may be considered as sufficiently exact for 
all practical purposes. 

And in this manner were the logarithms of al*» 
most all the prime numbers at first computed* ' 

RUL£ lU 

When the logarithm of any number (n) is 
known, the logarithm of the next greater number 
may be readily found from the following series, by 
calculating a sufficient number of its terms, and 
then adding the given logarithm to their sum. 

7(2«+ 1)'' 9(2»+ 1)» 11(2»+ l)"*^* ' 

Or 

Log.(«+l)-log.«+{^ + --^ + g^.+ 



St 7d 9e 



: + - 



^.«^-l 



7(2n+ !)• 9(2»+l)^ 11(2« 

Where a, b, c^ &c. represent the terms immedi^ 
ately preceding thqse in which. they are first used^ 
and m= twice the modulus = .^685889638 (w). 



(m) The difference between the logarithms of any two conse^ 
cutive numbers^ is so much the less as the numbers are greater. 
For, taking the two following logarithmic eqaationd» 

and dividing the second by the first, we shall haVe 

a =1 + -, or ^ = log.(l +'-) 
n n 

\i here it is plain, that the greater the number n isj the less will be 

th« fraction - ; and, consequently, the less will i (which is the 
n 

VOL. I. Q B 
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Examples. 

1. Let it be required to find the common loga- 
rithm of the number 2. 

Here, because n+ 1 =2, and consequently n=l 
and 2ii + 1 =3^ we shall bare 

m .868588964. ^^^^^^n^^Lt \ 

_^-P 3 • • «. 889529654(a) 

?(i;rrTP^ 3.^ - • =-oio7mai(B) 

5B 5 X. 010723321 _ 000714888fc\ 

5(2«+l)-: 5:5^ 0Q07I4888(C> 

5c 5 X. 000714^88 ^,^^«/j*,«^/ v 

7(i;?7iX-= 73^^ .ooao56737(i>) 

7D 7-0000567S7_^^^^^^^(^^ 



9(2»+ !)• 9.3* 

9B 9 X .000004903 



s.0Ck)000446(F> 



11(211+ !)• II.S* 

lU It X. 000000446 ^^^^^,^^«/ V 

i3(i;rnr-= — nj^ — ..000000042(0) 



15(2»4.1)* 15.3* 



S«m of S terms . • .3010^9999 
Add log. of 1 • . . .000000000 

Log. of 2 . . . • .301029995 

Which logarithm is true to the last figure in- 
clusively. 

2. Let it ba required to compute the logariihia 
of the number 3. 



1. 
difference of log. (n+ 1) and log. n) or its equal log. (!+")* 

diflfer from the logarithm of 1^ which is 0. 
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liei-e, since w-f l3=3, aad consequently n=2y 
iaiid 2w + 1 = 6, we shall have 

5(2;rrrr'=--TF- • • = .002316237(8) 

5(2— r?= 53r— = . 000055590(c) 

?(2;rn?': Ti^^ = . 000001588(D) 

ScSTTT? = v:y « .ooogooo5o(e) 

9E 9x.O00000050 _ ooOOOC002rF) 

S«m^€ terms . • . . 1 7609 1 260 
Log. of 2 . • . . w30l 029995 

Log. of 3 . -^ . .477121255 

Whkii iogarithm is also correct to the nearest 
unit in the last figure. 

Hence, because the mm bf the logarithms of an^ 
two nttttJbers gires the logarithm of their product, 
and the difierence of the logarithms gives the lo* 
garilhm of the quotient ; we may compute, from 
the above two logarithms, and the logarithm of 
10, which is 1, a great number of other logarithms, 
as in lihe following examples : 

3, Because 2 x 2 = 4, therefore log.2 .30IO29995 

mult, by 2 2 

gives log. 4 .602059990 

-!:>■ 

12 B 2 
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3J5^ or logarithms; 

4. Because 2x3 = 6, therefore to \ 301029995 

add log. 3 .477121255^ 
sum i« log. 6 .77815125a 

5. Because 2' = 8, therefore log. 2, .301029995^ 

mult by 3 3 

gives log. 8 .903089985- 

6. Because 3* = % therefore log. 3 477 1 21 25 5^ 

mult, by 2 2 

gives log. 9 .954242510 

7. Because '-/ = 5, therefore from- 7 ^ ^00000000 

log. 10 J 

take log: 2 .301029995 
leaves log. 5 .698970005 

8. Because 3x4 = 12, therefore! ^ww,«,«et: 

tolog.3J-^J^J^l^^^^^ 
add log. 4 .602059991 

gives log. 12 I.079I8I246 

And thus, by computing, according to this ge-^ 
neral rule, the logarithms of the next succeeding 
prime numbers 7j 1^^ ^^j ^Ty ^^9 2^3, &c. we can 
find, by composition and division, as many other 
logarithms as we please, or may speedily examine 
any logarithm in the table. 
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MULTIlMlilCATldK BY LOGARITHMS. 

Take pnt th^ logarithms of the factors from the 
table, and add them together • then the natural 
number answering to 'the sum will be the product 
required. 

Observing, in the addition, that what is to be 
carried from the decimal part of the logarithms is 
always affirn^ative, , and must, therefore, be added 
to the indices, or integral parts, after the manner of 
positive and negative quantities in algebra* 

Examples, 

1. Multiply 37.153 by 4.086, by logarithms. 

Nos. Logs, 

37.153 , . , , i'.5699939 

4.086 . ... .. 0.6 m 2984 

Prod, 15K8q71 . 2.1812923 

2. Multiply 11 2.246 by 13-958, by logarithms. 

NoS' Logs, 

112:246 . ... 2.0491 709 

re.958 .... 1.1448233 
Prod. 1566.729 . 3.1939941 

3. Multiply 46.7512 by .3275, by logarithms. 

Noa, LogJt. . 

46.7512. . . . 1.6697928 
^3275 , . . . T.5152113 

Prod. 15.31102 . 1.1850041 

Here, the -f-lj 4:hat is to be carried from the 
decimals cancels the — l,.and consequently there 
remains 1 in the upper line tor be set dowiu 
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374 MUXTIf LICAXIOK BV IX>GARIT0MS, 

4. Multiply .37816 by •04789> by logarithms. 

Nos. X^h 

,37816 • , , . 1,6776756 

,04783 . . . , 2.6796096 

Prod. .0180836 , ?.267285? 

Here the + 1 to be carried destroys the — 1, in 
the upper line^ as before^ and there remains the 
— 2 to be set down. 

5. Multiply 3.768, 2.053, a^d ,007693, together, 

Nos. Logs* 

3.768 , . , , 0.57611091 

2.053 , • , . 0.3123889 

,007693. , , . 3.8860997 

Prod. .0595 U , i.7745995 

Here the -f 1 to be carried from the decimals^ 
when added tq —St, makes —2, to be set down. 

6. Multiply *1,586, 2.1046, ,8372, and ,0294^ 
together. 

Iftm. Log$, 

3.586 , , , , , Q.5546IQ 

2.1046 .... 0.32317Q 

,8372 ..... 1.922829 

,0294 . . . , • 2.468347 

Prod. ,1857618. . 1.268956 

Here the + 2 to be carried, cancels the -^ 2, aii4 
there remains the — 1 to be set down. 
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7* M«ltipiy 4.0763 bjr 9.843d^ fay logaridims. 

Ans. 40.12383 
S. Multiply 498.256 by 41,2467, by logarithms. 

Ans. 20651.41 
9. Muldply 4.OS6747 by .012345, by logarithms.' 

Ans. .0497102 

10. Multiply 3.12587, .02868, and .12379, to- 
gether,' by logarithms. Ans. .01109705 

11. Multiply 2876.9, .10674, .098762, and 
•0031598, by logarithms. Ans. .0958399 

DIVISION BY LOGARITHMS. 

From the logarithm of the dividend, as found in 
the tables, subtract the logarithm of the divisor, 
and the natural number, answering to the re- 
mainder, will be the quotient required. 

Observing, if the subtraction cannot be made in 
the usual way, to add, as in thfe former rule, the 1 
that is to be carried from the decimal part, when it 
occurs, to the index qf the logarithm of the divisor, 
and then this result, with its sign changed, to the 
remaining index, far the index of the logarithm of 
the quotient. 

1. Divide 4768.2 by 36-954, by logarithms. 

iVbs. ^^'* 

4768.2 . . , , 3,6783545 
36.954 , . , , 1.5676615, 

Quot. 129.032 . 2.U06930 
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2. Divide QI.754 by.q.467S, by logaKthmsi, 

Noi, Logs. 

31.754 , . . , 1.3375391 
2,4678 . • , . 0.3923100 

Qudt. 81518. . , 0.9452291 

3. Divide 4.6257 by .17608, by logarithms, 

Nos. . Log9' 

4.6257 . . . / 0.6651725, 
,17608 , , . . 1.2457 100 

Qiiot. 2.62741 , 1.4194675 

Here —1, in the lower Index, is changed into 
+ 1, whch is then taken for the index of the resalt, 

4. Divide .27684 by 5.1576;^ by logarithqas, 

Nos, Logs, 

,27684 . . . . 1.4422288 
5.1576 / . . . . 0,7124477 



Quot. .0536761 , 2.72978U 

Here the 1 that is to be carried is taken as — 1, 
^nd tken added to — 1, in the npper index, which 
gives — 2 for the index of the result. 

5. Divide 6.9875 by .07578Q, by logarithms. 
Nos, Logs, 

6.9875 , , , , 0.8443218 

.075789 . ..... 2-8796062 

Quot. 92.1967 . / 1.9647156 



Here the 1, that is to be carried, is added to — 2 



If 
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which makes — 1, and this put down with its sign 
changed is +1. 

IB. Divide ,15876 by .0012345, by logarithms- 

Nos. Logs. 

,19876 . \ . . 1.2983290 
,0012345 . . . 3.0914911 

^uot 161.0051 , 2.2068379 

Here --3, in the h)wer index, is changed into 
^3* and this added to —1, fhe other index, give» 
«f3--l orj2.; 
7. Divide 125 by 1728, by logarithms. 

Ans. .0733379 
«; Divide 1728,95 by 140678, by logarithms. 

Ans. 1562,144 
9. Divide: ,1023674 hy 4,96523, by logarithms* 

Ans, 2.061685 
10. Divide 19956.7 by ,046235, by logarithms. 

Ans. 413739 
il. Divide .067859 by 1234.59, by logarithms. 

Ans. ,0000549648 

THE RULE OF THREE, OR PROPORTIOiV, 
BY LOGARITHMS. 

For any single proportion, add the logarithms 
of the second and third terms together, and sub- 
tract the logarithm of the first from their sum, ac- 
cording to the foregoing rules ; then the natural 
number answering to the result will be the fourth 
term required. 

But if the proportion be compound, add toge- 
ther the logarithms of all the terms that are to be 
multiplied, and from the result take the sum of the 
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logarithms of the other tenns^ and the remain^r 
will be the logarithm of the term sought. 

Or, the same may be performed more coiiTeiii- 
cntly thus. 

Find the complement of the logarithm of the 
first term of the proportion, or what it wants of ID, 
by beginning at the left hand, and taking each of 
its figures from 9^ except the last significant figare, 
on the right, which must be taken from 10; then 
add this result and the logarithms of the other two ' 
terms together, and the sum, abating 10 in the in-* 
dex, will be the logarithm qf the fourth term, as 
before. 

Or, if two or more logarithms are ta be sub- 
tracted, as in the latter part of the above rule, add 
their complements and the logarithms of the 
terms to be multiplied together, and the result^, 
abating as many lO's in the index as th^re are loga- 
rithms to be subtracted, will he the logarithm of 
the term required ; observing, when the index of 
the logarithm, whose complement is to be taken, is 
negative, to add it, as if it were afiirmative, to g ; 
and then take the rest of the figures fr^un ^ as 
before. 

Examples. 
1. Find a fourth proportional to 37.1 25, 14.768^^ 
and 135.279, by logarithms. 

Log. of 37.125 . ... 1.5696665 

Complement . . . 8.430333 & 
Log. of 14.768 . . . 1.1693217 
Log. of 135.279 . . 2.1312304 

Ans. 53.8 1099 . . 1.730885.6 
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^.^ Find a fourth proportional tq .05^64, .7186, 
aud .34721^ by logarithms^ 

Log. of .05764 ^ • . 2.7607240 



Complement . , 
Log. of .7 186 . 
Log. of .34721 . 

Alls. 4428^1 



11.2392760 
1.8564872 
1.5405922 

0.6d635&4 



3, Fiod a third proportional tq ^2-796 und 
^*24718^ by logarithms. 



Log. qf 12.7$6 1 

Complement ♦ 
Log. 3.24718 . 
Log, 3.24718 . 

Ans. .3240216 



1.1070743 

8.8929258 
0.§ 115064 
0.5115064 

91313386 



4. Find the interest of 279/. 5^. for 274 days, at 
4§ per cent* per annum, by logarithms* 

* Comp. log. 100 . . . 8.0000000 

Comp. log.365 . . . 7.4377071 
Log. of 279.25 , • . 2.4459932 
Log. of 274 .... 2.4377506 
l-og. Qf4.5 .... 0.6532125 

Ans. 9.433296/. . . 0.9746634 

5. Find a fomth proportional to 12.678, 14.065, 
ftnd 100.979, by logarithms. Ans. 112.0263 

6. Find a fourth proportional to 1 .9864, .4678, 
ijnd 50.45^7, by logarithnis. Ans. 1 1 .88262 
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7. Find a fourth proportional to .69658, .24958, 
and .008967, by logarithms. Ans. .023172*4 

8. Find a mean proportional between .498621 
and' 2,9587, by logarithms. Ans. 17-55623 

INVOLUTION, OR THE RAISING OF POWERS, 
BY LOGARITHMS. 

Take out the logarithm of the given number 
from the tables, and multiply it by the index of the 
proposed power; then the natural number, answer- 
ing to the result, will be the power required. . 

Observing, if the index of the logarithm he . 
negative, that this part of tiie prp4iict will be ne- 
gative; but as what is to be carried from the de- 
cimal part will be affirJnative, the index of the re- 
sult must be taken accordingly (/i).* 

Examples. 

1 . Find the square of 2.7568, by logarithms* 

Log. of 2.7568 ... 0.4402477 

'" 2 



Square 7*^99946 . • 0.8804954 

2. Find the cube of 7-0851, by logarithms. 
Log. 7.0851 • . . 0.8503399 



Cube 355.6475 . . . 2.5510197 



(n). In some examples oF this rule, the resalting logarithm, 
vrhen the question is wrought in the usual w^y, may come out 
wholly negative, in which case, as it cannot be found in that 
form in' the tables, the decimal part of it must be subtracted 
from 1/ and then —1, or 1, be put before the remainder, aa 
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3. Find the fifth power of -087461^ by logs- 
Log, of .87451 . • • T.94 17648 



Fifth pjower .5114695 • 1.7088240 

Where 5 times the negative index 1, being —5, 
and -i- 4 to carry, the index of the power is I. 
4. Find the 365th power of 1.0045, by logs. 



Log. 1.0045. . . 


0.0019499 
365 


Power 5.148888 , 


97495 
116994 
58497 . 

0.7117135 



a negative index; which will evidently adapt it to the purpose 
required, without altering its value. 

Thus, if it were required to find the value of (.07)*^ "by loga- 
rithms, the operation, agreeably to the above rule, wodd stan4 
thus: 

Log. .07 . . .-2 + .B45098 
.07 



■c .059 1 5686 
-.14 

-.08084314 
+ 1. 



l.p 19 15686 

ivliere the natural number answering to the result is .8301539; 
which is the value required. 

Or the same answer may be obtained more concisely, in a d«^ 
Cerent way, by taking .14 from .O59J5086. 
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^. Requiredthe8quareof6jO5987,byl0gftrithms^ 

Abs. 36.72203 

6. Required the cube of .1 765463 by logarithms^ 

Ans. -005502674 

7. Required the 4th power of .Of 65 43^ by loga- 
rithms. Ans. .0000343259 

8. Required the 7th power of I.09684, by loga- 
rithms. Ans. 1.909864 

EVOLUTION, OR THE EXTRACTION OF BOOTS^ 
BY LOGARITHMS. 

Take out the logarithm of the given number from 
the table, and divide it by 2 for the square root, 3 
for the cube root, &c. and the natural number an- 
swering to the result will be the root required. 

But if it be a compound root, or one that consists 
both of a root and a power, multiply the Ic^arithm 
of the given dumber by the numerator of the index, 
and divide the product by the denominator, for the 
logarithm of the root sought. ^ 

Observing, in either case, when the iadttx of the 
logarithm is negative, and cannot be divided with- 
out a remainder, to increase it by such a number 
as will render it exactly divisible ; and then carry 
the units borrowed, as so many tens, to the first 
figure of the decimal part, and divide the whole 
accordingly. 

Examples.. 

1. Find* the square root of 27-465, by logs. 
Log. of 27.465 . . 2)1.4387796 

Root 5.2407 ' . • .7193898 
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H. Find the cube root of 35.6415/ by l(^s. 
Log.3S.6415 . . . 3)1.5519560 

Root 3.59093 . • .5173186 

3. Find the 5th root of 7.0825, by logarithms- 
Log- 7.0825 . . • 5)0.8501866 

Root 1.479235 . . .1700373 

- 4. Find the 365th root of 1.045, by logarithms. 
Log. 1.045 . • 365)0.0191163 

Root 1.000121 . . O.0000524 



6. Find the value of (.001234)^ by logs. 

Log. 001234 . . . 3.0913152 

2 



3)6.1826304 



Ans. .00115047 . . 2.0608768 

Here, the divisor 3 being contained exactly 
twice in the negative index —6, the index of the 
quotient, to be put down, will be — 2. 

3 

Find the value of (.024554)^, by logaritbms. 

Log. of .024554 . . 2.3901223 

3 



2)5.1703669 



Am. .00384754 . . 3.5861834 

Here S not being contained exactly in — 5, 1 is 
added to it, which gives — 3 for the quotient ; and 
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the 1 that is borrowed being carried to the next 
figure, makes 1 1, which, divided by -2, gives i58 &c^ 

7. Required the square root of 365.5674, by lo- 
garithms. Ans. ig.11981 

8. Required the cube root of 2.987635, by lo- 
garithms. Ans. 1.440265 

9. Required the 4th root of .967845, by lo- 
garithms. Ans^ ^9918624 

10. Required the 7th root of .098674, by lo- 
garithms. Ans. *7^^3146 

11. Required the value of (5:5^)^3 by logarithms. 

Ans. 1.146895^ 

'112 ^ 

12. Required the value of (7^)^^ by logarithms. 

Ans. .193711^ 

Miscellaneous Questions in Logarithms. 

1. Required the square root of—-, by logs. 

Ans. .1275153 

2. Required the cube root of ; ;.;a. > .by logs. 

Ans. .6827842 

3. Required the .07 power of .00563, by logs. 

Ans. .6958821 

4. Required the value of -, by logs. 

Ans. .04279825 

5. Required the value of ;-Vj x .012^yt> ^7 ^^g^- 

Ans. .001165713 

6. Required the value of J^VlV' /,J^ > by logs* 

Ans. .0009158638 

7. Required ,I,e value of !S.^0^^^^, by 
logarithms. - Ans. 49.3871 a- 
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MOST USEFUL FORMS OF SERIES* 385 

(p) A SYNOPSIS OF SOME OF THE MOST USEFUL 
FORMS^OF SERIES, 

In which a, b^ c, &c. are the initial terms of the 
series, d the common difference, r the ratio, n any 
number of terms, s the sum of n terms, and S the 
sum of an infinite number of terms. 

Series arising from Division. 

X*»— ft** 

S = 

Where m is any whole or integral number. 
Arithmetical Series. 

{a + {n^l)d} 

s = |{2a + (w-l)rf} 

a4.(a--ci) + (a — 2rf) + (a — 3^ +(a — 4£3?)-f- . . i 
..... {a-(w-l)rf} 

9 = -{2a—(w— l)<f} 

Geometrical Series, ^ 

a^ra^r'^a + r^a + r*a'{' . . . . r^'^a 

s = — -a 

Or, if r be a proper fraction, in the continued series 
a'\'ra + r^a -i- r^a -f r^a + r^a + &c. 

l-r 
VOL. I, 2 C 
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Series of the potJbers of arithmetical. 
a* + (a + £?)• + {a + 2rf)* + (« -f^ 3rf)' + &c. 

ssno'-f — (»— l)a*d4 -(»— l)(2»— l)a^ + 

&c. &c. 

Hence, taking a and </ in tbe former series, and 
those above given, =1, 2, 3, &c. respectively, we 
shall have 

1 + 2 + 3 + 4+ .... +«=5~ 

l' + 2» + 3' + 4'+ . . +w'~^' + | + | 

. 1^ + 2^ + 3^ + 4*+ . . +„*4' + | + l'^A 

l' + 2' + 3' + 4'+ . . +«-^' + |+f|-^ 
&c. &c. 

^ Series arising from the expansijon bfa binomidl. 

^ 1 ^ + Mi) -^ -Tr-(^" + 1.2,3 -(^y + &^- >^ 

Or 

a** + nuf 'x + ■ 1 2 ' ^ ^ + 'I ^^3 ^a" V&c, 

s=(a + i)* 

Or 
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Each of which series will terminate when m is a 
whole nrnober. 

Series derived Jrom a binomial surd. 
Or 



2 = (a,H-a?)« 



Or 

— -— c( )&C. } 

^ ' ^ n^a + x'' n 2/* ^a + x^ n 2» 
3n ^a + x^ ' 

Or 

(3a)'{ 1 - -(— ) +-2r^fe) -- i;r^fc) + 

47^ ^a + x^ ^ 

- Reciprocals of the above series. 

f- w.Xv w w+w,Xva «» OT + n m + 2n,Xy.^Q ^ 
2 C 2 
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Or 

1 
2 = * 

^^* w'a+x' n"* 2n ^a + J ~» * 2» 

Or 

4n ^a + x' ^ 
1 

1 f, »ff,A — Xv m TO — n.fl — Xvo m m — n 
3n ^a + «' ' 

Or 

^{ 1 + -( ) 4- -tt-aI ) + — — b(- — ) -f 

l~^ n^a + x^ 2» ^a + x' 3w ^a + x' 



[2a) 



^C(^)&C.} 
^/i ^a + x'^ ' 

1 



2:=- 



(a + x)« 
5i/m a?2rf difference of two binomial mrds, 

^ 5^, , , TO TO-«,Xva TO — 2« TO— Sn ,Xva fl| 



-4« 



n 2rt ^a' 3;i 4n ^a^ Sn 

TO— 5?! /Xv^a * \ 
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^B(i)'&C.} 

2=:(a4.ar)*-(a-^)* 

In all of which ca$es it is to be observed, that 
A, B, c, &c. denote the terms immediately preced- 
ing those in which they are first found. 

Series ofjigitrate numbers^ 
1 + m + 

Tn{np+ 1) m(m+ }){m + 2) m{m+ ])(m + 2)[m -t- 3) p 
1.2 "*" 1.2.3 "^ 1.2.3.4 , 

_»(»+ l)(n + '2)(«+ S)&c. torn terms 
» 1.2.3.4 ^c. torn terms 

Hence by, putting m = 1 , 2, 3, 4, &c. successively, 
we shall have 

1 + 1+ 1 + 1 + .1 + &c. =w. 
1+2+3 +4 + 5 + kc.^i^ 

1+3+6+10 + 15+&C. =2^::.4^^ . . 
1 + 4 + 10 4 20 + 35 + &c. = "^" ^ Vg'^f ^" ^'^^ 
1+5+15 + 35+70+ &C, :^ »(''^^)C''^^^X"^-^3)(n.4) 
&c. &c. 

Series of compound Jigurate numbers. 
1 + mx + 

»»(m+ 1) ^ w(m ■► l)(m ■>. 2)^ ^ ffl(w -f DCw ^- g)fffi -t- 3 ) ^ ^ 

And, by putting w=l, 2, 3, &c. successively, 
we shall have 
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a^O tifOST VSflBVL FOUMS OF SEEIBS. 

1 —X 

1 + 2X + 3l?* + 4J^ + bx"^ ^Sx""^ &C. =7- rr 

(1 — xr 

1 -h 4a? + lOx* + 200?' + 35a?* + 56a?' &c. = 7-^ 
1 + 5a? + 1 5a?* + 35*' + 70a?* + 1 26a?*&c. *= ^^-^ 
l-h6a? + 21a?^ + 56a?' + 126a?* + 252x'&c. = * 



&c. &c. 

Series o^ the reciprocals of jfigurate numhers. 

1.2 1.2.3 1.2.3^ 



m{m + 1) »i(w + I)(m-f 2) i»(»t + l){m + 2)(m + 3^ 

And by putting m^l, 2, 3, Sec. sacceeslveiy;, we 
shall have 

I+Y + — +— + — &c.= 00 

, 111 1 o 5 

&c. &c. 
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Series e^ eompound geometriead fmmhers. 

(E) 

l + 2*x + 3V + 4V + 6V&c. = **' 



1 + 2'x + 3V + 4V + 5 V &c. = 






1 +2*x + 3V+4V+-5V&c. =iii^** "'''■''' 



1 + 2'x + 3 V + 4V + 6 V &c. 






(l-x)« ' 

&c. &c. 

iS^rUs of extern Jructkmfll tvunAers. 



»(?• + (»'+ 0(« + 2) (» + 2J(» + 3) "^ (n + 31(» + 4) 



5^i 
n 



&C. 



fi(» + b){n + 2) * (« + l)in + 2)(ii + a) ' (n+ 2)(n + 3)(n + 4) 

2»(»+l) 
n(» + !)(»+ 2)(w + 3) "^ (n+i)(n'+2)Cn + 3X» + 4) 



■^3n(»+ l)(« + 2) 

WKere the law of continuation is sufficiently 
manifest. 

Differential series. 

^J D^JT^ p//j3 pWj^ 

a + ij? + ca?^rl-(/^ + ea?*+j^'+ &c. 

1-x d-jr') Cl-x') (l-Jt*) 

Where d\ i>"y p% &c. arc the first terms of 
the several orders of differences qf d, h^ c, d^ &c.; 
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39^ MOST USEFUL FORMS OF SERIES. 

ThatisD'=6-c,D''=6-2c + rf,D'''5=J_3c + 3cf-e, 
D^ = 6-4c + 6rf-4e+/, d''=6-5c+ lorf- 10e + 

Binomial series^ the terms of which are respectively 
multiplied by a, ^, 7, 8, Sgc. 

twT' + ^hoT'^x 4- ycoT^^o^ + McT'^uf &c. 
s = a(a + a?)*" + d'&j?(« -f 0?)""' 4- D''cx'^(a + x)""* + 

Where d', d'^ d% &c. denote the first terms of 
the several orders of differences of the qaantities 
a^ 3, y, &c. as before. 

And if py p + q, p + 2q, jp + 3j, &c, be put for 
^> ^3 79 &c. we shall have 

pa"" + (p + q)ba'^''x + (p -h 2q)ca'^'\v' 4- 
(j»4-3j)rfa'""V&c. 

s = p(a, + (xi)"^ + qbx(a + x)"^^^ 

Binomial seties, the terms of which are divided hi/ 
factors in arithmetical progression. 

?.3 . . r"^2.3 . . . (r+l)"*"2.3 . . . (r+2) 
2.3 .• . (r+3) 
"*" (w + 1 J(ot + 2)(ot + 3) . . . (w + r)x' * 

Hence we have the following particular series : 
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MOST USErUL rORMd OF SERIES. d^Si 



S: 



{ot+ 1)x 



o* fta"-*x ca*-**x' da*-V ^ 



1,23 2.3.4 ' 3.4.5 4.5.6 

_ (a + xr+3~ a^+i-.[m + 3)r<"+^j~i(ffl ^. 3)(m 4- 2)a*-»-V 
(»i+ l)(m + 2)(»i+3)j:» ^ ' 

Where the law of continnation of any series of 
this kind is evident. 

Binomial series y the terms of which are respectinefy 
divided hy the terms of a series qffgurate^ 
numbers. ' 

^ '^T7r'*'(r+l)i{r + 2)'^(r+l)4-(r + 2)-Kr+3)''"®^^* 



{m + 1 )^{m + 2)4 (w« + 3> . . . t(w + r)a5 

From which may be derived a number of parti- 
cular series, by expounding r, by 1, 2, 3, &c. re- 
spectively. 

LOGARITHMIC SERIES. 

Log. (l+w)=~(«-~wHi«'-iwV^n'-&c.) 

*"^g- V „ / "~M^2/»+l"^ 3(2»+l)' "*"5(2^+l)5'^ 
1 o % 

7{2ii+))7' ^••' 
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From which formuke wc can readily obtain the 
following logarithms : 

Log. ai=: 

l{(n-l)^l(«^ir + i(»-l)»-i(n-iy + &c.} 

Log. w= 

Log. «?= 

Or the same forms may be expressed more ge- 
Log. (jtt 4- «) = 

log. «+-{-- i(-)^ + U-y - li-y + &c. } 

o M^» 2^»' 3^n^ 4^n^ * 

Log. (w-«)== 

log; «--{! + i(i)^ + i(iy + 1(^)* + &e. } 
o M^n ^^»^ 3^n' 4.^n' ' 

Log. (« + «) = 

Log. (m — 5j) = 
log. n - -{'-^ + U:r^ y + l(r-^ )* + &c. } 

o M^2»-2 3^2»-2^ 5^2n-2;^ ^ 

To which there may also be added the following : 
Log. 7? = 

Log. n = 

^{(;^»-i)-i(v»^i)'+i(v»-0'-^(y«-i)«&c.} 

Log. «« 
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Where r d6notes any root whatever of n$. wd 
consequently may be so taken that tfie value of V«, 
found by repeated extractions of the square root^ 
tsliall differ but iittle from 1. 

The ftllo wing series may also he used for de- 
termining the number answering to a given loga- 
rithm. • 

' In alt of -which cases m must be taken =1, for 
hyperbolic logarithms, and =2,302 5^5093, for 
eomrnmon logarithms. 

EsspmentM serpen. 

^J2^23 2.3.4 ^ 2.3.4.5 ^ 

Whftre c= ^number wher« hyperbolic or Neperiaii 
logarithm is I, which is known to bp 5.7 1828 18234. 

MiSCEJLLANEOUS QUESTIONS. 

1 . A person beimg asked what o'clock it was, 
enswered, that it was between eight and nine, jand 
that the hour and minute hands were e:«:actly to- 
gether^ what was the time? 

Ans. 8h. 43min. SS^sec. 

2. A certain number, consisting of two places 
of figures, is equal to the difference of the squares 
of its digits, .and if 36 be added ±0 it die digits will 
]l»e invi^ted; what is the nunaber? Ans. 48 

3. Jt is required to find thre^ nuiahers such, that 
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3g6 MISCELLANEOUS aUESTIONS. 

- of the first, — of the second^ and — of the third, 

shall be all equal to each other. 

Ans. 280, 294^ and 300 

4. What, two numbers are those, whose dif- 
ference, sum, and product, are to each other as the 
numbers 2, 3, and 5, respectively? Ans. 2 and 10 

5. A person, in a party at cards, betted three 
shillings to two upon every deal, and after twenty 
deals found he had gained five shillings; how many 
deals did he win ? Ans. 13 

6. A person wishing to enclose a piece of ground 
with palisadoes, found, if beset them a foot asunder, 
that he should have too few by 150, but if he 
set them a yard asunder he should have too many 
by 7^; bow niany had he? Ans, 180 

7* A cistern will be filled by two cocks, a and b, 
running together, in twelve hours, and by the 
cock A alone in twenty hovers; in what time will it 
be filled by the cock B alone? An3. 30 hours 

8. Given (x+l) x (cr'+ l) x (ir' + l) =30x', to 
find the value of x by a quadratic equation. 

Aps, a? = §(3±>/5) 

9. Required that arithmetical progression, whose 
number of terms is 10, sum of the terms 185, and 
ram of the cubes of the terms 104525. 

Ans. 5, 8, 11, 14, 17, 20, 23, 26, 29, 32^ 
\0. A, B, and c, are to share lOOOOO/. between 

then)> in the proportion of ~, -, and -, respectively; 

but c*s part being lost, by death, it is required to 

divldethewholesum properly between the other two. 

Ans; a's share 57i42f|^/. and b's 428^7-j*^L 
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MISCELLANEOUS aUESTIONS. SQJ 

11. If three agents. A, B, c, can produce th* 
cfFects fl, by c, in the times e,f, g, respectively; 
in what time would they jointly produce the effect d. 

Ans. rf,-^(^ + 7 + ~) 

12. What number is that, which being severally 
added to 3, 19, and 61, shall make the results in 
geometrical progression? Ans. 13 

13. It is required to find two mean proportionals 
between 3 and 24; and four mean proportionals 
between 3 and 96. 

Ans. 6 and 12; and 6, 12, 24, and 48. 

14. It is required to find six numbers in geo- 
metrical progression such, that their sum shall be 
315, and the pum of the two extremes l63. 

Ans. 5, 10, 20, 40, 80, and 1 60 

15. The sum of two numbers is a, and the sum 
of their reciprocals is i; required the numbers. 

Ans. l±l^{li(ib^4)} 

16. The sum of three numbers in h'armonical 
proportion is 13, and their continued product is 72; 
what are the numbers? Ans. 6, 4, and 3 

17. A certain number of men were employed in 
making a fish pond, and when they had been at 
work 24 days, and had half finished it, 16 men 
more were set on, by which the remaining half 
was completed in 16 days: how many men were 
employed at first; and what was the whole ex- 
pence, at I*. 6d. a day per man? 

Ans. 32 men; and the whole expence J 15/. 4s. 

18. It is required to find two numbers such, that 
If the square of the first be added to the second, th^ 
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fiFom ebait he &^, and if liie sqnare of the seemid 
be addeid to the fitst^ k s^all be I7& 

Ans. 7 and 13 
ig. The jfbre wheel of a carriage makes six re- 
Tolutions more than the hind wheels in going 120 
yards; btrt if the circumference of each wheel was 
increased by three feet, it would make only four re- 
volutions more than the hind wheel in the same 
space; what is the circumference of each wheel? 

Ans. 12 and 15 feet 

20. A number consisting of three digits in arith- 
metical progression being divided by the sum of 
its digits gives 126, and if I98 be added to it the 
digits will be inverted; what is the nmixber? 

Ans. 234 

21. If 6000 soldiers be placed in the form of an 
oblong, so that the number of men in rank shall be 
to those in file as 3 to 2, how much ground will 
they aland on, supposiiig the distance between man 
and man to be 2f yards ? 

Ans. 92ac. 3ro, 35f, /^fHyards 

22. It is required to divide a given number m 
into two such part&^ x and y, that the sum of mx 
and nj/ shall be equal to some other given nuiOFber k 

Ans. on^ — - and V = 

m — n ^ tn — n 

23. Out of a pipe olF wine^ containing 84 gallons, 
IQ gallons were drawn off, and the vessel re- 
plenished with 10 gallons of water; after which, lO 
gallons of the mixture were again drawn qtfi and then 
10 gallons more of vrater poured in:' noiv the like 
process having been repeated four times, it is re- 
quired to find how much pure wine remained in 
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tbe vessrf, siipj^sing the two flaids to hat« bee» 
thoroughly mixed each time? Axis. 48^ gallon* 

24. It is required to find the least whole number 
sucby that the sum of its aliquot parts shal} exceed 
itself by 7- Ans. 196 

25. It is required to find two such numbers, x 
weA jfy that the sirai of the aliquot parts of x shall 

Be equal to ^y, and the sum* 6f the aliquot parts of 

ify eqnal ta -x* Ans^ a?=s20, ^=33 

i(5. A su^m of money is to be lifevided equally 
aihong a certain number ©f persons; now if there 
had been 3 claimants less, each would have had 
150/. more, but if there had been 6 more, each 
ii^otrld have had 120/. less; required the number of 
persons, and the sum divided. 

Ans. 9 persons, sum 270O/. 

fl*J. From each of sixteen pieces of gold, a person 
filed the worth of half a crown, and then offered 
them In payment for their original value, but the 
Fraud being detected, and the pieces weighed, they 
were found to be worth, in the whole, no more 
than eight guineas ; what was the original value of 
each piece? . Ans. 13a*. 

28. A composition of tin and copper, containing 
100 cubic inches, was found to weigh 505 ounces; 
how many ounces of each did it contain, supposing 
the weight of a cubic inch of copper to be 5-J- 
ounces, and that of a cubic inch of tin 44- ounces. 

Ans. 420 oz. of copper, and 85 02. of tin 

29. A privateer, running at the rate of 10 miles 
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4eO . BiISCJEI«tAN£OUS CtUESTIOKB. 

an hoxvr, discovers a vessel 18 miles a head of her, 
making way at the rate of 8 miles an hour; how 
many miles will the latter run before she is over- 
taken. Ans. 7^ miles 

30. At what time^ next after 12 o'clock, will the 
hour, minute, and second hand of a watch, he all 
at the greatest distance from each other? 

Ans. 12honr$, 21^ minutes 

31. The sum of three numbers in harmonical 
proportion is 39, and the sum of their squares 549; 
what are the numbers? Ans. 9, 12, and 18 

32. Given the sum of two numbers := 2, and the 
sum of thdr ninth powers =32, to find the num- 
bers by a quadratic equation. 

Ans. l±>/(2v^34-ll) 

33. It is required to find two numbers sucb, 
that their product shall be equal to the difference 
of their squares, and the sura of their squares 
equal to the difference of their cubes. 

Ans. ^5 -and ^(5 + V5) 

34. The arithmetical mean of two numbers ex- 
ceeds the geometrical mean by 13, and the geo- 
metrical mean exceeds the harmonical mean by 
12; what are the numbers? Ans. 234 and 104 

35. Given ar|y+y^ = 3, and aj^+yV^y^ to 
find the- values of;.r-and i/. 

Ans. a: = ^(v^5 + l), y=§(v'5-l) 

36: Gixen a^ + ooy == IQ32 and ^—xy^'^^^^d to 

find the values of x and.y. Ans. ar=12 ^=1?^ 

37. Given 3^y^y^x^b\2bOO and x^y—y^x^ 

5500 to find the values of x and y. 

Ans a: = 25 and y = 20 
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MtSC£LLAN£OUS dUBSTIONS. 401 

38. Given a? +y -f « = 23, xy + xz +yz = 167^ and 
a3r;s=5 3S5, to find X, y, and «. 

Ans. a?=5, y=7> «=ll 

39. To find four numbers, x, y, z, and w^ having 
the product of every three of them given; viz. 
;3cyz:=^23ly xi/w = 420yyzw=^l540, and xzw=^66o. 

Ans. a?==3, y = 7, ^=11^ Bx\dw = 20 

40. Given x+y« = 384, y + a?«=237, and z + 
x2/^lQ2y to find the values of a?, y, and z, 

Ans, x=10, y=17> and z=^22 

41. Given a:*-i-jy = 108, y*+y« = 69, and;6* + 
^rs: = 580, to find the values of jr, y, and s?. 

Ans. 07=9, ^==3, and ;s=:20 

42. Given a?' + ay+y* = 5 and x* + a?*y*-i-y== 11 
to find the values of x and ^ by a quadratic. 

Ans. a?=!-'/10+-V6, y = -v/10--V5 

43. The equation j:** — 2x'* + a?* = a being given, 
it is required to find the value of x. 

Ans. x = i + V{j±^/(a + |)} 

44. It is required to find the number by which 
a people must increase annually, so that they may 
be doubled at the end of every century. 

Ans. By 144, nearly 

43. Supposing a certain number of persons to 

increase every year by a — part, how long will it 

be before there are 10 times as many as there were 
at first? Ans. 231 years nearly 

46. Supposing there are 100000 inhabitants in 
VOL. I. 2d 
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4dS MI9CBLLAmSOiJ6 aUfidTIOifS* 

aproTitice^ and tbat its population iacrea^es every 

year by a — part; what will be the numW of its 

inhabitants at the end of a centnry ? 

;An§. 2654874 

47 V Thp earth having been r^eopled^afiteF the 
deluge^ by the three sons of Noah andthieir wives. 
It is required to find what number: of inhabitadsita^^ 
there would be at the time of ithe^ bnildii^g of <the 
tower of Babel^ 310 years^ afterwiurd»,| p«ippQsing 
their numbers to have been doubled every 14 years? 
V . . . ..; . , -^rM^' 196^08 

48. B^qvuredthfi laast number pf wAigbts^ and 
the weight df each^ thfit wiU weigh. any number of 
pounds . from one pound to twentji-nine hundred 
weight. , , 

. Ans. 1, 3, 9, '27, 81/ 243, 729, anJ 3187 

49- It is required to find two square numbers 
such, that either of them, when added to its aliquot 
parts, shall make the s«^nje fun\, 

Ans. 106276 and 165649 

60. It is required to find four whole numbers 
8nch> that thersquare of th^ gfeatiest j:nay be equal 
to. the sum oTthe sqtiar^s of th§ other three. 

. " . . Ans*. 3^ 4, 12,^ ancl 13 

61 . Jt is required Jtp find the least number, which 
being ^diyi^d by 6. 5, 4,. 3^ and .2, shall leave 
the remainders 3, 4, 3, 2, and 1, respectively. 

Ans. 59 

52. Given the cycl^ of the sun 18, the golden 

number 8, and the Koman indiction 10, to find the 

year. Ans. 1717 
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; S3* Il^v^^q^irifdf AfidKmi th^ hmt iategcal values 
iqf X find 3( in the equi^tipn a?* — lay^ « 4. 

Ans. a?=119 and^:;p3a 

54. Given 5a: 4- 75^'+^?^^ 93256, to 'find all the 
^ffeitint solntions in afErmative integers, which 
the eqtiaiioii admits ofi Am. 1S80H48 

afir.' It IB ]»eqiii|(ed to find two different isosceles 
triangks inch/ that their peiimeters and areas shall 
beboth ^^ptiessed byl^e same nnmbel's. ' - 

Ans* Sides of the one 39, 29, 40; andof the 
* '' > ^ ♦ • ' . ' Jbthet 37, 97, 24 

^46. It is ifequired to find the sides of three right 
^Q^^iGd^ftmMg\€^i xul ifsrhole numba^ such, that 
their ^amasf shall'he^ ^qiial to each other. 

' A«S. 5«, 40, 4«? 74, 24, 70; 11% 15, U2. 

. 57/ Given a?"" =1.2655, to find a near approxi- 
Ipate value of X Ans. ^.82013 

58. Given ^^==5000, and y'=300Q, to findthi^ 
values of i? and y. ^ 

Ans, ^=4.^91445, arid «/ = 5.510132^ 

59. Given y^ = 9f> and of +y^ = 32^, to find the 
values of X and y, ' , 

~ Ans. ^=i2.d3880C|, and y=3.0l6867 

60. Given x*~a?==y, and ^ + y=^x, to find the 
values of a? and ^, 

Ans. a: =1.747933, and y =5: .906164 

61. Given a;'+y=s28o, and'^/r'^-^^^l^^ tofind 
the values of 0^ and y^ 

Ans. 0?= 4.01 6698, an4 y = 2,825716 

62. To find a square numbei: such, that the sum 
4^f all its aliquot parts shall be a square. 

Ans. 2401 
9 D 8 
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4M^ UH0tMjUMim(3my^sAns6m»fu 

i^$. /iW' fund }hirott<d>ale niiiiJiimiJMdi^ d»rt if 

unity be added^t&^saehiiof'ith^ny/^^ aiiii?«isd to their 

telv'eij'itibe iStita&s^"Sn bothcases, shall be squares. 

-'rj.^."ji;o .. V k: »..r '•• ')An8»"48?aidJ'^80 

64.i R^uil^d tir«; two kastim>m|imdraiite nbm^ 

bers 0? and y such,'tkat'ir?-h^ aad* a^j+.y sbaill 

Wboftii^sqtiare*. - " Atoisc a)m&64 ond 1/^273 

^ ' ^^'.' < ft kf t0({ciii^'td'find twd>wiiole ntiuib^rs stfch, 

tb^ dieS^r^€iidP!iiMrball be aiciibe^ anflliiheir prodont 

and quotient squares. ' i ' 1. * r • ,.>-. 

Lv »e.c Atas; W attd TOO, or 100 and '900, &c, 

ujS^ T^^mdtw6jiSffCLBateomm}»nmchi, tkattbeir 

mtta^hsMhemiBqctSBm imd thelt^idi&fsiic&ia cdbe,* 

andtbe sideiof the saadjsifiiwe laml onbese^abto 

eatih dtber; • - ^ - ^:Ans. — — - antf^^-r— 

.-, . 15o25 ^15625 

67.. To find three whole numbers such, that if 
to the square of each the product of the other two 
.be added^ th^ sums shall be all squares. 

Ahs. 9, 73^ and 328 

68. To find three numbers such, tbat if each of 
them be add^d to the cube df their siim, the sums, 
thus arising, shafl be all cubes. 

Ans. 7— --, — -— , and 



. 69. Tp fii^d thr^e numbeirs &i;ich, tljat if each of 
tkem be subtracted from the cube of their sum, the 
three remainders shall T^e all cubes. ' 

^^^- sTist'^ 8Mi7' ^'^^ 8518? 

70.-lt is teqttired to fitid iiithe -biquadi^te rium- 
Imrtf.such, that their sum shallbe a square. 

. . , . , ',. _ Aas.. 12%15\ and 20* 

71* It is required to find ^hree numbers in con- 
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iiniiied* gcianietricaS> piK>gfcs$i^ tbeir 

three diffe^enocfi slndli foe ulLsqmanes. • i,. u.... 

Am* &67, 1008, «nd xygn 

72. It is areqnbi&d to find three whole nambers 
ffach, t^t^the .sum ot difierafitce of any two of 
thctei shall be mpiare imxnbers. 

At^. 434657, 420966, ^im1 160568 

73. It »ift xeqaired to find two whol^ unmbers 
«iU2h^:that (!heir;fiiimfikaU be aiaquace^^ini^.lflieismi 
of their sqaareji a biqnadrate. • > " :> 

- / ' AhB. 4t56548fi02776l aod M»6l65229352a 
/; *7'4i it is mqomtdrto fiiid thiee ivihole s(}Hare 
immberatSQtfh^i fliatiihe dsfieronoe hetweetn the aom 

^r-evpryJiivfo df.theiB and the third ^sballb^ a<]piare 
mim^r^. .^ns. (149)% (24i)%.^iMl(;i6a)* 

75. It is required to find four whole ^numbers 
such, that the difference of every two of them shall 
be a square number^ 

.Ans, 1873432,2288168, 2399057, and 656o6i57 

7^* ^^ h required to find the logarithm of the 
number, ^v^^,. ifl tl^e .system of )vhiqh 9j is the base- 

Aas» —•85, or -rni 

77.. It is required to find; how many figures it 
would take to express the 25th term of the series 
2' + 2*-f2*+2' + iX''&c. ■ Ans. 5060446 figures 

78- Required the sum of the series a"'^n'^5^ + 

— + fee continued to infinity. Ans. ~ 

79, Required tht^ sum of the iniiiMfte series 

S 9 27 81 e A. ^ 

80. Required the sum of the series 5+6+7 + 8 
+ 9 + &c. continued to w terms. Ans. -(n + 9) 
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4QS i)fUC£lrl>A^£OUS SlJSSVIOKftt 

81. (ihw 1 ^ 3a: 4r 6a;^ + 10^ -h 160?* + &c. ia 
infinitum = 10, to find the value of x. 
• ' ' ' Ans, a?=l-^Vloa 

82* Given -x 4- -o;' H — x^ + — x"* H x^ + &c. ia. 

infinitnm =7, to find the value of x, " 

Ans, ^^5-76-^55-512 + 2560""*^^' 

'83. It ts feqnired to find the sumtof }0O temii 

of the series ( I x 2) + (3 x 4) +' (6 x «) ^ (7 x •8') 4^' 

(9^x 10)&c* - Aft#. 343400 

^4. Required the snm of l'i-2* + 3*-f 4* + d*&c, 

^ , . +50^ which gives tW nupiber of shotJn a 

squave.pile, the side of which 4^ &Qy Ans. ^^sg^S 

'. 85. Ridqiuired the sum of ^^ tterms of tb^ SiePies 

56 + 36x^51 + 3f >l: 3-^^ 38 X 4 + 30 k 5 i&Cv which 

gives the number of shot iii a complete oblong pile, 

consisting *bf 25 tiers^ th^'tiuAibei^*<!rf shot in the 

uppermost' row being 35. • ' ^ ' Ans. 16675 

86. Required the approximate^ valufj o^ .the 

series l^T + ;r-r^ + oi&^- co^tiiii*0d ad/iafiftituw, 

S^. It is required to find the approximate value' 
of the^ bypergeometncal series 1 — Jl + li— ^ + 24 — 
120 + 720 &c. cofttiaued ?4 iflfijiitiauu, . ,.:.,. , 

J- • .- i"- -i '' iAwv -iSfiM^^a; 
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Complete Exercise Book for the Use oif Schools : with Notes, 
containing the Reason of every Rule, deduced from the most 
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nsefol Properties of Numbers, and such other Particulars as are 
calculated to elucidate the more abstruse and interesting Parts 
of the Science. The Tenth Edition^ gi'^atiy enlarged and hn- 
proyed. Price d$. Gd. bounds 

a- AN INTRODUCTION TO ARn^HMETIC}0r, a Com- 
plete Exercise Book for the Use both of Teachers and Students ; 
being the first Part of a general Course of Mathematics : with 
Notes, containing the Reason of every Rule, deduced from the 
most ^simple and evident Principles ; together with some of the 
most tisetul Properties of Numbers, and such other Particulars 
astarcj cialculated to elucidate, the more abstruse and in(«):esting 
Part3 of the Science. Syo. Price Ss» in boards., 

3. AN INTRODUCTION TO MENSURATIOJ^ AND. 
PRACTICAL. GEOMETRY: with Notes, containing the 
Reason of every Rule, concisely and clearly explained. The 
Eleventh Edition. Price 4.?. bound. 

4. AN INTRODUCTION TO ALGEBRA: with Notes 
and Observations ; designed for the Use of Schools and Places 
of public Education. The Ninth Edition. Price 4s, bound. 

5. AN INTRODUCTION TO ASTRONOMY; in a Series 
of Letters from a Preceptor to his Pupil : in which the more 
useful and interesting Parts of the Sclfence aVe clearly knd 
familiarly explained. The Sixth Edition, improved. Illustrated 
with Copper Plates. Price 105. 6d. in boards. 

6. THE ELEMENTS OF GEOjVIETRY; or, an Abridg. 
ment of the first six, and the eleventh and twelfth Books of 
Euclid: with Notes, Critical and Explanatory. The Fifth 
Edition. Price 6s. bound. 

7. A TREATISE ON PLANE AND SPHERICAL TRI- 
GONOMETRY: with their most useful Applications, The 
Second Edition, greatly improved, Price 12«. in boards. 
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